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Theoretical treatments of thermoacoustics have been reported for stacks with circular pore and 
parallel plate geometries. A general linear formulation is developed for gas-filled 
thermoacoustic elements such as heat exchangers, stacks, and tubes having pores of arbitrary 
cross-sectional geometry. For compactness in the following, F represents the functional form of 
the transverse variation of the longitudinal particle velocity. Generally, F is a function of 
frequency, pore geometry, the response functions and transport coefficients of the gas used, 
and the ambient value of the gas density. Expressions are developed for the acoustic 
temperature, density, particle velocity, pressure, heat flow, and work flow from knowledge of 
F. Heat and work flows are compared in the short stack approximation for stacks consisting of 
parallel plates, circular, square, and equilateral triangular pores. In this approximation, heat 
and work flows are found to be greatest for the parallel plate stack geometry. Pressure and 
specific acoustic impedance translation theorems are derived to simplify computation of the 
acoustical field quantities at all points within a thermoacoustic engine. Relations with 
capillary-pore-based porous media models are developed. 

PACS numbers: 43.35.Ud, 43.28.Kt 

INTRODUCTION 

In a broad view, thermoacoustics can be regarded as the 
study of effects due to the interaction of heat and sound..A 
large and growing subbranch is concerned with thermoa- 
coustics in fluid-filled (gas and liquid) resonators though 
observations of heat-driven oscillations in tubes date back to 

at least the late 18th century. A full, linear, theoretical inves- 
tigation of these oscillations was performed first by Rott.• 
The reciprocal mode of operation, which uses a sound wave 
in a resonator to transport heat from cold to hot as in a 
refrigerator, has also been of recent interest. This thermoa- 
coustic streaming has its analogy in acoustic streaming, 
which is the D.Ci transport of momentum by an acoustic 
wave. Merkli and Thomann 2 found experimental verifica- 
tion for their theory of thermoacoustic streaming in a driven 
resonance tube. Rott and Merkli and Thomann were mainly 
interested in thermoacoustic effects in a single tube having a 
circular cross section. Rott and Zouzoulas 3 also investigated 
thermally driven acoustic oscillations for circular tubes with 
variable cross-sectional area. 

WheatIcy, Cox, Swift, Hofler, and others have deve- 
loped the connection between the acoustical portion of ther- 
moacoustics and a broader thermodynamics point of view. 
Swift 4 has reviewed much of this work, from fundamentals 
to state-of-the-art. Thermoacoustic elements such as heat 

exchangers and a stack, as shown in Fig. 1 (a), are used to 
investigate prime movers and heat pumps. In the thermo- 
dynamic point of view heat exchangers and stacks are 
thought of as heat reservoirs and engines, respectively. This 

This work was presented, in part, at the 120th Meeting of the Acoustical 
Society of America [J. Acoust. Sec. Am. Suppl. I 88, S96 (1990)]. 

point of view enhances the understanding of thermoacous- 
tics and is very helpful in evaluating practical devices. 

An exposed view of a thermoacoustic element is shown 
in Fig. 1 (b). Thermoacoustic elements consist of a parallel 
combination of many elementary capillary tubes or pores. In 
Fig. 1 (b) the pores have square cross sections. The theory 
for a thermoacoustic heat engine is built up from knowledge 
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FIG. 1. (a) Genetic arrangement used in thermoacoustic heat engines. 
Thermoacoustic elements are the heat exchangers, resonator sections, and 
stacks. (b) An exposed view of a thermoacoustic element consisting of a 
parallel combination of square capillary tubes. (c) A single arbitrary-per- 
meter capillary tube for use in a thermoacoustic element. 
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of thermoacoustic effects in a single capillary tube. Both 
Rott • and Swift 4 considered thermoacoustic effects for 
acoustic oscillation between parallel plates. 

The initial intent of this study was to investigate ther- 
moacoustic effects in a stack having square pores as shown in 
Fig. 1 (b). Inexpensive sources of square pore stack material 
are ceramic monolithic catalyst supports often used in auto- 
mobile catalytic converters. 6 This ideal-geometry material 
was previously used to verify first-principles theory for 
sound propagation in porous media. 7 Since ceramic has a 
low thermal conductivity in comparison to most metals, it is 
attractive for use as a stack as parasitic heat loss due to ther- 
mal conduction reduces efficiency. 

In this paper, thermoacoustics is investigated for stacks 
having arbitrary pore geometries (parallel plates, rectangu- 
lar pores, equilateral-triangle pores, circular pores, etc.). In 
particular, our interest is in the following question: What are 
the minimum necessary calculations to describe the acoustics 
of gas-filled thermoacoustic elements made of arbitrary-peri- 
meter capillary tubes? An example of an arbitrary-perimeter 
capillary tube is shown in Fig. 1 (c). Rott 5 pursued this ques- 
tion to the point of computing the acoustical quantities for 
parallel plate and circular pore geometries. Here, the acous- 
tic field quantities and the second-order energy flow are con- 
sidered for arbitrary perimeter pores. Heat and work flows 
are compared in the short stack approximation for stacks 
having the aforementioned pore geometries to investigate 
the effects of pore geometry. In addition, connections are 
established between thermoacoustic theory and capillary- 
tube-based porous media theory. An analogous investiga- 
tion has recently been performed for porous media by Stin- 
son? 

Once the acoustical properties of the separate thermoa- 
coustic elements have been determined, the elements must 
be connected in series inside of a resonator as shown in Fig. 
l(a). Previously, numerical integration of the acoustical 
equations was used to compute field quantities in the stack 
since, in general, a temperature gradient exists from one end 
to the other.•'4 The physical parameters of ambient density, 
viscosity, sound speed, thermal conductivity, etc., are tem- 
perature dependent and thus depend on location within the 
stack. Here, specific acoustic impedance and pressure trans- 
lation theorems are developed to compute all acoustical field 
quantities and energy flow at each point in the resonance 
tube shown in Fig. 1 (a). Translation theorems are relations 
between specific acoustic impedance or pressure at location z 
and the value of these quantities at a different location z - d. 
Using the translation theorem approach it is easy to analyze 
complicated systems, e.g., a resonator containing a refrigera- 
tion stack, a prime mover stack, and heat exchangers. 

Section I A contains the basic fluid equations and as- 
sumptions. The force equation is considered in Sec. I B and 
the transverse temperature profile is given in Sec. I C. A 
differential equation is given for the the acoustic pressure in 
Sec. I D. Sections I A-I D apply to a single capillary tube of 
arbitrary perimeter. The specific acoustic impedance and 
pressure translation theorems are developed in Sec. I E for 
thermoacoustic elements. Expressions are given in Sec. I F 
for heat and work flows in terms of pressure and specific 

acoustic impedance. A numerical analysis technique for the 
present formulation is given in Sec. I G. An application of 
the theory is given in Sec. II where heat and work flows are 
computed in the short stack approximation for stacks having 
a variety of pore cross sections. Here, the emphasis is on 
investigating the effects pore geometry have on heat and 
work flows. 

I. PROPAGATION IN THERMOACOUSTIC ELEMENTS 

The name stack was originally descriptive of the parallel 
plate arrangement used for the thermoacoustic element 
which possibly has a temperature gradient down it. The 
pores in the parallel plate arrangement are described in their 
transverse direction as parallel plates and as straight tubes in 
their longitudinal direction [the z direction in Fig. 1 (c)]. 
For arbitrary pore geometries, the stack or heat exchangers 
can be described as a section of a porous medium. In this 
section, the fluid field equations and assumptions necessary 
to treat the general case are established. An equation for the 
pressure in a single pore is established. Enroute, reference is 
made to the terminology used in acoustical modeling of por- 
ous media. With the specific acoustic impedance assumed 
known at the hot end of the stack, impedance and pressure 
translation theorems are derived for the stack. Heat and 

work flows are computed for arbitrary pore geometries and 
are expressed in terms of pressure and specific acoustic impe- 
dance. 

A. Fluid field equations and assumptions 

The transverse coordinates in a pore are taken to be x 
and y, and the longitudinal coordinate is z as shown in Fig. 
1 (c). The ambient temperature is taken to be a function ofz 
in the stack. Assumed is that the pore walls are of sufficiently 
high heat capacity and thermal conductivity, in comparison 
to that of the gas, that the pore wall temperature is locally 
unaffected by temperature variations in the gas caused by an 
acoustic wave. Also assumed are that constant frequency 
pressure variations exist in the pore and that the pore walls 
are rigid and nonporous. The pore is taken to be infinitely 
long in the z direction. With these assumptions, the task is to 
derive the pore acoustic field to first order in the acoustic 
variables. 

The fluid quantities in a pore approximated to first 
order are 

P(z,t) = Po + P• (z)exp( - i•ot), (1) 

v(x,y,z,t) -- [v•(x,y,z) + oz(x,y,z)•]exp( - loot), (2) 
T(x,y,z,t) = To(z) + T• (x,y,z)exp( -icot), (3) 

s(x,y,z,t) = So (z) + s• (x,y,z)exp( -- icot), (4) 

p(x,y,z,t) =Po (z) + p• (x,y,z)exp( -- icot). (5) 

In order, Eqs. ( 1 )-(4) are the approximations to first order 
for pressure, particle velocity, temperature, entropy, and 
density. Acoustic waves of radian frequency to are assumed. 
Where shown, subscript 0 indicates ambient values and sub- 
script 1 the acoustic or first-order values. In Eq. (2), 
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v, (x,y,z) and v• (x,y,z) are the transverse and longitudinal 
components of particle velocity. The ambient temperature 
To (z) is assumed to depend on z. Note the definition to be 
used frequently below: Toz --=dTo (z)/dz. The ambient den- 
sity in Eq. (5) also depends on position z. Because of the 
ambient temperature gradient physical parameters includ- 
ing density, viscosity r/, thermal conductivity to, adiabatic 
sound speed c, and the coefficient of thermal expansion 
/• = -- ( Sp/•T)v/po also depend on position. 

The Navier-Stokes fluid field equations are given for 
example in Reft 9. The Navier-Stokes equations can be sim- 
plified to model sound propagation in narrow tubes. Physi- 
cally, the transverse variation (in the tube cross section) of 
particle velocity, temperature, etc., is much greater than the 
longitudinal variation (down the tube) due to the close 
proximity of walls where boundary conditions must be met. 
For constant frequency waves, the approximate set of fluid 
field equations to first order are 

dP] (z) 
- icopo v= (x,y,z) - k VV•vz (x,y,z), (6) 

dz 

c• [Po (Z)Vz (x,y,z) ] 
- icop• (x,y,z) -+ 

c•z 

+ Po (z)V•'% (x,y,z) = 0, (7) 

p] (x,y,z) = --Po (z)/•T• (x,y,z) + (y/c2)Pt (z), (8) 

st (x,y,z) = (q/T o ) T, (x,y,z) -- (• /Po)Pt (z), (9) 

and 

- icopo (z)cn T• (x,y,z) + Po (z)%Vz (x,y,z) Toz 
: -- irvinToP I (2) q- trV2•Tt (xd',z), (10) 

where the transverse gradient and Laplacian operators are 
defined by V• = a•/cJx • + c•/cJy•y and V2• = (• 2/cJx 2 + • 2/ 
c•y:), c s is the isobaric heat capacity per unit mass, and )/is 
the ratio of specific heats. In order, these equations approxi- 
mately express the z component of the equation of motion, 
continuity or mass conservation, equations of state for den- 
sity and entropy, and heat transfer. Except for the Toz terms 
in Eq. (10), these are the equations for the low reduced- 

. ß 10 frequency approximation given by Zwikker and Kosten n 
in their solution for the propagation of sound in circular 
pores. In the derivation of Eq. (10), the convective deriva- 
tive for the entropy is evaluated using the equation of state 
Eq. (9) and the relation v,Vs= v=(x,y,z)dso(z)/dz= % 
X Vz (x,y,z) Toy/T o. Equation (10) expresses that the tem- 
perature at a fixed position changes due to motion of the 
ambient fluid, due to compression of the gas, and due to heat 
conduction. Further discussion of these equations and the 
validity of the approximations may be found in Refs. 4, 8, 
and 10. 

Several variations in notation shouM be noted. First, the 
viscous and thermal boundary layer thicknesses are given by 
6• = ( 2•]/COpo ) •/2 and 6• = (2to/COpe%) •/•. Swift 4 writes 
most equations in terms of 6• and 6•. Tijdeman m and Atten- 
borough •a introduce a dimensionless "shear wave number" 
A = R(poW/V) m era = 2•/2R/6•, where R is a character- 
istic transverse dimension of the pore. They also use the di- 
mensionless thermal disturbance number A r = R(poCOC•/ 

to) t/a or2r = 2•/2 R/• for the ratio of the pore radius to the 
thermal boundary layer thickness. Use of the Prandtl num- 
ber Np• = *lcp/tr gives the relation A r - AN •/a For definite- 
ness, take R to be twice the ratio of the transverse pore area 
to the pore perimeter so for a circular or square pore, R is the 
pore radius. This value of R is twice the hydraulic radius of 
the pore. In this paper the A and •'r notation is used. 

B. Transverse velocity profile in a pore 

To obtain a solution to the equation of motion, Eq. (6), 
the z component of velocity is taken to be 

v=(x,y,z) - F(x,y;A) dP• (z) (11) 
iOpo dz 

From the equation of motion, Eq. (6), F(x,y,g ) satisfies 

F(x,y;A) + (R :/i;c 2)V•F(x,y;A) = 1, (12) 

subject to the boundary condition that F(x,y;A) is zero at the 
pore walls. This is the boundary condition on particle velo- 
city at the pore wall. As will become apparent in the following, 
this is the only differential equation which needs to be solved 
for determining thefirst-order acoustic quantities and second- 
order heat and work flows. 

In anticipation of later developments, averages over the 
pore cross section, defined for example by 
vz (z) = A - •.fv• (x,y,z)dx dy, whereA is the area of the pore 
cross section, are taken. Denote by v= (z) and F(A) the area 
average of v• (x,y,z) and F(x,y;A) over the cross section of 
the pore. The averaged equation of motion for the fluid can 
now be expressed simply as 

Vz (z) - dP• (z)/dz F(A ). (13) 
iCOp o ( z ) 

Capillary-tube-based porous media modeling n'•: intro- 
duces a complex density • (z;A) at this point which is defined 
as 

•(z;A ) = Po (z)/F(A ). (14) 

The complex density is the apparent dynamical density of 
the fluid in the pore. 

C. Transverse temperature profile in a pore 

The equation for excess temperature T• (x,y,z) in the 
pore fluid is given by Eq. (10). Algebraic rearrangement 
followed by use of the thermodynamic relation 
To/•:/% = (y - 1 )/c a for the first term on the right and by 
use of Eq. ( 11 ) results in 

T• (x,y,z) + (R • ' • • //2 r)V•Tt (x,y,z) 

_ 7/-- 1 Pt (z) -- Tø= F(x,y;A) dP• (z____•) (15) 
C•po]• po rO • dz 

Assume Tm (x,y,z) can be written in the form 

T, (x,y,z) = G, (x,y;Ar) [ (7/- 1)/C2po• ]P• (z) 
Toz dP• (z) 

- O• (x,y;A•g r) -- -- 
poCO 2 dz 

(16) 
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The excess temperature changes due to compression and ex- 
pansion of the gas and from the second term, displacement of 
gas which can have different ambient temperatures on ac- 
count of the temperature gradient. 

Effects on T• (x,y•) of thermal conductivity and visco- 
sity are accounted for in the dimensionless functions 
Ga ( x,y• r) and Gb ( x,y;,t•t r ). For an inviscid, nonthermal- 
ly conducting gas G a = Gb = 1. Use of Eq. (16) splits Eq. 
(15) into two equations corresponding to the two driving 
terms 

Ga (x,y;Ar) + (R :/bl • 2 r)?,Ga(x,y;Ar) = 1, (17) 

(Jb (x,y',)[,• r) + (R 2/Lg •-)7•Gb (x,y',,•,,• r) 

= F(x,y;A). (18) 

The boundary condition is T• (x,y,z) = 0 for x and y on the 
pore boundary; therefore, Ga (x,y',A r) = 0 = G b (x,y'•,,t r) 
on the boundary are the boundary conditions for these func- 
tions. Comparing F.q. (17) with Eq. (12), the solution for 
Eq. (17) follows immediately: 

G• (x,3r•r) = F(x,y;Ar). (19) 

To obtain the solution for G• (x,y) in Eq. (18), the differen- 
tial equation resulting from use of Eq. (19) in Eq. (17) along 
with the differential equation for F(x•v;A ) in Eq. (12) can be 
used to show that 

Go (x,Y•r) = [ F(x,y'•r) -- NprF(x,y71) ]/( 1 -- Npr ). 
(20) 

The excess temperature is 

T, (x,y,z) = [ (y -- 1 )/C•po]• ]F(x,yv[r)P, (z) 

To, F(x,y;/•r)--NwF(x,y;J.) dP•(z) 
porO • 1 -- Np• dz 

(21) 

The equation of state for the acoustic density fluctu- 
ation, Eq. (8), can be combined with the expression for the 
acoustic temperature, Eq. (21), to give 

p• (x,y,z) = (1/c•)(? '-- (?'-- 1)F(x•v•r))P• (z) 

fiTo• F(x,y;,t•) -- Np•F(x,y;A) dP• (z) 
o • 1 - N• dz 

(22) 

The first term on the right of Eq. (22) can be used to define a 
complex compressibility. 

When To• is zero, Eq. (22) can be used to define a com- 
plex compressibility which is useful in porous media theory. 
Denote by p• (z), F(Ar), and F(A) as the average of 
p• (x,y,z), F(x•v;Ar) and F(x,y;A) over the cross section of 
the pore. Following the capillary-tube approach of porous 
media modeling, I• the complex compressibility is defined as 

= (z) (23) 
Pc P, (z) ' 

and from Eq. (22), with To, = 0, is given by 

•(z;Ar) = (l/pod)[?'-- (y-- l)F(Xr) ]. (24) 

The cross-sectionally averaged density can then be expressed 
as 

p• (Z) =po•(Z',ftr)P 1 (z) 

lTo. F( & ) -- NoF( ,t ) 
'1 --No dz 

dP• (z) 
(25) 

The motivation for averaging the density over the cross sec- 
tion of the pore becomes apparent in the next section. 

D. Pressure equation in a pore 

The continuity equation, Eq. (7), along with the equa- 
tion of motion, Eq. (13), and the equation of state for the 
density, Eq. (25), can be combined to yield an equation for 
the pressure in a pore. When averaging the continuity equa- 
tion over the pore area the integral A - lœ•.v• (x,y•z)dx dy 
is encountered. Use of the divergence theorem in the x,y 
plane gives A - 
X (x,y,z)dS = 0 since % (x,y,z) = 0 on the perimeter $ hav- 
ing outward normal n. Consequently, the cross-sectionally 
averaged continuity equation for the pore is 

- (z) 
= -- irop• (z) + Pc (z) ___d o (z) - t•o (z) To, v, (z) = O, 

(26) 

where dpo (z)/dz = --/•(z) Pc (z) To, was used on the se- 
cond form. The o, and dv,/dz terms can be evaluated using 
Eq. (13): 

-- irop• (z) + Pc (z•) d (F(/I) dP• (z) ) ko dz LOo ( z ) dz 

F(,t) dP• 
-- --/•To, -- O. (27) 

ko dz 

Multiplying Eq. (27) by kaF(,t) and using Eq. (25) for 
p• (z) the equation for pressure is 

Po d (F(/t) dPl(Z) ) dP,(z) F(A) dz \' •oo az ' + 2a(A•r) • 
+ k(/•/•T)•P• (z) = 0, (28) 

where 

tTo, [ - 1.) a(A'Ar) =--•\ ] --- •'v• ' (29) 
and 

k(2,Ar)• - ro • 1 
c z F(/D 

-- -- [Y- (r- 1)F(2r)]. (30) 

In the absence of a temperature gradient To• = 0 so 
a ()[,g r) = 0. The complex wave number in the pore is then 
given by ___ k, which is the usual form found in porous media 
modeling. 7'n The form of the equation for pressure is remin- 
iscent of the time analog of a damped harmonic oscillator; 
however, here a and k are complex quantities. 

E. Specific acoustic impedance and pressure 
translation theorems 

It is appropriate to establish the terminology used in this 
section. The specific acoustic impedance of an acoustical me- 
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dium is equal to the ratio of the total acoustic pressure and 
totalparticle velocity. For example, in a fluid layer, the total 
acoustic pressure is a combination of a downgoing wave and 
an upgoing wave. The acoustic impedance is equal to the 
ratio of the total acoustic pressure and the total volume velo- 
city. For porous media the appropriate boundary conditions 
at a surface are continuity of pressure, and continuity of 
volume velocity or equivalently continuity of acoustic impe- 
dance.•2 For adiabatic sound, the characteristic or intrinsic 
impedance is equal to Po c where Po is the ambient density 
and c is the adiabatic sound speed. 

To this point, propagation in a single pore of infinite 
length has been considered. Consider now a porous sample 
[e.g., Fig. l(b)] consisting of a parallel combination of 
many identical single straight pores [e.g., Fig. 1 (c) ] of finite 
length and denote by N the number of pores per unit area in 
the cross section. Define by V•b a bulk particle velocity aver- 
aged over unit cross section of porous sample, by Ares the 
area of the resonator at the face of the sample, and by A the 
area of a single pore in the sample. Volume velocity is A 
= N A Are s v z = f• Are s v• where f• = NA is the porosity of 
the sample. Thus, in the analysis of thermoacoustic elements 
with many pores, v• is replaced with Vzb/• in all of the single 
pore equations. At boundaries, Pt (z) and V•o (z) or equiva- 
lently Z(z) = P(z)/Vzo (z) are continuous, where Z(z) is 
the specific acoustic impedance. 

Rayleigh developed an impedance translation theorem 
for homogeneous fluid layers. • The impedance translation 
theorem relates the specific acoustic impedance at one side 
of a layer to that at the other. In this manner, one may apply 
the theorem as many times as necessary to compute the spe- 
cific acoustic impedance at any surface in the layered media. 
This translation theorem is applicable to heat exchangers 
and resonator sections, but is not applicable to the stack be- 
cause the physical parameters such as density, sound speed, 
etc., depend on z in a continuous manner on account of the 
temperature gradient. Impedance and pressure translation 
theorems, which take into account the dependence of physi- 
cal parameters on position, will be derived for the stack. 

The relevant expressions are the average force equation 
for a bulk sample from Eq. (13) and v• (z) = V•o (z)/f•, 

iwpo dP• (z) 
-- V• o (z) = F(2) --, (31 

• dz 

the definition of specific acoustic impedance, 

Z(z) = P• (z)/V•o (z), (32) 

and the expression for pressure, Eq. (28). Eliminating P, (z) 
and V•o (z) from these expressions using a procedure similar 
to that of Ref. 14 gives 

dZ(z) ( z(z) •zz -- ik(z)Zmt (z) 1 Zi•t(z)•, ] + 2a(z)Z(z), 
(33) 

where a(z) and k(z) are given in Eqs. (29) and (30) and 

Zmt = poro/[ llF( 2 ) k ] (34) 

is analogous to the intrinsic or characteristic impedance of a 
porous medium.•2 The combination of Eqs. (31 ) and (32) 
gives 

dP• (z) P• (z) 
-- - ik(z)Z•., (z) -- (35) 

dz Z(z) 

The defined quantities k, a, and Z•.t in Eqs. (33) and (35) 
depend on position because of the temperature gradient. 

Expressions (33) and (35) are a set of coupled first- 
order differential equations which can be readily solved us- 
ing numerical techniques. The well-known fourth-order 
Runge-Kutta algorithm is a recommended numerical 
method. Assume given values ofP• (z) and Z(z) at position 
z as shown schematically in Fig. 2. Then pressure and speci- 
fic acoustic impedance are determined at z -- d from use of 
the algorithm Pt (z -- d) = RK [Pt (z),Z(z) ] and 
Z(z -- d) = RK[Z(z) ] where RK is symbolic notation for 
the Runge-Kutta algorithm. Thus this method of determin- 
ing the pressure and impedance is similar to Rayleigh's im- 
pedance translation theorem. 

For thermoacoustic elements not having temperature 
gradients (such as heat exchangers and sections of the reson- 
ator), Rayleigh's impedance translation theorem •3 can be 
written for porous media as 

Z(z)cos( kd) - iZ•.• sin(kd) 
Z(z - d) = Zin t (36) 

Ziat cos(kd) - iZ(z)sin(kd) 

The pressure translation theorem is 

P• (z -- d) = P• (z) {cos( kd) - i[ Z•,t/Z(z) ] sin(kd)}. 
(37) 

In Eqs. (36) and (37), k is the complex wave number for 
heat exchangers or open sections of the tube and can be de- 
termined from the porous media expression, Eq. (30). Use 
of these translation theorems will be discussed in Sec. I G. 

Knowledge of heat and work flow is central to thermoa- 
coustics. In the next section, heat and work flows are eva- 
luated for arbitrary pore perimeters and are expressed in 
terms of pressure and specific acoustic impedance. 

F. Heat and work flow 

The time averaged energy flow to second order (sub- 
script 2) is 4 

(z) = Q• (z) + W• (z) - Q•o• (z), (38) 

where time-averaged heat flow due to hydrodynamic tran- 
sport is 

z-d z z+e 

subsections of a 
thermoacoustic element 

FIG. 2. Subsection of a thermoacoustic element, shown here having square 
pore capillary tubes. For the stack thermoacoustic element, an arbitrary 
number of subsections may be used in spanning the temperature difference 
at the ends of the stack. 
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-- l•T o vz (x,y,z)P l* (z) ] dx dy; (39) 

the heat flow due to conduction down a temperature gra- 
dient is 

•to• (z) -- 11 &.• To• + (I - l•)&•s,a• To•; 
(40) 

and the time-averaged work flow (or power) is 

• •'• '4res Relf•v•(x,y,z)P•'(z)dxdy. (41) w, (z) - • 
Here,.4• is the cross-sectional area of the resonance tube at 
point z, ,4 is the cross-sectional area of a single pore, gl is 
porosity, •c• and g,,• are the thermal conductivity of the 
gas and stack, * indicates complex conjugation, and Re indi- 
cates the real part of the expression. The product (11.4r•) is 
cross-sectional ope.,.n area of th._e tube at position z. 

To determine Q2 (z) and W2 (z) use is made of Eq. (21) 
for T1 (x,y,z) and Eq. (11) for o•(x,y,z) in Eqs. (39) and 
(40). Resulting expressions are 

{•(z) DM,• poCv imla F(x,y;A) plx(2) 2 A COpo 

X(•2•o; F*(x,Y',Ar)P•'(z) 
To• F*(x,y;Ar) -- NvrF*(x,y;•) 

poCO' 1 - N w 

XP•*• (z))dx dy -[3To • (z), (42) 
where P• (z) = dP• (z)/dz and 

ß -- fi '4• I Im• F(x,y;A) Pt•(z)P•(z)dxdy. W• (z) = -• A O•po 
(43) 

Recall the definitions Ar = N mk and 

F(A) = • F(x,y;X)dx dy. (44) 
The following general integral result, which is proven at the 
end of this section, 

1 f• F(x,y.•)F.(x,y.fir)dx dy 
= [F(A)Np• +F*(Ar)]/(Np• + 1), (45) 

and the integral that may be evaluated using Eq. (45) 

I• = 3 f • F( x,Y;A ) F * ( x,y;A ) dx dy 
= lim I• = ReF(A), (46) 

Npr• I 

are necessary to evaluate Eqs. (42) and (43). By making use 
of these integrals and the thermodynamic relation 
y -- 1 = • • To c•/%, heat and work flows are 

QA(z)- 

and 

W• (z) - -- 

(47) 

• A• im(Pl•(Z)P.___•(z) F(A)). (48) 2 \ po o 

Equations (47) and (48) are general expressions for heat 
and work flows with the functional form ofF{A) dependent 
on the particular pore geometry. It can be shown that 
Eqs.(38), (47), and (48) are the same as Swiff's 4 equation 
(A30) for the special case of parallel plate geometries and 
assuming the e• = 0 (appropriate for gas thermodynamics) 
in Swift's theory. To aid in comparing results, note that 
F*(A) = I -f,, and F*(A r) = 1 -f• where f, andf• are 
used in Swift's notation. 

Since impedance and pressure translation theorems 
have been derived for arbitrary locations within the resona- 
tor, and specifically for the stack element, it is useful to ex- 
press heat and work flows in terms of the specific acoustic 
impedance Z(z) and pressure P, (z). From the definition of 
specific acoustic impedance, Z(z) = Pt (z)/[ flv• (z) ], and 
Eq. (13) for o,(z), 

dP• (z) iopoP • (z) 
-- -- P• (z) -- 

dz •F(A )Z(z) 

Heat and work flows are 

.--- Ar• /?To IP, (z) l • 
Q• (z) .... 

2 1 + N.• IZ(z)l • 

X {Re[Z(z)*(F;-• ) + Np•)] 
To• poc• 1 

/?To rico IF(A)[: 

Im IF* (X r) + No•F(A) ] } _ •T ø •z (z), 

(49) 

(50) 

and 

I•2(z) = (A•e•/2)[lP,(z)WlZ(z)lqReZ(z). (51) 
In Eqs. (50) and (51 ), Pt (z) and Z(z) are global variables 
in that they depend on the detailed arrangement of all ele- 
ments of the thermoacoustic engine, and F(A) and F(Ar) 
depend on the local properties of the gas and stack geometry. 

The remainder of this section is devoted to proof of Eq. 
(45). From Eq. (12), Eq. (45) can be written as 

R---•-2 V•F*(x,y;Ar) )dx dy. I, =•F(x,y;•)(l+ iX•r 
(52) 

Use of the vector identity for the divergence of the product of 
a scalar and a vector and the definition ofF(A) give 
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(53) 

where the gradient operator in the x,y plane is V,. The diver- 
gence theorem in the x,.V plane can be applied to the second 
integral in Eq. (53): 

• ?•.[F(x,y;•)V•F*(x,y;,• r) ]dx dy 
= ;s n'[F(x'Y;2)VrF*(x'Y;/lr) ]dS = 0, (54) 

where dS is an element of perimeter on the pore of arbitrary 
shape, and n is the outward normal at the pore wall. The 
integral in Eq. (54) is zero by the boundary condition 
F(x,y;A) -- 0 for x and y on $. Thus 

I• = F(A ) /t iA • V,F( x,y;•. ) 
'V ,F* (x,y;A r ) dx dy. (55) 

Now, Eq. (12) for F(x,y;A) could have been used in Eq. 
(45), rather than for F*(x,y;A r) as was done to obtain Eq. 
(55). Had this been done, Eq. (55) would be 

=v*(xT) +ñ R2 f v,v(x,y?) 

ß V•F*(x,y'•r)dxdy. (56) 

Eliminating the common integral between Eqs. (55) and 
(56) gives Eq. (45). 

G. Numerical evaluation of an engine's performance 

The first and simplest situation considered is the fre- 
quency response of a nondriven tube below the onset of oscil- 
lation. An example based on Fig. 1 (a) will suffice to demon- 
strate the procedure for computing the frequency response 
using the impedance translation theorem. The acoustic 
driver is considered to deliver constant amplitude acoustic 
oscillations of radian frequency co of insufficient amplitude 
to acoustically stimulate the transport of heat from cold to 
hot. An ideal microphone located near the driver is used to 
determine the frequency response P• (z •- 0,•o). 

Assume a steady-state equilibrium in which a tempera- 
ture gradient exists across the stack as a result of heat input 
at the hot exchanger and heat removal at the cold exchanger. 
The open tube sections of the resonator are taken to be at the 
same temperature as the nearest heat exchanger. The am- 
bient temperature of the stack will not, in general, vary lin- 
early from the cold to hot end due to the temperature depen- 
dence of the stack and gas thermal conductivity. The 
ambient temperature is assumed known at all points. 

To determine the frequency response, one starts with a 
known value of specific acoustic impedance at the rigid end 
of the tube in Fig. 1 (a). Specific acoustic impedance here 
can be evaluated using the expression for the boundary layer 
impedance of a rigid wall. n Use of Eq. (36) determines Z 
first at the hot-heat exchanger, open-tube interface, and then 
at the stack-hot-heat exchanger interface. The value of Z at 
this interface is the starting value for the Runge-Kutta al- 
gorithm solution of Eqs. (33). Then, use of Eq. (36) deter- 
mines Z first at the cold-heat exchanger, open-tube inter- 
face, and finally at the position of the acoustic driver. For 
known acoustic driver response (e.g., constant displace- 
ment, etc.), the pressure can be determined absolutely at the 
driver location using the driver response and the calculated 
expression for specific acoustic impedance. It shotfid be not- 
ed that all variables in Eqs. ( 33 ) and (36) are to be evaluated 
at the local position of the thermoacoustic element or sub- 
section. The translation theorem approach for computing 
acoustical quantities is a superior way of performing calcula- 
tions for resonators containing many thermoacoustic ele- 
ments. 

The second example considered is evaluation of a ther- 
moacoustic refrigerator. Though the typical configuration 4 
used for a refrigerator has the acoustic driver at the hot (am- 
bient) exchanger, the arrangement shown in Fig. 1 (a) will 
suffice for the present discussion. The driver is assumed to 
deliver sufficient acoustic power to the tube that heat is ther- 
moacoustically transported from the cold to the ambient 

Experimentaland theoretical evidence in- heat exchanger. ß ß •s 
dicates that the ambient temperature distribution in the 
stack is, in general, different from that which would occur 
for a simple temperature gradient wit.[h no acoustic transport 
of heat. Indeed the second term of Q2 (z) in Eq. (50) has a 
temperature gradient multiplied by a factor depending on 
the pressure and impedance that acts as a dynamical coeffi- 
cient of thermal conductivity. 

Steady-state equilibrium of the refrigerator is achieved 
when the ambient temperature throughout the system is 
constant. No net heat is.,.absorbed into the walls of the stack 
(i.e., heat engine) so H• (z) is a constant in the stack. 4'ls 
Quantities assumed known are the pressure and specific 
acoustic impedance at the right end of the tube, the hot-heat 
exc._.hanger temperature, and the steady-state constant value 
of H2 in the stack. The unknown quantities of interest are the 
cold-heat exchanger temperature, the power delivered by 
the acoustic driver, and the net heat flow from the cold-heat 
exchanger. One may compute the Carnot coefficient of per- 
formance (COP) from the hot- and cold-heat exchanger 
temperatures. • This COP may be compared to the coeffi- 
cient of performance computed from the ratio of the net heat 
flow from the cold exchanger and the power delivered by the 
driver. 4 

Specific acoustic impedance and pressure at the stack- 
hot-heat exchanger interface can be determined from use of 
translation theorems in Eqs. (36) and (37). Then, withH 2 a 
known constant, Eq. (38) along with Eqs. (40), (50), and 
(51) are used to solve for To, (z), the ambient temperature 
gradient in the stack. Runge-Kutta integration of the cou- 
pled set of three first-order equations, To• (z), P1 (z) from 
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Eq. (35), and Z(z) from Eq. (33), is used to determine the 
ambient temperature distribution To (z) in the stack and 
thus the cold-heat exchanger temperature. Translation theo- 
rems can then be used to compute the pressure and imped- 
ance elsewhere in the tube. Equation (51 ) is used to compute 
the power delivered by the driver. By energy conservation, 
the difference in •-/2 between the cold heat exchanger-stack 
interface and the open-tube-cold heat exchanger interface is 
the amount of heat flowing out of the cold heat exchanger. 
This method of analyzing thermoacoustic refrigerators was 
first described in Ref. 15. 

II. HEAT AND WORK FLOWS IN THE SHORT STACK 
APPROXIMATION FOR VARIOUS STACK GEOMETRIES 

Heat and work flows are compared for stacks having 
different pore geometries. In addition to the square pore 
stack shown in Fig. 1 (b), parallel plate, circular, and equi- 
lateral triangular capillary tubes will be considered. 

The short stack approximation was used by Swift 4 to get 
an interpretable analytical expression for energy flow. Fig- 
ure 3 shows the arrangement for the short stack approxima- 
tion. The stack is assumed to be short enough that the empty 
tube standing wave is unaffected. The temperature differ- 
ence between opposite ends of the stack is assumed to be 
much less than the average temperature at the stack center 
so that the thermophysical quantities are approximately 
constant and are evaluated at the average temperature. Stack 
porosity is fl. 

Pressure and specific acoustic impedance at z are, from 
Eqs. (36) and (37), 

Z(z) = ipoC eot[k o (L -- z) ], (57) 
and 

P] (z) = P] (L)cos[ ko(L --z)] 

•ipocV o cos[k o (L -- z) ]/sin(koL), (58) 
where the wave number in the empty tube is ko. Use of Eqs. 
(57) and (58) in the heat flow equation, Eq. (50), gives 

'• •4res Pt (L) 2 //To 
Q2 (z) -- -- -- 

where 

2 poC I +Npr 

sin[2kø(L--z)]im(F;(•) X 2 

( Im[F(Ar) + NprF*(A)] ) X 1-- F Im[F(Ar)F(A)](1 --Npr)' ' (59) 

i STACK I 
V(0,t) = Vo exp-i o• t 

d 

FIG. 3. Arrangement for the short stack approximation. 

r= •Toctan[ko(L--z)] 
To ofl(7 - 1 ) 

= Tot % tan [ kø (L -- z) ] (60) 
oToc 

In the inviscid approximation for which Npr = 0 and 
F(2) = 1, 

A• Pi (L) 2 sin[2ko(œ-z)] 
02 (z) = -- --/•/T o 

2 po c 2 

XlrnF*(Ar) (1 -- F). (61) 

Physically, the term Im F* (A r) is a measure of the dynami- 
cal thermal interaction between the gas and solid. Recall 
that Ar ---- R (poCO%/•c)]/2, where R is twice the ratio of ca- 
pillary pore area to pore perimeter. The function F(x,y;Ar) 
is a solution to the partial differential equation, Eq. (12), for 
a particular pore geometry and F(Ar) is the average of this 
quantity over the pore cross section. According to Eq. (61), 
stacks made of pores for which Im F* (g r) is a large value 
will result in the greatest heat flow. 

Work flow is given generally by Eq. (51 ). No work is 
done in the region to the right of the stack in Fig. 3, which 
can be verified readily by using the impedance of Eq. (57) in 
Eq. (51 ). In this region, pressure and velocity have standing 
wave phasing. To compute the work done in the stack, use is 
made of the impedance translation theorem to get the impe- 
dance at the left side of the stack. In the short stack approxi- 
mation, kod•oM/c• 1; hence, Z(z- d) can be approxi- 
mated from a simple finite difference approximation of Eq. 
(33), 

Z(z-- d) = Z(z) I -- 2ad F(A)•Z(z) 

+ idZ(z)k2F(2 )fl.} . (62) 
po co / 

After some manipulation, work flow to first order in kod is 

• (z) /l•fl P• (L )2 To/• •od 
2 Po% 

X Im F* (At)cos • [ko (L -- z) ] 

X(1 -- I' Im[F(Ar)/F(A)] 
+ W2•,• (z), (63) 

where work due to viscosity is 

•a•i•(z) .4•fl P, (L) 2 •adsin2[ko(L z)] 
2 po c2 

X{ImF*(A)/[F(A)F*(A)]}. (64) 

Work flow in the inviscid approximation is 

IV2 (z) = (Ar•fl/2 )P, (L )2( TolS'Zcod /poCt, ) 

Xlm F*(Ar)cosZ[ko(L --z)] (1 - F). 
(65) 

Equations (63) and (65) are the acoustic power absorbed by 
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(a) 

(c) 

(b) 

(d) 

FIG. 4. (a) Parallel plate, (b) circular, (c) rectangular, and (d) equilateral 
triangular capillary tube geometries considered for the short stack approxi- 
mation. For example, (c) corresponds to the stack shown in Fig. 1 (b). 

the stack, with and without gas viscosity, and when these 
quantities are negative, it indicates that acoustic power is 
being produced by the stack. Stacks made of pores for which 
Im F* (At) is a large value will result in the greatest work 
flow. 

Work and heat flows are to be compared for the various 
pore geometries shown in Fig. 4(a)-(d). In the inviscid 
short stack approximation, pores with a large value of 
I m F(2) * will have the greatest heat and work flows as indi- 
cated by Eqs. (61) and (65). According to Fig. 5, which 
shows the real and imaginary parts of F(Z) for the various 
pore geometries, the parallel plate geometry has the largest 
value ofIm F(A)*. The value occurs for Ac •3.2, which al- 

1.0 

0.5 

0.0 

-0.5 

0 2 4 6 8 10 12 14 

FIG. 5. Real and imaginary part of the F(2) for parallel plates, circular 
pores, square pores, and equilateral triangle pores. Heat and work flows are 
proportional to the imaginary part of [F(/I) ] in the short stack approxima- 
tion thus indicating the parallel plate stack is the best choice for optimal 
thermoacoustic engines. Also shown is the boundary layer approximation 
of F(,•) fbr all pore geometries, valid in the limit •. • •. 

lows one to compute the optimal operating frequency from 
the relation Ac = (pococphc)•/2R. In other words, you can 
get about 10% more heat and work flows in thermoacoustics 
by choosing to make your stack from parallel plates rather 
than the other pore geometries. The functional form ofF(2) 
for the various pore geometries is given below. 

Swift 4 and Rott s have worked out the parallel plate geo- 
metry stack. Parallel plates have also been of interest in por- 
ous media. 12'•6 Denote by 2a the separation distance 
between plates. To be consistent with the definition of the 
characteristic pore radius R as being equal to twice the trans- 
verse pore area divided by the pore perimeter, take R - 2a. 
They axis is centered at the midpoint between plates with the 
z axis extending in the longitudinal direction. The function 
F(y;A) that satisfies the differential equation for the trans- 
verse dependence of the equation of motion, Eq. (12), is 

F(y;A ) = 1 - cosh (x/- iA/2 y/a) (66) 
cosh (x/-- i•./2) 

The average of F(y;A) over the pore is defined as 
F( A ) = 1/ ( 2a ) œF(y;A ) dy and is 

F(A) = 1 - (2/Ax[ - i)tanh(x/- iA/2). (67) 

Rott has worked out the cylindrical pore • geometry 
stack. One type of porous media theory is based upon propa- 
gation in a single cylindrical capillary tube. • •'•2'•6 Denote by 
a the radius of the cylindrical pore. The characteristic pore 
radius for cylindrical pores is R ---- a. The radial coordinate 
of a cylindrical coordinate system centered at the middle of 
the circular pore is r. The function F(r;g) which satisfies the 
differential equation for the transverse dependence of the 
equation of motion, Eq. (12), is 

F(r;A ) = 1 -- Jo (x/7gr/a)/Jo ( •r{A ) ß (68) 
The average of F(r;2) over the pore is defined as F(2) 
= 2/a 2 yF(r;A ) r dr and is 

F(A) = 1 - (2/x/72)[J•(x/7A)/Jo(x/7A) ]. (69) 
Previous work has emphasized thermoacoustic stacks 

consisting of parallel plate pores and cylindrical pores. The 
basic equations are given here for stacks consisting of rectan- 
gular pores. Denote by 2a and 2b the length along the x andy 
axes of the rectangular pore cross section. Take the coordin- 
ate system origin to be at the lower left corner of the rectan- 
gular pore. It is convenient to define a function Y,,, (2) as 

Y,,,(A) = 1 + (i•r2/A 2) [ (b 2rn2 q- a2n2)/(a q- b)2]. 
(70) 

The characteristic transverse dimension equal to twice the 
pore area divided by the pore perimeter is 

R = 2ab/(a + b). (71) 

A series solution for the function F(x,y;A) which satisfies 
the differential equation for the transverse dependence of the 
equation of motion, Eq. (12), is 7'8 

F(x,y;A) = 16 Cod sin(mrrx/2a)sin(nrry/2b) • rn d m nY.•.(A) 
(72) 
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In all sums given in this section, m and n extend over positive 
odd integers. For a rectangular pore the average is defined by 
F( A ) = 1/ ( 4ab ) œ F( x,y;• ) dx dy, where the integral extends 
over the entire cross section of the pore. Then, 

64 1 

F(A ) = •r 4 ,.•d rn2n2Yr•, (A) (73) 
The function F(x,y;A) in Eq. (17) was obtained from a solu- 
tion by Han l* for the same differential equation as Eq. (12). 

Equilateral triangular pores have been recently investi- 
gated by Stinson. • The pore geometry is shown in Fig. 4 (d). 
The characteristic dimension is R = a/3 •/• and 

•2 coth 3A_ . + 3A ---7 F(A) = 1 •-- iX 
In the boundary layer approximation appropriate for all 

pore geometries in the limit A--, oo, 

F(A) = 1 -- (•/A)(l +i) = I -- (•/R)(1 +i), (75) 
where •5 is the viscous or thermal boundary layer thickness 
and R is twice the pore area divided by the pore perimeter. 
Equation (75) can easily be derived from the large A limit of 
Eqs. (67), (69), or (74). Physically, 26/R is the area of the 
boundary layer divided by the pore cross-sectional area. 
Therefore, it is expected and noteworthy that pores with the 
same A have the same complex wave number in the wide- 
tube limit; i.e., A-, oo .J3 Figure 5 gives a graphical illustra- 
tion as to when the boundary layer approximation is useful 
for a particular pore geometry. It also illustrates why it was 
necessary for Rott • to improve upon the boundary-layer 
theory of thermoacoustics. 

IlL CONCLUSION 

Linear thermoacoustics for gas-filled stacks has been re- 
duced to calculation of a single function F. The function 
F(x,y;A) gives the transverse variation of the longitudinal 
particle velocity v z (x,y,z). It satisfies the partial differential 
equation, Eq. (12), and the boundary condition 
F(x,y;A) = 0 for x and y on the pore perimeter. The average 
of F(x,y;A) over the pore cross section is F(A). The para- 
meter A is proportional to the ratio of the pore hydraulic 
radius and the viscous boundary layer thickness that would 
be appropriate for a flat pore boundary. Similarly, A r is pro- 
portional to the ratio of pore hydraulic radius and the ther- 
mal boundary layer thickness. The form ofF(r) depends on 
pore geometry. All first-order acoustical field quantities 
(Sec. I A-D) and the second order energy flux (Sec. I F) 
can be evaluated using this function. 

The general framework was used in Sec. II to investigate 
the optimal choice of capillary tube geometry for stacks. 
Heat and work flows evaluated in the inviscid, short stack 
approximation, are approximately 10% greater for the par- 
allel plate stack geometry than for the circular, square, and 
equilateral-triangle pore geometries. 

Impedance and pressure translation theorems were de- 
veloped in Sec. I E for determining these quantities at all 

points in the resonator shown in Fig. 1 (a). With this ap- 
proach, analysis of complicated arrangements of thermoa- 
coustic elements can be evaluated readily and in a unified 
manner. Work and heat flows were expressed in terms of 
specific acoustic impedance and pressure to take advantage 
of these theorems. 

Finally, the function F(/I) is also the key element of 
capillary-pore based porous media models. •2.•5 Factors are 
used in these models to scale properties of random media to 
circular pores. Thus the scaling factors and methodology of 
porous media modeling can be readily adapted to be useful in 
thermoacoustics. After all, thermoacoustic elements are 
nothing more than sections of porous media, with the added 
richness of ambient temperature gradients. 
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