
Two-Dimensional Continuous Wavelet Analysis and Its
Application to Meteorological Data

NING WANG AND CHUNGU LU

Cooperative Institute for Research in the Atmosphere, Colorado State University, Fort Collins,

and NOAA/Earth System Research Laboratory, Boulder, Colorado

(Manuscript received 1 June 2009, in final form 7 December 2009)

ABSTRACT

The two-dimensional continuous wavelet transform (2D CWT) has become an important tool to examine

and diagnose nonstationary datasets on the plane. Compared with traditional spectral analysis methods, the

2D CWT provides localized spectral information of the analyzed dataset. It also has the advantage over the

2D discrete wavelet transform (DWT) in that it covers the domain of the analyzed data with a continuous

analysis from which detailed, shift-invariant spectral information of different positions and orientations can

be obtained. In this paper, a brief introduction of the 2D CWT and some of the most common wavelet mother

functions are given, and some practical issues arising from the implementation and applications of the 2D

CWT are discussed. The 2D CWT is applied to several test functions to illustrate the effects of the transforms.

To demonstrate its practical application, the 2D CWT is used to analyze a set of meteorological data obtained

from a numerical model stimulation.

1. Introduction

The wavelet transform has become an important diag-

nostic tool for analyzing nonstationary signals. In partic-

ular, the continuous wavelet transform (CWT) serves as

a continuously sweeping ‘‘microscope’’ in examining the

spectral components of the dataset. The name CWT re-

fers, in general, to the integral transform of functions of

L2(R) with a wavelet function as transformation kernel.

However, in practice, we usually use the name CWT to

refer to the wavelet transform that applies to a discrete

dataset with continuously varying dilation and transla-

tion parameters. Compared to a (nonredundant) discrete

wavelet transform (DWT) with basis functions located

only at dyadic locations of the time/space-frequency

plane, the CWT basis functions can be anywhere over

that plane. In general, the DWT produces a compact

representation of the transformed dataset, and it is often

used in data compression and various numerical compu-

tations where efficient representation of the underlying

dataset is required (DeVore et al. 1992; Jayawardena

et al. 2008). The CWT produces a redundant set of

information about the analyzed dataset. However, this

information is shift invariant between different scales, and

it allows one to diagnose the spectral components of the

data at any time/space locations.

Meyers et al. (1993) introduced one-dimensional (1D)

CWT in the field of oceanography and meteorology.

They provided an estimation of the signal wavelength

from the dilation parameters by means of maximum

correlation. Torrence and Compo (1998) have discussed

many practical aspects of the 1D CWT with its applica-

tion to the exemplary time series of the El Niño–Southern

Oscillation data. There are several applications of the

1D CWT for meteorological data. Weng and Lau (1994)

used both discrete and continuous 1D wavelets to analyze

the synthetic time series and observational time series at

multiple time scales. Zhang et al. (2001), Koch et al. (2005),

and Lu et al. (2005) used the 1D CWT to study meso-

scale gravity waves.

The two-dimensional CWT (2D CWT) is a natural

extension of the one-dimensional CWT, with the trans-

lation parameter being a vector in x–y plane. Dallard

and Spedding (1993) introduced the new 2D wavelet

functions Halo and Arc and tried to generalize the no-

tion of the Hardy functions for the isotropic wavelet in

two-dimensional space. Antoine and Murenzi (1996)

introduced the 2D directional CWT with a rotation pa-

rameter to enhance the ability to detect data singularity

along a particular direction. Farge et al. (1989) first
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extend the Morlet wavelet to the two-dimensional space

to analyze the homogeneous turbulence flows.

Meteorological fields are inherently functions of time

and space. Spectral analyses of two-dimensional atmo-

spheric fields have been attempted with 2D discrete

cosine transform (DCT; e.g., Denis et al. 2001) and 2D

DWT (Kumar and Foufoula-Georgiou 1993; Briggs and

Levine 1997; Casati et al. 2004). The latter produced

localized spectral information of the underlying datasets

and showed several interesting results. To obtain the

more accurate and shift invariant local spectral infor-

mation, it is desirable to analyze the spatial characteristics

of the meteorological fields using the 2D CWT. Com-

pared to classic global spectral analyses and the discrete

wavelet analysis, the 2D CWT provides detailed local

spectral information for different scales about the field

without between-scale shifting effects. Specifically, from

2D CWT one can obtain the spectral information about

a signal for arbitrary scale s, orientation u, and physical

location (x, y). With this local spectral information, one

can carry out various data analysis and data processing

tasks such as local power spectral and correlation anal-

ysis, denoising, filtering, etc. In general, we can conduct

most signal processing tasks in the way similar to the

global spectral analysis methods but locally.

In this paper, we address some important practical

issues arising from the implementation and application

of the 2D CWT. The pros and cons of different wavelet

mother functions are discussed to help in selecting an

appropriate mother function for a particular application.

To avoid the common mistakes and pitfalls in the in-

terpretation of the analysis results and in partial syn-

thesis for filtering, we use a few simple analytic functions

to indicate why and how the analysis should be done. We

also demonstrate the power and limits of the 2D CWT

by applying it to a meteorological dataset.

The paper is organized as follows: In section 2, we first

introduce the 2D CWT, giving the definition and imple-

mentation of the transform, and then compare and con-

trast different wavelet mother functions, summarizing the

previous works on the subject. In sections 3 and 4, we

apply the 2D CWT to a few test functions and real-world

meteorological datasets along with our explanations and

discussions. We summarize the paper with some conclud-

ing remarks and comments in the last section.

2. Two-dimensional continuous wavelet transform

a. Definition and implementations

Two-dimensional CWT is a natural extension of the

one-dimensional CWT. It can be generally defined as

follows:

(Wf )(a, b, u) 5 h f , c
a,b,u
i and (1)

c
a,b,u

(x) 5 a�1c R�1
u

x� b

a

� �� �
, (2)

where f 2 L2(R2) is a two-dimensional signal function; c

is the wavelet mother function; a is the scale parameter;

b 2 R2 is the position vector; Ru is the standard rotation

matrix of rotating angle u; and the angle brakets (h., .i)
denote the scalar product of the Hilbert space.

We can compute the 2D CWT directly from the def-

inition. However, it is much more efficient to compute

the transform in Fourier space. Let x and v be the var-

iables in two-dimensional vector space. According to

Plancherel’s theorem, we have

h f , c
a,b,u
i5
ð

R2
f (x)c

a,b,u
(x) dx

5

ð
R2

bf (v)bc
a,u

(v)eibv dv and

(3)

bc
a,u

(v) 5 abc[aR�1
u (v)], (4)

where the caret (̂ ) and overbar (�) indicate the Fourier

transform and complex conjugate of the function.

Function f may be recovered with the ‘‘resolution of

identity’’:

f (x)5C�1
c

ð
[0,‘]

ð
[�p,p]

ð
R2

a�3(Wf )(a,b,u)c
a,b,u

(x)dbduda

and (5Þ

C
c

5 (2p)2

ð
R2
jbc(v)j2jvj�2 dv , ‘. (6)

The inequality on the right-hand side of Eq. (6) is often

referred to as admissibility condition, which also implies

that bc(0) 5 0 and
Ð

R2 c(x) dx 5 0. For the formula (5), it

is helpful, in the numerical implementation, to think that

the scale differential is da/a rather than da, which suggests

logarithmic scale discretization (Strang and Nguyen 1996,

p. 82).

We have a few notes here:

1) For isotropic wavelets, we omit the integration of u.

2) Likewise, the reconstruction integration can be sim-

ilarly computed in the Fourier domain [Eq. (3) withbc(v) replaced by bc(v)].

3) Basis functions used for reconstruction may differ

from those used for the decomposition (Daubechies

1992); that is,

f (x)5C�1
c,c9

ð
[0,‘]

ð
[�p,p]

ð
R2

a�3(Wf )(a,b,u)c9
a,b,u

(x)dbduda

and (7)
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C
c,c9

5 (2p)2

ð
R2
jbc(v)k bc9(v)kvj�2 dv , ‘. (8)

This implies that we may use very different wavelet

basis functions for analysis (forward transform) and

synthesis (inverse transform) to fit our particular

applications (e.g., to characterize the local regularity

of the analyzed function, we can use c with more zero

moments and c9 with small support). We can also use

a special function of c9 to simplify Eq. (7). For in-

stance, if we use the delta function in place of c9, we

have

f (x) 5 C�1
c,d

ð ð
a�2(Wf )(a, x, u) du da. (9)

4) We should use this flexibility with awareness. Strictly

speaking, this convenience of selecting different ba-

ses for analysis and synthesis comes from the re-

dundancy of the wavelet coefficients. It is the result

of the so-called resolution of identity, which theo-

retically only holds up for a complete reconstruction.

When performing partial reconstruction, we have to

be more careful. For example, it is not wise to use a c9

with slow decay global support to partially recon-

struct a signal with many local phenomena.

b. Common 2D wavelets

Many 2D wavelets have been proposed in literature.

We list several of the most popular ones here. One can

create a custom wavelet mother function as far as it

satisfies the admissibility condition and carries the de-

sired features (e.g., the localization of the wavelet in

both physical and Fourier spaces, real or complex, iso-

tropic or anisotropic, etc.). In the following definitions, x

and v are variables in R2 with components (x1, x2) and

(v1, v2).

1) MORLET WAVELET

This is the direct extension of the 1D Morlet wavelet,

one of the most commonly used wavelet mother functions:

c(x) 5 eiv0�xe�(��1x2
1
1x2

2
)/2 1 corr(x). (10)

There are two parameters in this mother function, the

wave vector v0 and anisotropy parameter �, where v0 is

usually set to be a vector along the y axis and � controls

the shape of the two-dimensional Gaussian window.

Here, the correction term corr(x) is required theoreti-

cally to meet the admissibility condition. This term is

often omitted when jv0j $ 6.

The 2D Morlet wavelet (without correction term) in

Fourier domain is

bc(v) 5
ffiffi
�
p

e
�[�(v1�v01

)2
1 (v2�v02

)2]/2 (11)

The main feature of the Morlet wavelet is that its scale

parameters are very closely related to the Fourier

wavelength and its transform provides phase infor-

mation. The 2D Morlet wavelet has good angular se-

lectivity when appropriate v0 and � values are chosen.

However, The 2D Morlet wavelet only reveals spectral

information for a strip (wedge) of a particular orien-

tation. Many applications of Morlet wavelet transform

with different azimuthal angles are needed to analyze a

two-dimensional dataset, without a prior knowledge of

the directions of interest.

2) HALO AND ARC WAVELETS

The Halo wavelet was introduced by Dallard and

Spedding (1993) as an isotropic version of the Morlet

wavelet. It effectively removes the dimension of the

azimuthal angle, and its spectrum retains the same close

relationship with the Fourier spectrum. Its mother func-

tion in Fourier domain is very similar to Morlet’s:

bc(v) 5 e�(jvj�jv0j)
2/2. (12)

It is well known that the inverse Fourier transform of

any Hermitian function is real. Because bc is real and

symmetric, the product bf (v)bc(v) is Hermitian. This

implies that we will not get phase information from a

wavelet analysis that uses a Halo wavelet.

In the same paper, Dallard and Spedding proposed

the Arc wavelet, a quick remedy to the Halo wavelet for

this problem:

bc(v) 5
e�(jvj�jv0j)

2/2 v
2

$ 0,

0 otherwise.

(
(13)

3) MEXICAN HAT WAVELET

Also known as Marr wavelet, the Mexican hat wavelet

is real and isotropic. The 1D Mexican hat wavelet is the

second derivative of the Gaussian function. Likewise,

the 2D Mexican hat wavelet is the Laplacian of the 2D

Gaussian function. It was first proposed by Marr and

Hildreth (1980) as a differential-smooth operator for their

edge contours detection theory (zero-crossings theory),

c(x) 5 (2� jxj2)e�jxj
2/2, (14)

and its Fourier transform,

bc(v) 5 jvj2e�jvj
2/2. (15)
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The 2D Mexican hat wavelet has good local support in

physical domain. It is a good wavelet for detecting edge

contour features (Marr and Hildreth 1980).

4) CAUCHY WAVELET

Antoine and Murenzi (1996) proposed this two-

dimensional directional wavelet. They showed that this

anisotropic wavelet has minimum uncertainty (Antoine

et al. 1999). Let C(a, b) 5 fv 2 R2ja # arg(v) # bg,
e

u
5 [cos(u), sin(u)], h 5 e

(a1b)/2
, and m 2 N:

bc(v) 5
(v � e

b�p/2
)m(v � e

a1p/2
)me�v�h v 2 C(a, b),

0 otherwise.

(
(16)

The Cauchy wavelet is very similar to the 2D Morlet

wavelet in angular selectivity and its ability to provide

phase information.

5) POISSON WAVELET

The Poisson wavelet was introduced to analyze the

field of homogeneous point sources, such as the poten-

tial field (Moreau et al. 1999; Holschneider 2000). This

wavelet analysis is used to retrieve the properties of the

source from the measurement that is located in a distant

hyperplane. The Poisson wavelet is defined as

c(x) 5
1� jxj2

(1 1 jxj2)2
, (17)

and its Fourier transform,

bc(v) 5 jvje�jvj. (18)

6) APPLICATION-SPECIFIC WAVELET

In addition to the above well-known 2D wavelets,

there are also many application-specific 2D wavelets. In

fact, it is not very difficult to construct a new wavelet of

one’s own. Suggested by the admissibility condition and

the relation between the wavelet and scaling function,

Grossmann et al. (1989) suggested to use a linear combi-

nation of differently dilated Gaussian functions to create

a class of almost progressive wavelets. A well-known

wavelet from this concept of construction is the Differ-

ence of Gaussians (DOG) wavelet,

c(x) 5
1

s2
e�jxj

2/(2s2) � e�jxj
2/2. (19)

Following the same concept, one can create a differ-

ence wavelet with any nonnegative and smooth function

of choice h, which could be adaptive to one’s specific

application,

c(x) 5
1

det(A)
h(A�1x)� h(x), x 2 Rd. (20)

Here, A is the diagonal dilation matrix, det(�) denoting

the determinant of a matrix and d 2 Z1 is the dimension

number, which equals two for two-dimensional wavelet

transform. Apparently, c(x) satisfies the admissibility

condition bc(0) 5 0.

The numerical implementation of the 2D CWT is

straightforward as it is given by Eq. (3). Let f(x) be the

data function discretized to an m 3 n grid on x–y plane.

First, the Fourier domain wavelet function of a given

scale a, bc(av), is evaluated on a discrete m 3 n grid on

v1–v2 plane and f(x) is transformed to bf (v) with a 2D

Fourier transform. Now, both function bc(av) and bf (v) are

in the form of an m 3 n matrix. One just computes a

Hadamard product (entry-wise matrix product) of the

two matrices, then applies an inverse 2D Fourier trans-

form to the matrix product to obtain the wavelet trans-

form (at the scale a) of f(x).

3. Application to synthetic test functions

The concept and mechanism of the 2D continuous

wavelet analysis are similar to those of the 2D Fourier

analysis and other 2D spectral analysis techniques. The

main difference is that the 2D CWT can provide spectral

information at specific locations of the physical domain.

The certainty of both spectral and location information

is, of course, bounded by the Heisenberg uncertainty

principle. Wavelet transform can be viewed as a spectral

analysis whose basis functions are enveloped in a win-

dow with its size determined by scale parameters. For

detailed discussions about wavelet transform, its ad-

vantages over windowed Fourier transform, etc., see

Daubechies (1992) and Akansu and Haddad (1992).

There are many possible applications of the 2D CWT

in the geophysical science. Here are a few examples:

d detection of the coherent structures, from entangled

wave trains and other signals;
d highlighting the edges and points for enhanced visu-

alizations; and
d denoising and filtering the raw data to retrieve and

show a particular band of signals

Because wavelet coefficients are related to particular

local areas (with particular orientations), we have more

flexibilities in processing and analyzing these coefficients.

For example, in data processing, rather than manipulate

the coefficients of a particular wavelength for the whole

dataset together, we can deal with the coefficients as-

sociated with a particular scale in different local areas

individually. In data analysis, we can examine the spectral

information of a dataset in different domains and from
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different angles and obtain more relevant information

from particular sets of wavelet coefficients.

In this section, we apply the 2D CWT to a few analytic

functions to demonstrate some basic concepts of the 2D

CWT. All synthetic test functions are discretized on a 256

by 256 grid. For what follows in this section, scale i always

refers to a wavelet scale with respect to this discretization.

First, we believe, as in the 1D case, that the 2D CWT

analysis technique should always be based on the perfect

reconstruction procedure: that is, processing and ana-

lyzing a selected subset from the coefficients that exactly

reproduce the original function. Otherwise, the analysis

could show some artifacts or seemingly important sig-

nals that do not exist in the analyzed dataset.

FIG. 1. Reconstruction of a two-wave function: (a) the original function, (b) a perfectly reconstructed function, (c) reconstruction of the

same function with the coefficient sets of the wavelet transform at the scales discretized linearly without necessary additional scaling, and

(d) the same function reconstructed from the coefficient sets of the wavelet transform whose basis functions in Fourier domain have an

unnecessary duplicate along the v1 axis.
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The numerical computation of a 2D CWT is carried out

on an appropriately discretized two-dimensional grid in

either physical or Fourier domain. In Fourier domain, the

scale parameter and direction parameter for anisotropic

wavelets, which also take discrete values, determine the

discretization of wavelet functions on the v1–v2 plane.

To achieve perfect reconstruction, it is important to

adhere to the following two rules:

(i) The values of the scale parameter a1, a2, . . . should

form a geometric sequence: that is, a logarithmic

scale discretization. Other discretization schemes

(e.g., linear discretization) are less efficient numer-

ically and require extra scaling to achieve perfect

reconstruction.

(ii) When a wavelet in Fourier domain bc(v) has its sup-

port in mostly half plane and/or is the superimposition

of multiple anisotropic wavelet functions, such as Arc

wavelet (Dallard and Spedding 1993) and ‘‘Fan’’

wavelet (Kirby 2005), it is important that, along any

direction, bc(v) has the same overall frequency re-

sponse. Precisely, for any scale a, d1, d2 2 R2, the

following equation should hold:

u
a,d1

(t) 1 u
a,d1

(�t) 5 u
a,d2

(t) 1 u
a,d2

(�t), (21)

where ua,d(t) 5 ua,d(v1(t), v2(t)) is the intersections of

the plane hv, di 5 0 and the function bc(av) in pa-

rameterization form, with t 5 0 at origin.

Figure 1 illustrates, in a simple example, the conse-

quence of neglecting these two rules. In this example, an

Arc wavelet is used. The top two images in Fig. 1 show

the original two-wave function and a correctly recon-

structed original function by superimposing wavelet

coefficients of 40 scales with a constant interscale ratio.

The bottom-left image is not perfectly reconstructed.

FIG. 2. (top left) Morlet and (top right) Halo wavelet transforms of a square function at scale 10. The

anisotropic Morlet wavelet picked up the signals along the direction of its orientation, whereas the iso-

tropic Halo wavelet retrieves the signals of all directions. The wavelet basis functions in Fourier domain

are shown for (bottom left) Morlet and (bottom right) Halo wavelets, with both at scale 10.
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The function is synthesized with a set of wavelet co-

efficients from 200 linearly discretized scales without

necessary additional scaling. The bottom-right image

shows some obvious anomalies along the x direction.

These anomalies are caused by the unnecessary dupli-

cation of the function bc(v) along the v1 axis for v1 , 0.

As in the 1D CWT case, maximum or ridge in a par-

ticular scale indicates the physical location of the cor-

responding wave components. An isotropic 2D wavelet

will detect these components along all directions, whereas

an anisotropic wavelet detects these components along a

particular direction. Here, we apply both an anisotropic

(Morlet) wavelet and an isotropic (Halo) wavelet trans-

forms to a square function, and the results are plotted in

Fig. 2. The left image shows the transform result at scale

10 with the Morlet wavelet directed along the x axis. We

note that only signals along this direction are picked up.

The right image in Fig. 2 shows the transform of the

same function at the same scale with an isotropic

Halo wavelet. It picks up the signals of the scale in all

directions.

The Heisenberg uncertainty principle states that var-

iances of any square-integrable function in physical and

spectral domains cannot be arbitrarily small at the same

time. When the function is normalized to have unit en-

ergy, the product of the two variances are bounded by a

constant. By applying this principle to the wavelet basis

functions, we gather that the smaller the scale (more

localized wavelet basis function), the more accurate the

physical locations but the less certain we are about its

spectral location (scale) and vice versa.

A discontinuous function such as a step function pro-

duces a set of maxima or ridges that cross various scales

at the physical location of the discontinuity. Thus, it is a

good candidate to demonstrate the uncertainty of a 2D

CWT. We apply a 2D isotropic wavelet analysis to a

FIG. 3. (top) Edge detection using the 2D Mexican hat wavelet for wavelet analysis at scales (left) 10 and

(right) 15 and (bottom) corresponding wavelet basis functions in Fourier domain.
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function consisting of a square and cylinder of unit

height. The wavelet we choose is the 2D Mexican hat,

and the two different scales are 10 and 15. The top two

images of Fig. 3 are the analysis results. It is apparent

that, at the smaller scale, the physical location of the

edge is more precise and that, at the larger scale, this

location is less precise. However, in the Fourier domain

the smaller-scale wavelet has slower decay, or has less

precise frequency responses, whereas the larger-scale

wavelet is more concentrated, or has more precise fre-

quency responses (bottom two images of Fig. 3). In ad-

dition, we notice that a Mexican hat wavelet is very

suitable for edge detection; however, because its Fourier

domain representation has slower decay, it is not an ideal

tool to study the spectral information of the data or to

perform frequency filtering.

Finally, the denoising and filtering capability of the

2D CWT provides us with an important analysis tool in

practice. Here, we have a field with two perpendicular

local waves embedded in a Gaussian white noise back-

ground. Figure 4 (left) shows the original field. After a

soft threshold is applied to suppress the coefficients of

small scales (short wavelengths) and those with small

absolute values, we get a denoised field (Fig. 4, right).

The formula we use for this particular case is t(x, s) 5

t1(x)t2(s), where x and s denote coefficient and scale:

t
1
(x) 5

0.5(1� cos(pjxj/T)), jxj # T,

1.0, otherwise,

(

T 5 0.03, and

t
2
(s) 5

s2/100, s , 10,

1.0, otherwise.

�

The formula is adapted from a similar formula by

Kingsbury (1999).

4. Application to meteorological data analyses

In this section, a two-dimensional wavelet analysis

algorithm is applied to a meteorological dataset. We are

given a set of modeled horizontal velocity data. The data

are an output from a WRF modeling study of interaction

of synoptic baroclinic waves and mesoscale gravity

waves (Zhang 2004). The model domain has a horizontal

grid spacing of 20 km 3 20 km, with a truncated domain

of 2000 km 3 2000 km on the sides. Figure 5 shows the u

and y components as well as the vector winds of the raw

data. The large-scale patterns in both the u and y fields

represent an upper-level baroclinic wave on a scale of

more than several thousand kilometers. Clearly, some

mesoscale perturbations are superimposed on this syn-

optic motion field.

a. Two-dimensional scale decomposition

To determine the mesoscale perturbations embedded

in a large-scale flow, we first calculate the divergence

FIG. 4. (left) Two perpendicular sinusoidal waves buried in a Gaussian white noise and (right) the same data denoised with an isotropic

2D wavelet.
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field from these raw-modeled wind data and then we

apply the wavelet analysis to the divergence field. The

solid black contours in Fig. 6 depict the divergence field.

One can see that on top of the synoptic pattern in this

unfiltered divergence field contains both some signature

of mesoscale gravity waves and frontal bands. Selecting a

few scale parameters for mesoscales (e.g., 100, 300, 500 km,

etc.), we conduct wavelet forward transformations. Here,

the 2D Halo wavelet was used for the transformation.

The color shadings in the left image of Fig. 6 is the

300-km scale transformation, which shows the best fit to

the divergence contour lines that depicts a set of meso-

scale gravity waves. Other scales do not fit the original

contours. In particular, the 100-km scale transformation

FIG. 5. Wind components (left) u and (right) y of the raw data from an atmospheric model output.

FIG. 6. The raw divergence/convergence field (contours, with dashed curves for divergence and solid curves for convergence) and

wavelet transformed divergence/convergence field with a selected horizontal scale of (left) 300 and (right) 100 km in color shadings. The

heavy white lines mark the analyzed wave phase fronts.
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(right image of Fig. 6) does not fit the mesoscale wave

pattern but captures the set of surface frontal bands.

One can see that there are six waves aligned into a

wave train (marked with A1, A2, . . . , A6) with a wave-

length of approximately 300 km, whereas wave B1 seems

unassociated with this wave train. Waves A1, A2, A3, and

A4 are gravity waves associated with the same mesoscale

process (because of their close fit to the original con-

tours), whereas waves A5 and A6 may be some features

responding to a surface front (because the features were

bended differently and collocated with smaller-scale

features). The wavelet transform clearly misinterpreted

A5 and A6 as being part of the mesoscale gravity waves

of A1–A4. When a 100-km scale was used, the wave-

let transform indicated that A5 and A6 were actually

inflated features of a set of surface frontal bands (right

image of Fig. 6).

b. Field reconstruction

Using both wavelet forward and inverse transfor-

mations, we can reconstruct a 2D field that constitutes

a filtered signal. In the previous case, once we identify a

set of mesoscale waves or surface frontal bands, we con-

duct forward transformations of the original u and y fields

by selecting either a 300- or 100-km scale parameter and

then conducting inverse transformations of the set of

scale-selected transformation coefficients. This will re-

turn to the 2D physical fields of u and y, which are the

wind components responsible for a 300- or 100-km scale

feature, respectively.

FIG. 7. The reconstructed (left) u and (right) y wind with a wavelet filter of (top) 300 and (bottom) 100 km.
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Figure 7 shows the reconstructed u and y components

of the wind at (top plots) 300- and (bottom plots) 100-km

scales. It is no surprise that they are significantly different

from those in Fig. 5, because the wavelet-decomposed

wind is only a partial field of the raw wind. In the re-

construction, we use the same Halo wavelet as basis

functions.

To prove that these decomposed wind fields do belong

to the 300- and 100-km scale features in the original

data, we used these data to recompute the divergence

field. Figure 8 shows the divergence fields at 300- and

100-km scales. One can see that they reproduce the

image fields of 300 and 100 km in Fig. 6.

c. Feature localization

As analyzed in section 4a, not all 300-km features are

associated with mesoscale gravity waves. For example,

in the left image of Fig. 6, A5 and A6 are inflated fea-

tures of a set of surface frontal bands. Our next task is to

obtain filtered divergence fields that are only respon-

sible for a set of mesoscale gravity waves existing at a

particular spatial location. This is clearly a combined

scale-decomposition and feature-localization task. A

classical spectral decomposition method is typically used

for the first part of the task (i.e., to select a signal with

a particular scale), but the classical method will not be

able to identify and separate out the desired signal at a

particular physical location.

We now consider waves A1, A2, A3, and A4 as the

hypothetical signals that we would like to extract. To do

this, we specify a spatial domain (the solid line rectangle

in the left image of Fig. 6) that encompasses mostly

waves A1, A2, A3, and A4. The inverse wavelet trans-

formation is now constrained not only by features with

300-km scale but also by features that are located within

the specified domain. The resulted reconstruction is

shown in the top-left plot of Fig. 9. This is the horizontal

divergence field that is responsible for the mesoscale

gravity waves identified as A1, A2, A3, and A4. This

approach can be especially useful when an analysis

needs to pick up signals on particular scales at particular

locations.

In the previous example, we selected a specific scale

(300 km) for features located at a particular location

(encompassed by the solid line rectangle). Using a 2D

wavelet, one can also isolate features with different

scales and located at different places and then combine

them together to analyze the possible scale interaction

of these features.

In the top-right plot of Fig. 9, we read in the horizontal

divergence data (computed from the raw wind component

data) within the bottom-left rectangle in the right image of

Fig. 6, transformed the data with a scale parameter of

100 km, and then conducted an inverse transform. The

top-right plot of Fig. 9 depicts the horizontal divergence

for the 100-km scale at the selected spatial location.

We now can combine the two horizontal divergence

fields, at different scales and at different physical loca-

tions, into a unified dataset (bottom plot of Fig. 9). Now it

is clearly seen that the composite data display different

physical features with different scales and locations. If one

FIG. 8. The reconstructed divergence/convergence fields using filtered wind components at (left) 300- and (right) 100-km scales.
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were to generate a sequence of these datasets, interaction

of these two different physical features might be depicted.

d. Directional signal detection

In certain meteorological applications, one needs to

isolate signals along a particular direction. For this pur-

pose, a directional 2D wavelet algorithm can be used.

For example, in section 4a, using the Halo mother

function for a 2D wavelet transformation, signals ori-

ented in all directions are detected and no emphasis is

given to a particular direction. Now suppose that one

is only interested in the set of mesoscale gravity waves

propagating in the direction of the left image of Fig. 6. We

can now use the Morlet mother function with a directional

parameter (e.g., u 5 0, which is along the y axis), along

with a scale parameter of 300 km, to detect the signals

along this direction. Figure 10a shows the set of signals

along this direction. These signals represent A1–A6 in

the left image of Fig. 6. It is seen that the Morlet di-

rectional wavelet transformation did not pick up signal

B1 because it is oriented in a different direction. If we set

the angle to u 5 2p/2 (along the x axis, or 08), B1 is

clearly shown, whereas A1–A6 are suppressed (Fig. 10b).

A similar experiment was also carried out for 100-km

scale features, with orientation selection of u 5 7p/8

(pointing nearly in the direction of the 2y axis) and

u 5 22p/3 (pointing in the direction of 308). The resulting

FIG. 9. (top) The reconstructed divergence/convergence fields for (a) 300- and (b) 100-km filtered divergence/convergence in a selected

area as defined by the rectangles in the left and right images of Fig. 6, respectively. (bottom) A merge of (a),(b).
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features (Figs. 10c,d) are the surface frontal bands and

a set of 100-km scale disturbances that tend to break up

the 300-km gravity waves (see left image of Fig. 6).

5. Conclusions

In this paper, we briefly discussed the basic theory and

implementation of the two-dimensional continuous wave-

let analysis technique. Several popular 2D wavelets were

examined. The use of isotropic and anisotropic wavelets

and its effect on the data analysis were discussed. Ap-

plications of the 2D wavelet analysis to meteorological

data were conducted. In particular, we examined a

model simulated wind field and extracted meteorologi-

cal signals associated with different physical processes,

characterized by different scales. We demonstrated

how to use the 2D CWT to conduct scale decom-

position, field reconstruction, feature localization, and

FIG. 10. The results of directional wavelet analysis of the divergence/convergence at 300-km scale: (a) 908 and (b) 08 orientations. (c),(d) As

in (a),(b), but analyzed at 100-km scale: (c) 2488 and (d) 308 orientations.
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directional signal search. All these applications can be

useful in analyzing complex geoscience datasets.

In summary, we make the following remarks:

1) The 2D CWT is a useful tool in analyzing and di-

agnosing the geoscience dataset. It provides com-

prehensive spectral information about the analyzed

dataset at different physical locations and along dif-

ferent directions.

2) The analysis results for a multidimensional dataset

are typically redundant and could be overwhelming

to examine. For a 2D wavelet analysis, if one uses an

anisotropic wavelet, the dimension of the resultant

coefficient space could be as high as 4 [scale a, azi-

muth u, and spatial location (x, y)]. Therefore, it is

necessary and practical to use isotropic wavelets to

analyze multidimensional (2D in particular) data-

sets. Once a direction of interest is identified, an

anisotropic wavelet analysis can be applied to further

examine the coherent structure of datasets along a

particular direction.

3) It is important to adhere to the perfect reconstruction

principle; that is, the analysis for particular scales

should be only drawn from the set of coefficients that

perfectly reproduces the analyzed data. To make

sure that the wavelet analysis has the property of

perfect reconstruction, one can verify and examine

if the scale discretization and the scaling of the

coefficients are done appropriately and if Eq. (21)

holds.

4) It is of both practical and theoretical importance to

create objective criteria to automatically select scales

for coherent structure analysis and feature detection.

Lu et al. (2010) have made an attempt to select scales

for precipitation data analysis based on its power

spectrum distribution. However, in general, the scale

selection process is highly connected to the type of

dataset and the purpose of the analysis, which require

specific scientific knowledge of the applications.

Therefore, we envision that this process would most

likely be a combination of a general signal processing

procedure and an application-specific procedure.
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