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PREFACE

The scattering of electromagnetic waves by a homogeneous sphere
is a problem with a known solution. I first met this problem when I
needed some numbers and curves in an astrophysical investigation.
I soon learned that it is a long way from the formulae containing the
solution to reliable numbers and curves. Subsequent conversations
and correspondence with other research workers, notably in chemistry,
showed that the same difficulty was felt in other fields.

The studies on which the present book is based were started in 1945
in an attempt to compile the data available in the literature and to
fill in the gaps, where needed. Several related problems, such as the
scattering by cylinders, were added to the original topic.

For clearer presentation, the problems of mathematical physics
dealing with the scattering properties of single particles (part II) have
been separated from the problems arising in specific fields of applica-
tion (part III). The properties of the particles that should be known
in order to describe the optical properties of a medium consisting of
such particles have been defined in general terms (part I).

New formulae or numerical results are contained in almost all chap-
ters. They are noted in the references at the end of each chapter. The
reference lists have steadily grown in the course of the years; they
probably are fairly complete, but no systematic bibliographical study
has been made.

Although the book has a mathematical character, requirements of
mathematical rigor do not dominate the presentation. Arguments
based on physical intuition are givem wherever they illuminate the
subject more clearly than a mathematical derivation. Simple results
that arise under special sets of assumptions are often derived both
ways. In view of the wishes expressed by several colleagues, I have
not shrunk from a certain inconsistency in the level of presentation,
For instance, chapter 17, which comes closest to an actual research
report, contains less explanation of elementary detail than some earlier
chapters, which may be consulted by research workers without special
mathematical training.

Personal acknowledgment of the support received from numerous
friends and colleagues in writing this book is impossible, 1 wish to
express my thanks both for the information they have contributed
and for their inspiring questions.

H. C. vax pe HuLsT

Leiden, The Netherlands
March, 1957
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Basic Scattering Theory






1. INTRODUCTION

1.1. Scattering, Absorption, Extinction

This book is a treatise on the scaftering of light. Hardly ever is light
observed directly from its source. Most of the light we see reaches
our eyes in an indirect way. Looking at a tree, or a house, we see
diffusely reflected sunlight. Looking at a cloud, or at the sky, we see
scattered sunlight. Even an electric lamp does not send us light directly
from the luminous filament but usually shows only the light that has
been scattered by a bulb of ground glass. Everyone engaged in the study
of light or its industrial applications meets the problem of scattering.

Scattering is often accompanied by absorption. A leaf of a tree looks
green because it scatters green light more effectively than red light.
The red light incident on the leaf is absorbed; this means that its energy
is converted into some other form (what form of energy is irrelevant for
our purpose) and is no longer present as red light. Absorption is pre-
ponderant in materials such as coal and black smoke; it is nearly absent
(at visual wavelengths) in clouds.

Both scattering and absorption remove energy from a beam of light
traversing the medium: the beam is attenuated. This attenuation, which
is called extinction, is seen when we look directly at the light source. The
sun, for instance, is fainter and redder at sunset than at noon. This
indicates an extinction in the long air path, which is strong in all colors
but even stronger in blue light than in red light. Whether scattering
or absorption is mainly responsible for this extinction cannot be judged
from this observation alone. Looking sideways at the air, through which
the sun shines, we see that actually blue light is scattered more strongly.
Measurements show that all light taken away from the original beam
reappears as scattered light. Therefore, scattering, and not absorption,
causes the extinction in this example.

Other terminology is sometimes used but is not recommended. Here
the word absorption is used in the sense of extinction as defined above.!
Actual absorption is then designated as “pure absorption” or “true
absorption.” Throughout this book terms will be used as defined above,
so that

Extinction = scattering + absorption.

1 B.g., in the term “interstellar absorption.”
3
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1.2, Subject Limitations

Only a few of the multitude of scattering phenomena are treated
in this book.

A first restriction is that we shall always assume that the scattered
light has the same frequency (i.e., the same wavelength) as the incident
light?, Effects like the Raman effect, or generally any quantum tran-
sitions, are excluded.

) 1.21 Independent Scattering

A second, most important limitation is that independent particles
are considered. The distinction is roughly this: the scattering by well-
defined separate particles, such as occur in a fog, is within the province
of this book, whereas the scattering by a diffuse medium, as for instance
a solution of a high polymer, is not discussed. '

A more precise distinction may be made. If light traverses a perfectly
homogeneous medium, it is not scattered. Only inhomogeneities cause
scattering. Now, in fact, any material medium has inhomogeneities as
it consists of molecules, each of which acts as a scattering center, but it
depends on the arrangement of these molecules whether the scattering
will be very effective. In a perfect crystal at zero absolute temperature
the molecules are arranged in a very regular way, and the waves scattered
by each molecule interfere in such a way as to cause no scattering at all
but just a change in the overall velocity of propagation. In a gas, or
fluid, on the other hand, statistical fluctuations in the arrangement
of the molecules cause a real scattering, which sometimes may be
appreciable. In these examples, whether or not the molecules are arranged
in a regular way, the final result is a cooperative effect of all molecules.
The scattering theory then has to investigate in detail the phase relations
between the waves scattered by neighboring molecules, Any such
problem, in which the major difficulty is in the precise description of the
cooperation between the particles, is called a problem of dependent
scattering and is not treated in this book.3

Frequently, however, the inhomogeneities are alien bodies immersed
in the medium. Obvious examples are water drops and dust grains in
atmospheric air and bubbles in water or in opal glass. If such particles
are sufficiently far from each other, it is possible to study the scattering

® This may technically be called coherent scattering. However, this term is
often used with a different connotation: an assembly of particles is said to scatter
incoherently if the positions of the individual particles vary sufficiently (sec. 1.21).

8 See the references at the end of this chapter. References appear throughout at
the end of each chapter.
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by one particle without reference to the other ones. This will be called
independent scatlering; it is the exclusive subject of this book.

It may be noted that waves scattered by different particles from the
same incident beam in the same direction still have a certain phase
relation and may still interfere. The fact that the wavelength remains
the same means that the scattered waves must be either in phase and
enhance each other or out of phase and destroy each other, or any inter-
mediate possibility. The assumption of independent scattering implies
that there is no systematic relation between these phases. A slight
displacement of one particle or a small change in the scattering angle
may change the phase differences entirely. The net effect is that for all
practical purposes the intensities scattered by the various particles must be
added without regard to phase. It thus seems that the scattering by
different particles is incoherent, although in the strict sense this is not
true. An exception must be made for virtually zero scattering angles. In
these directions no scattering in the ordinary sense can be observed.
(See chap. 4.)

What distance between particles is sufficiently large to ensure inde-
pendent scattering? Early estimates have shown that a mutual distance
of 3 times the radius is a sufficient condition for independence. This may
not be a general rule, but a more precise discussion is beyond the scope of
this book. In most practical problems the particles are separated by much
larger distances. Even a very dense-fog consisting of droplets 1 mm in
diameter and through which light can penetrate only 10 meters has about
1 droplet in 1 cm?3, which means that the mutual distances are some 20
times the radii of the drops. The same is true for many colloidal solutions.

1.22. Single Scattering

A third limitation is that the effects of multiple scattering will be
neglected. Practical experiments most often employ a multitude of
gimilar particles in a cloud or a solution. The obvious relations for a thin
and tenuous cloud containing M scattering particles are that the intensity
scattered by the cloud is M times that scattered by a single particle, and
the energy removed from the original beam (extinction) is also M times
that removed by a single particle. This simple proportionality to the
number of particles holds only if the radiation to which each particle is
exposed is essentially the light of the original beam.

Each particle is also exposed to light scattered by the other particles,
whereas the light of the original beam may have suffered extinction by
the other particles. If these effects are strong, we speak of mulliple
scattering and a simple proportionality does not exist. This situation
may be illustrated by a white cloud in the sky. Such a cloud is like a
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dense fog; its droplets may be considered as independent scatterers.
Yet the total intensity scattered by the cloud is not proportional to the
number of droplets contained in it, for not each droplet is illuminated by
full sunlight. Drops within the cloud may receive no direct sunlight at
all but only diffuse light which has been scattered by other drops. Most
of the light that emerges from a cloud has been seatttered by two or more
droplets successively. It is estimated (for a very thick cloud) that about
10 per cent emerges after a single scattering.

Multiple scattering does not involve new physical problems, for the
assumption of independence, which states that each droplet may be
thought to be in free space, exposed to light from a distant source, holds
true whether this source is the sun or another droplet. Yet the problem
of finding the intensities inside and outside the cloud is an extremely
difficult mathematical problem. This problem has been studied exten.
sively in many ramifications. It is usually called the problem of radiative
transfer. Common applications are the transfer of radiation in a stellar
atmosphere and the scattering of neutrons in an atomic pile. The cases
treated so far refer to rather simple forms both of the single scattering
pattern (isotropic scattering, Rayleigh scattering) and of the entire cloud
(infinite or finite slab with plane boundaries, sphere). The reader is
referred to the literature for further details.

A simple and conclusive test for the absence of multiple seattering is
to double the concentrations of particles in the investigated sample.
If the scattered intensity is doubled, only single scattering is important.
Another criterion may be the extinetion. The intensity of a beam passing
through the sample is reduced by extinction to e—" of its original value.
Here 7 is the optical depth of the sample along this line. If r < 0.1
single scattering prevails; for 0.1 < r << 0.3 a correction for double
scattering may be necessary. For still larger values of the optical depth
the full complexities of multiple scattering become a factor. They may
not prevent a determination of the seattering properties of a single particle,
but they certainly make the interpretation much less clear. Caution is
invariably required when the optical depth is not small in all directions
through the sample.

Concluding this section it may be noted that this book treats only the
very simplest case occurring in the theory of many particles. This leaves
room for a thorough treatment of the scattering theory for one particle.

1.3. Historical Review

A proper understanding of the subject will be helped greatly by a
review of its history, even though this has to be brief and can only show
some of the highlights.
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The nature of light was the subject of speculation and research by
nearly all the great scientists of the seventeenth century. Snell’s law,
Newton’s rings, Huygens’ principle, and Fermat’s principle date from
this era. The general feeling was that light was something in the ether
as sound is in air, but the phenomenon of polarization seemed to present
insurmountable difficulties in such a concept, so that the century closed
with the problem of the nature of light unsolved. Nor did the eighteenth
century add much to the solution of this problem.

The decisive steps were taken by Young and Fresnel at the beginning of
the nineteenth century. Young studied diffraction phenomena and
showed that the pattern of maxima and minima in the shadow space
behind & hair was caused by interference of waves coming from both
sides of the hair. The nature of these waves remained obscure to him.
Fresnel showed that these waves originate from the undisturbed wave
front at either side of the obstacle. In this explanation Fresnel drew
upon. the old principle of Huygens that each point of a wave front may
be considered as a center of secondary waves. By combining this
principle with Young’s principle of interference, Huygens’ rule that
the envelope of the secondary waves forms a new wave front had a
natural explanation. If part of the original wave front is blocked by
an obstacle, the system of secondary waves is incomplete so that diffraction
phenomena occur. The exact agreement obtained between theory and
experiments in a nymber of difficult problems left no doubt that Fresnel's
explanation was correct. It will also form the basis of many problems
discussed in this book.

The final explanation of polarization was given by Young’s suggestion
that the ether must exhibit transverse vibrations, like a rigid solid.
It was a happy circumstance that in the same period Malus had discovered
that polarization occurs at reflection and Brewster had measured the
intensities of the polarized components at any angle of incidence. Then
Fresnel, taking up Young’s idea of transverse vibration, was able to
derive these intensity rules theoretically on the basis of the simple
boundary condition that the tangential component of the amplitude
of vibration must be continuous.

One of the outstanding achievements of the later nineteenth century
was Maxwell’s electromagnetic theory of light, by which electric and
optical phenomena were linked together. The modern way of expressing
the boundary condition is, therefore, to say that the tangential component
of the electric field must be continuous. Yet this improvement is not
always essential to our problem. Many scattering problems involving
polarization might as well be formulated in Fresnel’s terminology as in
modern terms by means of electric and magnetic fields.
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The nineteenth century, particularly its second half, was the era of the
great mathematical physicists: Poisson, Cauchy, Green, Kirchhoff, and
the paragons Stokes and Rayleigh, if a very incomplete enumeration
may suffice. With the exception of Stokes’s discussion of the nature of
natural and partly polarized light as a superposition of many polarized
waves (sec. 5.13. of this book), no fundamental problems in optics were
solved. The quest was for new skill in the mathematical formulation of
complex phenomena rather than for added physical insight into simple
phenomena. Coordinate systems in which the wave equation is separable
were found. Fresnel’s version of Huygens’ principle was given a mathe-
matical basis by Kirchhoff; Bessel functions and related functions were
made into a powerful tool. A problem typical for this era was the
scattering of light by a homogeneous sphere, one of the main topics of
this book. It was among the more difficult problems and, though many
special cases had been solved before, its full solution was formulated by
Mie only in 1908,

This period came to an end with the rise of quantum mechanics.
Debye was possibly the last one to study scattering problems of this kind
with the devotion, insight, and mathematical technique displayed by
the masters of the nineteenth century. Soon afterwards most of the
mathematical physicists of top rank began devoting their time to studies
of quantum mechanics or other fields of current interest. The scattering
problems discussed in this book became a subject for applied scientists,
interested in numerical results, or for students writing doctor’s theses, of
whom the writer was one. Formulae and numerical results were gradually
collected, but few important ideas were added during this period.

The final stage of this brief and oversimplified history of the subject
under review is its rather curious comeback in more recent years. The
new interest devoted to it springs from very diverse sources, ranging
from unemployment, which helped to start the New York Mathematical
Tables Project, to the invention of radar and the development of quantum
mechanics. Also new research in astronomy and chemistry prompted
more extensive calculations than had been made before. It is important
to see what quantum mechanics has to do with it. The analogy between
traveling electrons and waves of light, or sound, had been an important
help in the early development of quantum mechanics. So it was evident
that scattering of an electron by an atom should have points of analogy
to scattering of light, or sound, by a solid particle. In the late thirties
quantum mechanies had developed so far that the need for accurate
computations of scattering cross sections was felt. To this end new
methods were devised, which partly were variants of the methods estab-
lished in the domain of optics thirty or more years before and partly
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were of & new character. This has stimulated new studies of optical
scattering problems. The method of phase shifts and the variational
methods were new and have since found their application also in optical
problems.

1.4. Sketch of the Book

The book has one theme: single scattering by independent particles.
This means that only those experimental conditions are considered in
which the particles are so far from each other that each of them is exposed
to a parallel beam of light (i.e., light from a distant source) and has
sufficient room to form its own scattering pattern, undisturbed by the
presence of other particles. The book consists of three parts, which
treat three distinct phases of the subject.

Part 1. 'This part gives general theorems for particles that may have
arbitrary size, shape, and composition. It is shown that the scattering
by any finite particle is fully characterized by its four amplitude functions,
8;, Sy, Sg, and S,, which are complex functions of the directions of in-
cidence and of scattering. Knowledge of these functions suffices for
computing the intensity and polarization of scattered light, the total
cross sections of the particle for scattering, absorption, and extinction,
and the radiation pressure exerted on the particle. For homogeneous
spheres only two such functions S,(6) and S,(0) are needed, where § is
the scattering angle.

Chapter 2 presents all that can be expressed in terms of intensities
without the introduction of phases and complex numbers. Chapter 3
introduces phases and complex amplitudes. Chapter 4 gives the main
theorems derived for a single particle as well as a medium of independent
particles; sec. 4.42 is the one most often referred to, as it gives the formulae
for homogeneous spheres. The simplifications resulting if arbitrary
particles are distributed in orientations with certain symmetry relations
are summarized in chap. 5.

Part 1I. This is the main part of the book. It specifies the amplitude
functions for a great variety of special particles. These chapters contain
many cross references, as one special case and another special case often
have a common limiting case. The final aim is, in each case, to derive
the amplitude functions and the cross sections. Roughly, we can
distinguish three groups of chapters.

Chapters 6 to 8 discuss particles that do not have a special form.
They are, respectively, very small, very “‘soft,” and very large.

Chapters 9 to 14 treat homogeneous spheres of arbitrary size. The
two parameters in all formulae are z = 2wafi (a = radius, 1 = wave-
length) and m, the refractive index. The rigorous solution (Mie) is
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derived, its limiting forms discussed, and many numerical results repro-
duced in tables and graphs. A survey of these chapters can best be
gained from the Contents and from sec. 10.1.

Chapters 15 to 17 are devoted to particles of other regular forms,
namely long circular cylinders, some miscellaneous geometrical forms,
and large bodies with a smoothly curved surface.

Part III. This part gives selected applications in many domains
of chemistry, physics, meteorology, and astronomy. Whereas the
earlier parts are reasonably complete, this part is meant to give only
typical examples of practical problems in which the preceding theories
have proved important. Some common features of such applications
are discussed in chap. 18, and chaps. 19 to 21 give examples from different
fields. A scientist who is not directly concerned with the mathematical
complexities of the subject may find it useful to turn to the chapter on
his own field first in order to find his way into the formulae, graphs, and
tables of the preceding parts.
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2. CONSERVATION OF ENERGY
AND MOMENTUM

2.1. Scattering Diagram and Phase Function

In accordance with the limitations imposed upon our subject in the
first chapter (sec. 1.2) we shall consider a single particle of arbitrary size
and form, illuminated by a very distant light source. We shall inquire
into the properties of the scattered light at a large distance from the
particle. This implies the assumption that other particles leave sufficient
room about this particle for the distant scattered field to be established
(assumption of independence, sec. 1.21).

The most important property of the scattered wave is its inlensity.
By intensity I we shall understand the energy flux per unit area; its
c.g.s. units are erg per cm? per sec. In optics this is called the irradiance.
The incident wave and the scattered wave at any point in the distant
field are unidirectional, i.e., each confined to one direction or to a very
small solid angle around this direction. The term intensity as used in
this book refers to the total energy flux in this solid angle. The waves
are also assumed to be monochromatic, i.e., confined to one frequency or
to a small frequency interval. The intensity refers to the total energy
flux in this interval. Changing to other units (m.k.s. units: watt per m?)
makes no difference in the formulae, except where I is expressed directly
in terms of electric and magnetic fields. With the same exception and
with the exception of the formulae giving the radiation pressure we
can read everywhere for I the illuminance, i.e., luminous flux per unit
area (units: lumen per m? = lux).

Neither the incident nor the scattered light is completely characterized
by its intensity; the additional properties are polarization and phase.
The phases cannot be measured directly, but they are of importance in
the correct formulation of the scattering of polarized light. So, throughout
the second and main part of this book we shall work with scattering
functions 8,(0, @) and 8,(f, @), which are complex numbers and describe
amplitude and phase of the scattered waves. In the present chapter
the relations are derived that can be formulated in terms of intensities
without reference to phase. The phases are introduced in chap. 3
and applied to scattering theory in chaps. 4 and 5.

The scattered wave at any point in the distant field has the character

11
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of a spherical wave, in which energy flows outward from the particle.
The direction of scattering, i.e., the direction from the particle to
this point, is characterized by the angle § which it makes with the
direction of propagation of the incident light and an azimuth angle
¢ (Fig. 1).

Let I, be the intensity of the incident light, I the intensity of the
scattered light in a point at a large distance » from the particle, and
k the wave number defined by k = 2r/1, where 1 is the wavelength in the

surrounding medium. Since I must be
proportional to I, and 72 we may write

|

|

: 1769

| 8 y k22

p Here F(0, ¢} is a dimensionless function

¢ (F/[k?is an area) of the direction but not

@ of r. Italso depends on the orientation

of the particle with respect to the in-

T T I I T ‘I T cident wave and on the state of polari-
zation of the incident wave.

Fig. 1. Definition of scattering angle. The relative values of I’_ or of F,

Incident light is from below in this &y be plotted in a polar diagram, as

and in other figures. a function of 6 in a fixed plane through

the direction of incidence. This diagram

is called a scattering diagram of the particle. When F(6), @) is divided by

k*C,.q, where O, is the area defined below, another function of direction,

the phase function,! is obtained. The phase function has no physical

dimension, and its integral over all directions is 1.

2.2. Conservation of Energy

Let the total energy scattered in all directions be equal to the energy
of the incident wave falling on the area C,,,. By this definition and by
the preceding equation we have

1
Usca = E-ZJ‘F(G’ (P) dw,

where dw = sin § df dg is the element of solid angle and the integral
is taken over all directions. Likewise, the energy absorbed inside the
particle may by definition be put equal to the energy incident on the area

Cae and the energy removed from the original beam may by definition be

! The word phase has come into this expression via astronomy (lunar phases)
and has nothing to do with the phase of a wave.
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put equal to the energy incident on the area C, The law of conservation

ext*
of energy then requires that

Cea:t — Csca + Cabs

The quantities C,,,, C,,, Oy, are called the cross sections of the particle
for extinction, scattering, and absorption, respectively. They have the
dimension of area. Generally, they are functions of the orientation of
the particle and the state of polarization of the incident light.

Non-absorbing particles have O, =C,,. This cross section will
sometimes be denoted by C without suffix.

2.3. Conservation of Momentum; Radiation Pressure

According to Maxwell’'s theory, light carries momentum as well as
energy. The direction is that of propagation and the amount is deter-
mined by
energy

Momentum = ’

¢

where ¢ is the velocity of light. We shall consider the component of
momentum in the direction of propagation of the incident wave (which
will further be called the forward direction). The momentum removed
from the original beam is proportional to C,,,. Of this, the part C,,, is
not replaced, but the part C,, is partially replaced by the forward
component of the momentum of the scattered light. This component
in any direction is proportional to I cos . The total forward momentum
carried by the scattered radiation is, therefore, proportional to

— 1
cos 0C,, = z-éj F(0, p) cos 6 dw.

This equation defines the weighted mean of cos 6 with the scattering
function as weighting function. Examples are worked out in secs.
10.62 and 12.5. It follows that the part of the forward momentum
that is removed from the incident beam and not replaced by the forward
momentum of the scattered light is proportional to

Grr = Cemt — cos 0 Osca'

For non-absorbing particles
C,,=(1—cosf)C.

This momentum is given to the scattering particle. A certain force is,
therefore, exerted on the scattering particle in the direction of propagation
of the incident wave. This is the well-known phenomenon of radiation
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pressure. The force is equal to the force that would be exerted by the
incident light on the area C,, of a black wall. Tts magnitude is

Force = I,C,,[c.

Generally, the particle will also suffer a component of force perpendicular
to the direction of propagation of the incident light. Tts magnitude may
be derived in a similar way. The influence of this component cancels
out in a cloud of particles which are oriented at random. The particle
is generally also subject to a torque. Its calculation requires not only
the distant field but also the field approximated to a higher power of 1/r.

2.4. Efficiency Factors

Most particles have an obvious geometrical cross section @. A sphere
of radius @ has, for instance, @ = 7a®. The dimensionless constants

Qoo = Coarl G,
Qsca = Osca/ G,
Qups = Oabs/ G,
Q:nr = Opr/ G

will be called the efficiency factors for extinction, scattering, absorption,
and radiation pressure, respectively. For quite general particles these
factors depend on the orientation of the particle and on the state of
polarization of the incident light. For spheres they are independent of
both. In all cases we have

Qezt = Qo + Qabs'

2.5. Scattering Diagram for Polarized Light

The way in which F(0, ) depends on the form and size of the scattering
particle is the main subject of this book and will be treated in chaps.
6 to 17. The way in which it depends on the state of polarization of
the incident light will be treated here inasmuch as it can be formulated
without referring to phase effects. The derivation is found in secs,
441, 5.13, and 5.14.

The full relations indicating how the intensity and state of polarization
of the scattered light depend on the intensity and state of polarization
of the incident light are contained in the matrix equation

1
{I:v Q: U: V} = —=—F- {IO’QO’UO’VO}'

k2r2
Here I, Q, U, and V are the Stokes parameters of the scattered light,
the meaning of which is explained in sec. 5.13, and [ o @ Ug, and ¥
are the corresponding parameters of the incident light. The matrix
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F consists of 16 components, each of them a real function of the directions
of incidence and scattering. The first of the four equations contained
in this matrix equation reads

1
I ‘——--’-‘:-2-;.-2 {Fqu + Fon -+ F13Uo + FHVO}'

On comparing this equation with the one in sec. 2.1, we find that the
value of F is
Qo

12I_
0

which specifies the manner in which ¥ depends on the state of polarization

of the incident light, defined by the quantities Qo/I,, Uy/I,, and V,/I,.

For incident natural light the latter quantities are zero, so that
F=F,,.

In the most general case the matrix F is asymmetric. For a single
particle the number of independent constants is reduced to 7 because
9 relations exist between the 16 elements (sec. 5.14). For a cloud
consisting of many particles the number of constants actually is 16.
However, symmetry relations reduce the number of independent con-
stants in most practical circumstances (secs. 5.2 and 5.3). For instance,
the scattering matrix of a homogeneous spherical particle is characterized
by 3 independent constants, ¢,, ¢,, and §, which are functions of the
angle 6 (secs. 4.42 and 9.31). In this case 10 of the 16 constants are
zero, and the other 6 are quadratic functions of the complex amplitude
functions S,(0) and S,(A). Full formulae are found in sec. 4.42,

Uy
13 K

Vo
14 'jo—’

F=F, +F 2+ F, 2L F

2.6. Scattering and Extinction by a Cloud Containing Many Particles
Let a cloud contain many scattering particles and be optically thin

so that the incident intensity I, for each particle is the same (cf. sec.
1.22). It is then possible to write the equation
1
g

i 722

F 0,91,

for each particle, each particle being denoted by an index 7. The particles
need not be similar. By summation we find that a formula of the same
form as the first equation of sec. 2.1 holds for the entire cloud and that

F(G, ‘P) = Z Fi(er ‘P)‘

This addition is based on the assumption that phase effects may be
neglected (sec. 1.22),
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This formula may be applied to a volume element V of an extended
medium that contains N identical particles per unit volume, each
characterized by the same function F(), ¢). The number of particles
in the element then is NV, and the scattered intensity at a distance r is
given by

NV

T=1an

F(8, p) 1,.

If the projected area of the volume in this direction is 4, the radiation
is contained in the solid angle A4 /r% so that the average brightness (radiance)
of the scattering element is

s_NVF (O 91,

k24

In terms of luminous units I, is the illuminance, B is the luminance
and is measured in lumen per steradian or candle per m2,

Many evident variations on these results may be made. Among them
may be mentioned the one that, if polarizations are involved, the sum-
mation formula holds for each of the 16 elements F,, separately.

A similar addition formula holds for the cross sections C,,,, C,,,, and
C.e The somewhat hidden physical ground of this rather obvious
assumption is explained in secs. 4.22 and 4.3.

One very common application is the extinction by a cloud of spherical
particles of the same composition but of different sizes. Here the
efficiency factor @,,(a) and the extinction cross section C,,(a) =
ma*Q,,(a) are functions of the radius a. Let there be N(a) da particles

per cm? with radii in the interval da so that[ N(a) da = N is the total
0

number per cm?® The extinction coefficient of the medium, which
equals the total cross section per cm3 (sec. 4.3), is then

y = j Oo'n-a%)(a)l\f (a) da.
0

/
Frequently it is desirable to change from the integration variable a to
the variable x = 27a/A.



3. WAVE PROPAGATION IN VACUUM

The preceding chapters dealt with intensities only. Throughout this
book we shall describe a wave not only by its intensity but also by its
phase. This phase plays an important role in chap. 4 (the general
extinetion formula) and in chap. 5 (the general formulation of polarized
light).

As preparation for these and further chapters we shall review the very
simplest problem: the phase relations in a plane wave traveling in
vacuum. This problem was first successfully discussed by Fresnel.

3.1. Fresnel’s Formulation of Huygens’ Principle
3.11, Complex Numbers

Complex amplitudes are an indispensable tool in the mathematical
physics of wave phenomena. We briefly recall their definition and
simple properties. The amplitude a and the phase « of a periodic wave
are combined into a complex amplitude:

A = ae™® = q cos o + 4@ sin a.

Here i is the imaginary unit 4/—1. A complex number may be graphically
displayed as a point in a plane (the complex domain) by plotting the real
part (e cos «) horizontally along the ‘“real axis” and the imaginary
part (o sin o) vertically along the “imaginary axis.” The factors —1 and ¢
may always be written in an exponential form by means of
—1 =", §=¢"2

The physical quantity represented by a complex expression containing
A as a factor is always assumed to be equal to the real part of that
expression. The intensity of the wave is proportional to the square
of the amplitude. This square may be written in various ways as

|A]2=A-A* = {@ co8 o - ia sin a)(@ cos o — ia sin a) = a2

The vertical bars denote the modulus or absolute value, and the
asterisk denotes the conjugate complex value (7 replaced by —¢ wherever
it occurs explicitly or implicitly).

17
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3.12. Derivation of Fresnel’s Formula

Let a light source be at infinite distance so that we have a plane wave
of constant intensity. Let the wave propagate in the positive z-direction,
Further, ¢{=time, A = wavelength, k = wave number — 2xfA, ¢=
velocity of light, w = circular frequency = kc. The field of the light
wave may then be represented by the complex expression!

= e—ikz-!—z'wt

Here % may represent any component of the electric or magnetic fields;

-
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Fig. 2. Explanation of rectilinear propagation by Fresnel.

in the early nineteenth century, when light was still considered an elastic
vibration of the ether, it was called the “‘disturbance.”

Polarized light is characterized by two such amplitudes. All arguments
in this chapter are valid for these two amplitudes separately to the degree
of approximation to which they are valid at all. This means that the
state of polarization is preserved. For simplicity the theory is presented
with one amplitude only.

The planes z = constant are the planes of constant phase and therefore
are called wave fronts. Figure 2 shows two such wave fronts, I and I,
at a mutual distance /, which we suppose to be much larger than the
wavelength:

K> 1.

The disturbance at front I may be considered as the cause of the dis-
turbance at front II at a time that is I/c seconds later. Roughly, the
disturbance at 4’ is caused by that at 4, the disturbance at B’ is caused by

! The choice of i or —1 is arbitrary. The present choice of positive ¢ in the time
factor is the classical one and corresponds with the classical form of the complex
refractive index (sec. 14.1). This choice is retained throughout this book. In
modern books the other choice has become more common.
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that at B. This corresponds to rectilinear propagation. However,
this rule holds only approximately. If for instance all light at the left
side of 4 is sereened off, there is not a sharp shadow edge at A4’ Appar-
ently the disturbance at 4 is caused to a certain extent by the disturb-
ances at all points close to 4. Huygens visualized this idea by assuming
that all points of T were centers of secondary spherical waves and that the
envelope of these waves determines the new wave front II (Huygens’
principle). Huygens could explain the laws of reflection and refraction
in this way, but the question how large a surrounding of 4 cooperates
in determining the disturbance at A’ remained open. Therefore, a
quantitative theory could not be derived.

A very plausible solution of this problem was found by Fresnel, and
its essential correctness was proved by the successful solution of many
diffraction problems. Later it proved to be an approximation (valid
whenever ki3> 1) of the rigorous formula. Fresnel assumed that the
secondary waves from all points of I should cooperate at A4’ {or indeed
at any point beyond I) according to the principle of interference, just
discovered by Young. This means that the disturbances due to these
waves have to be added, each with its proper phase.

Let dS be a surface element of plane I at a distance r from 4’. Then
a spherical wave emitted by dS causes the disturbance

e—ikr
qdS pa’

at A’. Here u; is the disturbance at any point of plane I, and ¢ is a
constant to be fixed later. With rectangular coordinates in plane I,
centered at 4, we have

dS = dx dy
and if we anticipate that only points of I for which

Ll and y<Ll

effectively influence the disturbance at 4°, we also have
1
r=(E+22 42l + 5 (2 -+ y?).

The r in the denominator may be replaced by I. The analytic representa-
tion of Huygens’ principle thus becomes

q ) w© @ —tk(z®+y2)
Uy = = e f f ue % dxdy.
l — 0 — o

Here w; has been retained under the integrals because in diffraction
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problems in general u; is a function of # and y, e.g., zero where the light
is screened and 1 where it is not screened.

In the propagation treated in this section u; is independent of = and y.
The remaining integrals are of the type

w  —ikx? Darl 1/2 . .
f e % dy = ( 7’;-) e=imlt — .\ /(12) e=imt

(If the limits are not co this is called Fresnel’s integral.) The relation
reduces then to

‘uH = % e—‘l'kl ’tLI r—_— ill-
The factors I cancel out, as they should, for we know from the first
formula in this section that the result should be
uy = e~

This finally fixes the constant ¢:

uI.

K
=3
The full result is: The disturbance caused by an area dS of a wave front

with disturbance u; at a point at the distance r, which is in a direction
not too far from the direction of propagation, is

i :
— uge”*dg,

rA T
This formula suffices for a quite accurate solution of most diffraction
problems. The derivation presented here closely resembles the one

given by Fresnel in 1818.

3.13. Quantitative Examples

The applications of this formula are so well known that we may refer
to texthooks on physical optics for further details. Straight{forward
applications in this book are found, e.g., in sec. 8.2 (diffraction by opaque
bodies) and in sec. 11.3 (diffraction by transparent spheres).

Most textbooks emphasize the relative contributions of the various
surface elements dS to the final result. For instance, if, as in Fig, 2,
the disturbance at a distance I from the wave front I is sought, this
wave front may be subdivided into successive zones, for which the phase
of exp (—tkr) is such that surface elements in those zones give contri-
butions of alternating sign to the final amplitude. These are the Fresnel
zones. The central zones contribute most effectively. The outer zones
are less effective because their phases change so rapidly that their
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contributions tend to cancel out. The contribution of all points outside 4
lage behind in phase, because BA' > AA’. The average phase lag is
#(2; it is compensated by the factor 7 in Fresnel’s formula at the end of
sec. 3.12.

It may be stressed that the same formula admits of quite simple
quantitative applications. The quantitative definition of the effective
area, useful for precise computations of intensity, is the following: 7The
amplitude at a distance | beyond a plane wave front is such as if an area
IA of the wave fromt contributes with equal phase and the remaining part
of the wave front not at all.

Some examples may illustrate the application of this rule.

(@) A lens without aberration is placed in a parallel beam of light.
By what factor does the intensity at its focus exceed the intensity in
the undisturbed beam? Answer: The light at the focus comes with the
same phase from the entire area § of the lens at a distance f, where f
is the focal distance. If the lens were absent the light would come
effectively from the area Af at the same distance. So the amplitude
is increased by the factor S/Af, the intensity by the factor S2/A%f2. This
formula is correct for any form of the lens and can be found in a much more
elaborate manner from the theory of Fraunhofer diffraction near the focus.

(b) Rectilinear propagation. A pencil of light of length I can exist only
if its width at its base is large compared to 4/(Al). Since ! has to be > A
for the preceding theory to have any sense at all, the required width is
certainly > 1 but in cases of long pencils considerably greater. More
precisely; a pencil of width of the order of pA can lead an independent
existence over a length of the order of p2A. This implies quite clearly
that it is impossible fo trace rays by geometrical optics through a particle
with a size of the order of A or smaller. Only for very much larger partncles
is this method permitted. For applications see secs. 8.1 and 13.24.

3.2. Converging and Diverging Beams
3.21. Amplitude Outside a Focal Line

The preceding derivation was made for the propagation in a plane
wave. The writer does not know whether Fresnel himself has considered
converging and diverging beams. The extension of his reasoning to this
case is so simple and yet so important that it will be given here. It
will be applied in sec, 12.22.

A small section of a curved wave front is generally characterized
by its two principal radii of curvature. The normals to the wave front
converge at a distance f, from the wave front in one principal plane and at
a distance f, in the perpendicular principal plane. The pencil of light
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coming from this wave front is astigmatic, with focal lines at distances
Sy and f, from the front. Figure 3a presents an example of a converging
beam with positive f; and f,. If one or both of the focal lines are behind
the front, the corresponding values of f, and/or f, are negative.

Figure 3b shows the situation in one of the principal planes. F
represents the focus so that F4 = FB = f. By Fresnel’s use of Huygens’
principle we determine the disturbance at P, where AP = 1. The path

PB is longer than PA if P is before
F; it is shorter than PA if P is
I beyond F, In either circumstance

we have
Py

—2 (1)
PB — PA = iz ( 7 f)
The formula holds also for a di-
verging beam (negative f). Always
the integration by means of Huy-
gens’ principle leads to an integral
P of the same type as in sec. 3.12. The
only difference with plane waves is
the replacement of the factor 1/l in
T B the exponent by 1/l — 1ff. Since
this is true for the two principal
planes, the result is

Fig. 3. Geometry of astigmatic beam 1\ 12 1\ -1
for explanation of phase relation. up =1u, |1 — f-,— 1— jT
1 2

This simple formula tells all we need, both for the intensity and the
phase at P. The following comments may be made:
(a) The intensity at P is

Ip=1, (1 —fil)_l (1 ...J_f;)_l.

Looking at the geometry of Fig. 3a we find that this is in agreement with
the simple rule: The intensity is inversely proportional to the cross section
of the beam as computed by geometrical optics (rectilinear propagation).
The same rule follows directly from the conservation of energy in the
beam.

(b) The phase factors are 1 or e "%, depending on whether the sign
of f — 1 is positive or negative. This sign changes from positive to
negative if we pass a focal line. The resulting rule is: The phase in an
astigmatic beam advances by 3 at the passage of a focal line.

Fq

(a) ()
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After the passage of two focal lines the phase has advanced by =,
which means a simple change of sign of the disturbance, or amplitude.
This holds also for a beam with one focus (where the two focal lines may be
thought to coincide). An “advance” in phase of 77/2 means an apparently
shorter path by the amount A/4. This phase shift is essential, e.g., in
the rainbow theory and in other examples of scattering functions computed
by geometrical optics (secs. 12.22 and 13.2).

(c) The area of the front at 4 effective in determining the disturbance
at P was found to be Al in the case of a plane wave. This changes in the

case of an astigmatic beam to

T des

The two factors give the dimensions in the pI‘lIl01pa.1 planes. This may
also be expressed as the rule: The effective area is Al times the square
root of the increase of infensity from the front to the point P,

If the disturbance at a very large distance, I, in the beam is sought,
we find that the intensity decreases as 1/I? and that the effective area
of the initial front determining this intensity is A4/ f; - f,| independent of L.

3.22. Amplitade in or near a Focal Line

The formulae just derived do not hold in a focus or focal line or close
to a focus or focal line. The reason is that the large concentration of
light has to come from a large effective area which may be too big for the
preceding approximations to hold. Right at the focus or focal line the
formulae indicate an infinite area. The dimension of the effective area
becomes infinite in one direction if either I =f, or | = f,. It becomes
infinite in all directions if we want to calculate the intensity in a focus,
l=fi =/,

Evidently an infinite effective area is unrealistic, so that our formulae
must be modified to take account of the real properties of the wave
front. The infinity is removed by one of two circumstances.

(@) If a beam has a finite cross section, determined by a diaphragm, the
dimension of the effective area that tends to become infinite (i.e., one or
both of the factors of the expression given in ¢ above) has to be replaced
by the actual width of the beam.

This is true for the classical (Fraunhofer) diffraction phenomena,
e.g., the diffraction in a good telescope. The intensity at the exact

(area)?

position of the focus then is Ip=1,, IR

» as follows from the
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proportionality of the intensity to the square of the effective area.
See example @ in sec. 3.13.

{b) If a beam has aberrations, the assumption of & perfectly circular
cross section of the wave front breaks down, and a more precise integration
by the Fresnel formula gives a finite result. The integration over the
wave front then has to include higher-order terms than «? and 2. The
exact result depends on the nature of these higher-order terms. This
subject is an important one in modern lens design. In the context
of this book it proves to be the fundamental clue to the theories of
rainbow and glory, both of which may be mathematically characterized
as ‘“focal lines at infinity”’ (secs. 13.2 and 13.3).

3.3. Rigorous Diffraction Theory

The treatment of Huygens’ prineciple in this chapter is in close accord-
ance with Fresnel’s first successful formulation and directly in line with
Huygens’ intuitive course of thoughts.

The formulation given some forty years later than Fresnel by Kirchhoff
is less intuitive but more rigorous. It has opened a whole field of
investigation in mathematical physics that has branched off somewhat
from the main topic of this book. Readers acquainted with the latter
type of diffraction problems may have some difficulty in establishing
the connection with the topic of this book. The brief survey in this
section may help them find their way.

The distinetion can best be explained by examining the various uses
of the word diffraction.

(@) Diffraction = small deviation from rectilinear propagation.

The original meaning of the word diffraction is a small deviation from
rectilinear propagation, or, more generally, from ray propagation according
to the theory of geometrical optics. Such deviations occur if an obstacle
is placed in the beam of light. They are small only if the dimensions of
the obstacle are large compared to the wave length. The appropriate
theory is that of Fresnel, discussed in the preceding sections. This
theory has rigorous validity only as an asymptotic theory for very large
sizes, very small angles. Diffraction in this sense includes both the
so-called Fresnel diffraction patterns (not near a focus) and the Fraunhofer
diffraction patterns (near a focus, or at oo in a parallel beam).

The word diffraction in this sense is encountered in many common
physical terms, such as the “diffraction pattern of a telescope,” the
“diffraction theory of aberrations.” It will serve in this sense also in
this book, viz., as the scattering law that holds asymptotically for very
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big particles and for very small angles. The following rules hold for
diffraction in this sense.

1. The diffraction laws are the same for scalar waves (e.g., sound)
and for light. .

2. For the latter the diffraction effects are independent of polarization,
and the state of polarization of the incident light is preserved.

3. The diffraction depends not on the material of an (opaque) body
but only on the form of its geometrical shadow area. More details are
found in sec. 8.2. The generalization to transparent particles, for which
rules 1 and 2 still hold, is found in sec. 11.3.

(b) Diffraction = wave motion in the presence of an obstacle of given
size, form, and composition.

It has become fairly common to use the word diffraction for the most
complete generalization of the diffraction phenomenon described above.
All problems discussed in the main part of this book are diffraction
problems in the general sense. They require a complete solution
of Maxwell’s equations with given boundary conditions. Only simple
geometrical forms are amenable to such a solution (see sec. 16.1).
When the word diffraction occurs in this sense it may usually be replaced
by the word scattering. The writer has generally preferred to do so,
e.g., in the title of this book. This has made it possible to reserve the
term diffraction in this book for the more restricted meaning of @ on
p. 24, in which it refers to asymptotic formulae for very large particle
sizes and very small scattering angles.

(¢) Diffraction formula = an integral relation holding for a function
satisfying the wave equation.

A formula which can replace that of Fresnel for arbitrary angles was
given by Helmholtz and Kirchhoff. This formula (see sec. 17.23 for a
special case) gives the field in a point P in terms of the fields and the
derivatives of the fields on a closed surface § surrounding P.

This well-known formula has the following properties:

1. It was originally derived for scalar waves only. A new some-
what similar formulation had to be given for electromagnetic waves.
In the latter we have to note precisely the polarization of the waves
because £ and H do not enter the formulae in the same manner. A
diffraction theory based on this formula gives different results for different
polarization.

2. It is not evidently an expression of Huygens’ intuitive principle.

3. Although it is rigorous, it does not give a rigorous solution of any
of the extended diffraction problems mentioned in b above, for in such
problems the fields are unknown in all space and we cannot find a surface
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S on which they are known. Kirchhoff’s own application was to take
§ along the opaque screen and its holes and then around P at a very large
distance. He assumed that the field at the dark side of the opaque
screens would be zero, and in the holes equal to the field of the incident
wave. This is not true, except asymptotically for very small wave-
lengths, and in that circumstance Kirchhoff’s solution is simplified to
Fresnel’s.

4. Kirchhoff’s formula solves one important puzzle. Neither Huygens
nor Fresnel had been able to show why the construction of the wave
front could not have been made in exactly the same manner in the reverse
direction, i.e., opposite to the direction of propagation. When the
transition from Kirchhoff’s formula to that discussed in sec. 3.12 is made
and the terms containing the fields and the derivative of the field on
S are kept separate, they give equal results with a factor 1 and cos 0,
respectively. This means that the combined factor for nearly forward
directions is nearly 2, the combined factor for nearly backward directions
is nearly 0.

(d) Diffraction = scattering by a flat particle.

This is meant to include the scattering by flat screens with holes, half
planes, and so on. Sometimes the theory devoted to diffraction problems
of this kind is called planar diffraction theory. Historically, the interest
in plane screens comes from experimental conditions and from the fact
that, in diffraction theories in the sense of a, a thick body and a thin
body with the same form of shadow give the same diffraction pattern.
It thus seemed natural to choose a mathematically thin screen as the
simplest problem to discuss.

It was soon realized that thinness and opacity are compatible only for
totally reflecting screens. A black and thin screen does not exist in
Maxwell’s theory (cf. sec. 14.1). Thus a problem was defined which is
a special case of the scattering problem defined in b p. 25 Tt is the
problem to solve Maxwell’'s equations with special boundary conditions
on the faces of the screen When these conditions have been correctly
formulated, the problem is solvable for strips and holes of arbitrary size.
It is mathematically possible to replace the condition of total reflection
by that of a given surface impedance.

The literature on these problems is very extensive: first, as they are
technically important in radio engineering; second, because the “‘edge”
conditions proved not so simple as had been anticipated and because
wrong solutions were often made; third, because they proved a fertile
field for trying out the variational technique. This method is based on
the fact that it is possible to formulate integral equations in such a way
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that a trial solution with a limited accuracy will give another solution
with a higher order of accuracy. Some numerical results are quoted in
secs. 16.22 and 16.23.

The condition of thinness is met with sufficient accuracy for micro-
waves screened by metal plates (thickness <€ A). It is not at all met by
light waves screened by metal plates, e.g., in a spectrograph slit. Here
a quite different problem arises, since the slit “‘edge’” must be described
as a thick body with a radius of curvature > A. This problem is discussed
in chap. 17.
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4. WAVE PROPAGATION IN A
MEDIUM CONTAINING SCATTERERS

This chapter contains the general relations in which the phase of the
scattered wave occurs.

A complex amplitude function 8(6, ¢) describing the amplitude and
phase of a scattered scalar wave is defined in sec. 4.1. The amplitude
function in the forward direction (6 == 0) is 8(0). Its value is decisive
for the extinction, as is shown in two ways: in sec. 4.2 with a view
to a single particle, and in sec. 4.3 with a view to the medium as
a whole. In the latter case also the phase velocity in the medium is
found.

The formulation in these sections holds for light waves in the particular
(but quite usual) case that S(0) does not depend on polarization. The
complete formulation for polarized light, which involves four amplitude
functions, is given in sec. 44. A condition is that the mutual distances
of the particles are >> 1. The connection with the theory of molecular
optics, in which this is not so, is clarified in sec. 4.5.

4.1. Amplitude Function of a Single Particle

Let a fixed particle of arbitrary shape and composition be illuminated
by a plane scalar wave of infinite extent from the negative z-direction.
The origin of coordinates is chosen somewhere in the particle. The
“disturbance” of the incident light may be written as

— . p—itkz+iwt
Uy = € .

The historical term “disturbance’ is used here in order to emphasize the
far-reaching analogy between all kinds of waves. The results in secs.
4.2 and 4.3 hold for any kind of scalar waves (sound waves, electron
waves, etc.) and also for electromagnetic waves (light waves) under the
condition that the functions 8,(0) and 8,(0), which are defined in sec.
4.41, are the same and the functions S4(0) and S4(0) are zero. These
conditions are fulfilled by homogeneous spherical particles. Under these
conditions the results of secs. 4.2 and 4.3 are correct for light with an
arbitrary state of polarization.

The scattered wave in the distant field is a spherical, outgoing wave

28
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with amplitude inversely proportional to the distance r. We may
therefore write it in the form
euikr+iwz
u=2. (9, (p) »i—kr“ ’

thereby defining the amplitude function S(6, @) of the scattering particle.
A factor ¢ is added in the denominator for later convenience, and a
factor & is added to make S(f, ¢) a pure number. Please note the choice
of sign of ¢+ made in sec. 3.12. Com-

where s is positive and ¢ is real, and
both are functions of § and ¢. The
phase o depends on the choice of the /
origin and on the sign conventions G
that have to be made if polarized
waves are involved. A negative

o — (7/2) denotes a phase lag of the I I I T I 1 T T
scattered wave. The amplitude s

is independent of these choices. The Fig. 4. Hypothetical experiment to
intensityis proportional to the square measure the extinction by one particle.
of the amplitude. As a direct con-

sequence we have

bining the two preceding equations ——— S —
I
we have . - /’ i \
e—zkr+zkz %
u = 8(0, ¢p) ——— u,.
( (p) ‘i k r uG } &
[
The amplitude function is, in general, I ™~ 9;
complex and may also be written as 2| > N
i |
80, @) = s+ €”, | /
|
|
|
|
|

%6, ¢)
Isca = kgrz IU‘

Any point in space is traversed by two wave systems: the incident
and the scattered wave. In a mathematical point the flow of energy in
these two waves cannot be separated, but by analyzing the light falling
~ on an area O’ (Fig. 4), we can distinguish between the two waves, each
traveling in its own direction and with its own intensity. Physically
this means that a telescope with the objective O’ has to be used, which has
sufficient resolving power to separate the images of the primary source
(incident light) and of the secondary source (scattering particle). This
distinction can be made even for very small 6 by using a large objective
O’ at a very large distance (0’ proportional to r'/2). 8o, the definition of
S(f, @) is physically meaningful for all directions.
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4.2. The Fundamental Extinction Formula
4.21. A Single Particle

In the forward direction, 6§ — 0, the same definition holds for reasons
of continuity: superposed on the incident plane wave is a spherical
wave, the amplitude and phase of which are characterized by the amplitude
function

8(0) = s(0) O,

The phase ¢(0) is independent of the choice of origin and of sign
conventions for polarized light, provided that the same conventions hold
for the incident and scattered waves. An experiment by which this
spherical wave can be observed is impossible, for a telescope with
objective O (Fig. 4) sees the primary and secondary source in the same
direction: their images coincide. We shall calculate the total intensity
of thiz combined image as seen in a, large telescope at a very large distance.

The plane of the objective is z = constant. Let (z, ¥, 2) be a point in
this plane, within the boundaries of 0. For this point « and y are Xz,
so that
z? - g

2

r=z-+4

Adding the amplitudes u, and u of the incident and scattered wave we
obtain
S0) _ eriyn
— 1 7 k(a4 2e)
Uy + U uo{ + T €

The large distance implies that the second term between brackets is <€ 1.
The intensity incident on any point of 0 is found by squaring the modulus
of this expression:

i 2 S(0 .
o +uff =1+ e Re {-—i—)- e"“‘("’a‘*”z)’zz} -

Integrating this intensity over the entire objective with area O we find
the total intensity of the combined image:

0 —C,

where O is the integral of the first term and € the mtegral of the second
term. The interpretation of this result is that the total light that enters
the telescope is reduced by the presence of the particle. The amount of
the reduction is such as if an area C of the objective had been covered up.
This is the phenomenon of extinction described in chap. 2. Therefore
we shall further write ¢ as Coe» according to the notation introduced
earlier,
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The double integral over dx dy by which C,,, is defined contains two
Fresnel integrals, each giving a factor (2#2/ik)!/2, if the limits are extended
to oo (see sec. 3.12). The result is

4

C,py = B Re {S(O)} .

This is the fundamental extinction formula. The preceding derivation
shows that the actual extinction process is not a blocking of the wave
but a subtle interference phenomenon. The scattered wave removes
some of the energy of the original wave by interference. The “active
area’’ of the integrals is of the order of zA. The telescope will register
the full extinction only if its diameter is much larger than (z4)/2, With
increasing z the linear size of the active area increases as z!/2. So the
forward scattered wave has an ever weaker influence extending over
ever wider circles in such a way that the total energy suppressed remains
constant and equal to the energy incident on the area C,,,.

4.22. A Cloud of Many Particles

Let us consider a cloud consisting of many independently scattering
particles, not necessarily similar, each of them characterized by their
amplitude function S;(0, ¢). The index ¢ denotes any individual particle.
The precise amplitude function for the entire cloud would have to be
derived by first referring all amplitude functions to & common origin and
then adding them, The transformation to a common origin would
involve large phase shifts depending on the precise positions of the
particles. These shifts have a random nature and change rapidly even
during one experiment. So the interference phenomena that would be
expressed by the addition of the amplitudes are not noticed in practice.
Consequently, the intensities and not the amplitudes have to be added.
This is expressed in the formula

106, ) = Z 1,0, ¢).

By integration over all directions we find as a consequence

Coea = Z Oi,sca'

The situation for 6 =0 is different. A change of origin does not
change the phase, and the interference takes place irrespective of the
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precise position of the particles. Repeating the argument of the preceding
section for a cloud of particles we find

8(0) = > 840),

Cea:t = z Oi,ea:t‘
i

It has thus been found that, for quite different reasons, the scattering
and extinction cross sections of the single particles must be added to give
the corresponding cross sections for
the entire cloud. By subtraction, the
same rale holds also for the absorption
cross sections.

and as a consequence

4.3. Extinction and Dispersion in a
Medium Containing Scatterers

Let us consider the experimental
arrangement shown in Fig. 5. A plane-
parallel slab containing many scatter-
ing particles, which are all identical

and identically oriented so that they

T I T [ I I I 1 all have the amplitude function (8,

Fig. 5. Extinction and dispersion by P), 1s llhlmlnm.;ed from below. Let the

a plane-parallel slab containing meny Slab have a height I and let there be N

particles, particles per unit volume. The field at

P is influenced by scattering from all

particles in the slab, but the forward traveling wave in P is coherently

influenced only by the particles in the “active’” volume of the slab, which

coincides with the few central Fresnel zones as seen from P. If PO — z

is large enough, only small angles are involved. The total amplitude in
P then is

1 X
U = U, {1 -+ 8(0) Z %e—zk(zz-Fy“)ﬂr} ,

where the summation is extended over all particles in the active volume.
If these particles are numerous, the 3 sign may be replaced by

{ N dx dy dz.
Direct integration gives

2
w=u, {1 — k—’; NZS(O)} :

This result may formally be represented as the influence of a complex
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refractive index of the medium as a whole. If the slab is replaced
by a slab of homogeneous material with the complex refractive index m,
close to 1, the amplitude of the wave is changed by the slab in the
proportion .
e—itim—1) = 1 — iki(m — 1).

Consequently, the formal refractive index of the medium has the value
m =1 —18(0) - 2nNE3.
If we write the real and imaginary parts of m separately by the formula
m=mn—in

(sec. 14.1), we find that this important formula comprises two effects:
The real part,
n =1 4 27Nk Im {5(0)},

determines a phase lag (or advance) of the wave traveling through the
medium. This is the phenomenon of dispersion: the phase velocity of
the wave through the medium is changed to ¢/n. The imaginary part,

n' = 2w Nk Re {8(0)},

determines a decrease of the intensity. In gemeral, the absorption
coefficient in a medium with a complex refractive index is y = 2 kn’
(sec. 14.1). Here the same formal relation gives the total extinction

coefficient:
y = 4nNk2 Re {S(O)}.

With the result of sec. 4.21, this may also be written in the form
Y= N Gezt'

So the extinction cross sections of all particles in & unit volume have
to be added to give y.

We shall not try to give a complete analysis of the assumptions under-
lying this result. One of these is that 7 is close to 1 {cf. sec. 4.5). It seems
obvious that under certain conditions the point P may also be taken
inside the slab. 'The successive effect of many thin slabs is then identical
to the effect of one thick slab with the refractive index m. Consequently,
for any value of [ the influence of the slab on the amplitude is expressed

by the factor
: e—iki{m—1),

A warning is in order against incorrect use of this refractive index.
The forma] “absorption” is not absorption in the proper sense but consists
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of scattering in all directions plus, possibly, absorption inside the scattering
particles. The light “reflected” back from the slab cannot be derived
from a formula based on this refractive index but should be computed
by means of the scattering function for § = 7.

4.4. Extinction and Dispersion of Polarized Light
4.41. General Case

In the preceding sections of this chapter polarization effects were
left out for simplicity. The two basic formulae, the Jundamental
extinction formula (sec. 4.2) and the complex dispersion formula (sec. 4.8)
as they stand, are correct: (1) for any type of scalar waves, (2) for
light waves under simple conditions; see sec. 4.1. and below. The
general formulation which includes all polarization effects is derived as
follows.

As explained in the next chapter, the scattering in any direction
is described by four amplitude functions, 8;, 85, 83, and 8,, all functions
of 6 and ¢, which form a matrix §(, @) of four elements. The definition
of (6, @) in sec. 4.1 thus has to be replaced by

(El) (Sz SS) e—ikr-}-ikz ( El())
E] \8 8 ikr  \ B,
See chap. 5 for details of notationl. The corresponding intensity matrix
F has 16 elements and was mentioned in sec. 2.5.

By making 6 = 0 we obtain the four complex numbers 8,(0), 8,(0),
83(0), 84(0), forming the matrix §(0) of four elements. The derivation

of sec. 4.3 can now be easily generalized, and the obvious result is that
the electric field at a point P beyond the slab is

( El) _ {1 —g8,(0), — 933(0)} (EIO)
E, —28,(0), 1—g8,(0))\E,/”’
where ¢ = 27 NIk 2.

This equation describes a combination of effects which include the
following: (1) different phase velocities of plane-polarized light vibrating
in different planes (double refraction); (2) different phase velocities of
circularly polarized light of different sense of rotation (rotation of the
plane of polarization); (3) different extinction of plane-polarized light
vibrating in different planes (linear dichroism); (4) different extinetion of
circularly polarized light of different sense of rotation (circular dichroism).

These effects might be further formalized by introducing a matrix

! We follow Chandrasekhar’s notation, where I and 7 stand for the last lettors of
the words parallel and perpendicular.
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of four elements m instead of the scalar m in sec. 4.3, but this is not needed
in practice. The one special case that is needed throughout the major
part of this book is formulated in sec. 4.42.

If many particles of different kinds or in different orientations form
a cloud, or medium, the rules of sec. 4.22 may be applied. The scattering
properties in an arbitrary direction are found by making separate sums
of each component of the F matrix. The extinction and dispersion,
likewise, are found by summing each component of the matrix 8(0).
These rules will seldom be used in complete generality; important
applications are found in media where particles are oriented at random,
or have certain symmetry properties; see secs. 5.2 to 5.4.

4.42. Spherical Particles

The formulae for spherical particles, which are used in 95 per cent of
all applications, are very simple, even if arbitrary polarization of the
incident light is admitted.

Spherical particles have S; =8, =0. So two complex amplitude
functions occur for any direction; these functions are 8,(0) and 8,(6);
they depend only on the scattering angle . The matrix equation for an
arbitrary direction 6 7 0 now gives the two relations

e—ikr+ikz

Er = Sl(e) zkr Ero:
e“ikr+ikz

E = S,(0) T Ey,

where r and [ refer to the electric fields perpendicular to and parallel
with the plane of scattering.

By taking the squares of the moduli we obtain for perpendicular
polarization:

iy
I'=pgple
for parallel polarization:
Uy
I=gple
for incident natural light:
31y + %)

where

ip=|8,(0)[2 and iy = |85(0) ]2

These three equations are special cases of the relations that connect
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the Stokes parameters of the incident and scattered light. In full they
are (sec. 5.14):

1= k_:% I,

r= k_:‘:_"z L)
U= V]ﬁ::zz) {Uycos 6 — Vsin 8},
V= \/]:2;;:2) {Uysin 6 4- ¥, cos 4},

where ¢ is defined by
81(6) = /i - €1, 8,(8) = 1/iy - €2, 8 = 0, — 0,

For forward scattering (§ = 0) spherical particles give an even further
simplification by the fact that §;(0) = 8,(0). We denote this value by
S(0) without index. The second matrix equation of sec. 4.41 then reduces
to the scalar equation

which holds for any component of the electric (and magnetic) field
separately and is identical with the equation derived for scalar waves
(sec. 4.3).

The conclusion is that all results of the preceding sections hold without
restriction for light of arbitrary polarization, provided that the scattering
particles are homogeneous and spherical. There is no double refraction
or dichroism of any kind. The effect of the medium on the traversing
wave is just that of one complex refractive index (sec. 4.3):

m=1 — 1 2xNk-38(0).
The extinction cross section per particle is (sec. 4.2):
Cont = 47k~ Re {8(0)}.

Dividing by the geometrical cross section wa? and introducing the
notation x = ka we obtain the efficiency factor (sec. 2.4):

4
Q. = = Re {S(0)}.

4.5. Relation to the Classical Theory of Molecular Optics

Readers acquainted with the classical theory of molecular optics
may have an uncomfortable feeling after reading the preceding sections.
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The theory of molecular optics explains the refractive index of a medium
(e.g., a fluid or gas) from the scattering properties of the molecules.
This seems to be exactly the same problem as discussed and solved in
sec. 4.3 for particles of any type (which might include molecules). The
annoying point is that the results are not the same. The Lorentz-Lorenz
formula derived in molecular optics is not identical with the general
formula for m derived in sec. 4.3. Yet both formulae express the
refractive index of the particulate medium as a whole () in terms of the
properties of the individual particles that scatter light.

The solution of this paradox is that both formulae have a different
domain of validity. The finesses cannot be discussed here, but the
following sketch may indicate the fundamental difference between
the theories behind both formulae. For convenience the particles are
thought to be in vacuum, their number N per cm?.

I. Lorentz-Lorenz formula. The condition is that the mutual
distances of the particles are small compared with the wavelength A.
This necessarily means that the sizes of the particles themselves are << A.
Their scattering is then characterized by the polarizability (which is for
convenience thought to be isotropic, sec. 6.11). The Lorentz-Lorenz
formula is

3(m? —1)
4maN — '—m
It is based on the assumption that there are many particles in a sphere
with radius A. The field to which a molecule is exposed is due to the
scattered fields of a fairly large number of other molecules at all sides.
These fields are nearly in phase with the incident field. The statistical
effect of these fields gives rise to the Lorentz-Lorenz formula.

Further implications are that the molecules may be densely packed
and that « may be of the order of magnitude of the volume V of the
individual molecules. This means that m may deviate very appreciably
from 1. In fact this makes the Lorentz-Lorenz formula important for
practical purposes. The value of m is real if « is real. This means that
extinction by the medium occurs only if the particles have true absorption.
(There is, however, a second-order imaginary term in « due to scattering;
for further details see sec. 6.13).

II. The formula of sec. 4.3. The condition is that the mutual distances
are large compared to the wavelength. They must also be large compared
to the size of the particles (when this would be > A). This means that
dense packing is excluded. We have seen that under these conditions
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the wave propagation is governed by the function for forward scattering
8(0) of each particle (we consider only the simplest case, mentioned in
sec. 4.42) and that the refractive index of the medium is

m=1— i2zNk38(0), (k= 2x/A).

In this case the important part of the field (which has systematic phase
relations with the original wave) does not come from particles on all
sides but only from particles that are almost directly behind the point
considered. The value of m found from this formula is always close to
1, and its deviations from 1 in the imaginary direction may be just as
large as those in the real direction even if the particles themselves do
not absorb the light but only scatter it.

A further difference between I and IT is that the theory under I may
be extended to give the amount of radiation reflected from a (sharply
bounded) slab of the particulate medium but that a similar extension of IT
isimpossible. ~This is because the theory under I is based on scattering in
all directions whereas the theory under I1 is based on forward scattering.2
The radiation “reflected” back from a slab of material under the con-
ditions of IT is just the sum total of the radiation scattered back by the
individual particles according to sec. 2.16, no matter what the boundary
or shape of the slab is, multiple scattering being excluded.

IIL. A case in common. It would be a pity to let these formulae
stand as they are without any interrelation. A case common to both
may be constructed by assuming in I that the mutual distances are very
large, or in II that the particles are very small.

The condition that the distances are large is not formally possible
in I, but it means that there simply is no scattered field counteracting
the field of the original wave; therefore the formula must still be considered
correct. 'When in I, m approaches 1, the right-hand member reduces
to m? — 1, or in as good an approximation, 2(m — 1). On the other
hand we may write in II for very small particles S8(0) = tk%«; see sec.
6.12. The resulting formula arising either from I or from IT is

m — 1 = 2naNN.

The very special condition that the particles themselves would have
the volume V and consist of a homogeneous material with the refractive
index m close to 1 gives, as in sec. 6.22, the relation 2we — (m — 1)V,
which leads to the even simpler formula

* This difference was ignored in the paper by Urick and Ament (1949). (See
reference at end of this chapter.)
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This expresses the obvious result that m — 1 is proportional to the
occupied fraction NV of the total volume.

There has been some confusion on the question whether to write
m2 — 1 or 2(m — 1) in the formulae for m close to 1. This makes no
difference mathematically in the formulae derived in this chapter, but,
since the Lorentz-Lorenz formula contains m?, there has been a tendency
to prefer the notation with m?. The derivation given in sec. 4.3 gives
no good ground for this preference.
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5. POLARIZED LIGHT AND
SYMMETRY RELATIONS

All scattering processes lead to polarization. Scattering problems
that can be solved without explicit reference to the state of polarization
of the incident and scattered light are exceptional. In the preceding
chapters (e.g., sec. 2.5) we did not fully specify the dependence of the
scattering process on the state of polarization of the incident light. The
general formulation would have tended to obscure the main issue. We
shall now remedy this omission and describe how arbitrary particles
scatter light of the most general state of polarization.

5.1. The Most General State of Polarization

The characteristic difference between a scalar wave (like sound) and
a vectorial wave (like light) is that the former needs one, the latter two
amplitudes to characterize a wave traveling in a certain direction. The
intensity of a scalar wave is the square of the amplitude,

I =42

apart from a constant factor. The corresponding formulae for light
waves, developed by Stokes, are not given in most textbooks. For that
reason they are briefly derived in this section. The physics behind
them is not deeper than behind the formula 7 = 42, and the formalism
is not as forbidding as it may seem at first sight.

5.11. Plane of Reference

Let us consider a beam of light with a certain frequency and traveling
in one direction. We choose a plane of reference through the direction
of propagation. By r we shall denote the unit vector along the normal
of this plane (sense arbitrary) and by 1 the unit vector in this plane
and. perpendicular to the direction of propagation. The sense is chosen
so that r X 1is in the direction of propagation. The two letters stand
for the last letters of the words perpendicular and parallel. The choice
of the plane of reference is arbitrary, in principle. In scattering problems
we shall always choose the plane containing the incident and scattered
beams as the common plane of reference for the two beams.

40
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5.12. Simple Waves

By a simple wave we understand a plane-wave solution of Maxwell’s
equation with general, i.e., elliptic, polarization. The electric vector is
transverse, so it may be represented by

E =Re[F] 4 Ex],

where K, and E, are complex, oscillating functions. The Stokes para-
meters are defined by

I=EE* -+ EE>*
Q=EE*—EE*,
U= ElEr* -+ ErEl*’
V = i(E,E,* — E,E*),

where an asterisk denotes the conjugate complex value. They are real
‘numbers that satisfy the relation

P=Q* 4+ U2+ V2.

The first one, I, represents the intensity, i.e., the flow of energy per unit
area. The other parameters have the same dimension. A constant
factor common to all four parameters has for convenience been omitted.
In an alternative system I, = E\E* and I, = E E_* are used instead
of I and Q. The full set then is (I, I, U, V).

If the propagation constant % and the circular frequency w are pre-
scribed, the most general simple wave is defined by the positive ampli-
tudes a,, a,, and the phases ¢,, £, in

B, = e g=iketiat
E, = g~ ikitiot
This gives

U = 2a,a, cos 4,
V = 2a,a, sin é,
where § = &; — ¢&,.

Independently, we may give a geometric representation of a simple
wave with the most general (elliptic) polarization. This is

E = ap cos fsin (w? — kz + a) + a3 sin f cos (wt — kz + o).

Here p and q are unit vectors along the long and short axes, a? is the
intensity, « is'a phase angle. The ellipticity is given by tan 8; if it is 0, we
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have linear polarization, —1 gives left-handed circular light, and -1
right-handed circular light. The orientation of the ellipse is given by
the angle ¥ (Fig. 6).

The geometrical specification, by means of (a, «, B, x), may be com-
pared to the analytical one by means of (a,, a_, £;, &). A simple reduction
leads to the relations

a,® = a? (cos? B cos? y -+ sin? B sin? y),
r a? = a? (cos® f sin® y + sin? B cos? y),
1 tan (& + &) = — cot y cot B,
P tan (« - £,) = + tan y cot f.
Hence
1 fon 8 — 12026
sin 2y

So the Stokes parameters, in the geo-
metric notation, are

Fig. 6. Parameters defining the I = a?
state of polarization of a simple
(elliptically polarized) wave. The
direction of propagation is into U = a® cos 28 sin 2y,

the paper. V — a2 sin 28.

€ = a? cos 2( cos 2y.

If another plane of reference is chosen, only y changes, so that I, Q2 + U2,
and V are invariant for this choice. Taking both 1 and r in the opposite
sense does not change the Stokes parameters.

3.13. Actual Light and Optical Equivalence

Actual light consists of many “simple waves” in very rapid succession,
The duration of a coherent wave train is of the order of 10-8 seconds,
or shorter, depending on the sharpness of the spectral line that is used
as a source of monochromatic light. Measurable intensities therefore
refer always to a superposition of many millions of simple waves with
1ndependent phases.

By the Stokes parameters of the entire beam of light we shall under-
stand the sums

I=3%1,Q=3Q,U=3U, V=23V,

where the index ¢ denotes each independent simple wave and any constant
factors are again omitted. We now have

P>Q+ U4 V2

The equals sign holds only if 8 and y are the same for all simple waves;
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the light is then called fully polarized. In all other cases it is called
partially polarized, except when @ = U = ¥ == 0, which is the definition
of natural or unpolarized light.

The importance of the Stokes parameters is seen from the following
argument. Let a simple wave with arbitrary polarization pass through
an arbitrary optical instrument which produces no incoherent effects
so that a simple wave also emerges. The instrument may cause scattering,
reflection, or refraction, and may include birefringent crystals, Polaroid
sheets, quarter-wave plates, etc. The ingoing wave is represented by the
two field components F,, and Z,, with respect to an arbitrary plane of
reference through the direction of propagation of the ingoing beam.
The outgoing wave is, likewise, represented by the field components
E; and E, with respect to a plane of reference through the outgoing beam.

In optical instruments it iz not possible (as, for example, in radio
, waves) to introduce non-linear effects. Since only linear processes are
involved we have

E, = A,By + AgE,,

B, = Agy + AL,
Computing the Stokes parameters of the outgoing wave (I, @, U, V)
we find that they can be expressed in terms of the Stokes parameters
of the ingoing wave (I, @, U,, V,), by means of another linear trans-
formation, which reads in an abridged notation:

L,Q U, V)=F-(IyQy Uy V)

Here F is a matrix of 16 coefficients, each of which is a real number
that is a quadratic expression of the coefficients 4,, 4,, 4,, and 4,.
The explicit form is derived in sec. 5.14.

Let us now consider an actual (partially polarized) beam. Just
following the definitions, i.e., making the summations of the parameters
for simple waves both for the ingoing and the outcoming beam, we find
that the final transformation formula is exactly the same one as quoted
above, with the same matrix F.

The principle of optical equivalence states: It is impossible by means
of any instruments to distinguish between various incoherent sums of
simple waves that may together form a beam with the same Stokes
parameters (I, ¢, U, V).

The physical arguments for this principle are as follows: Any laboratory
method for measuring the state of polarization of a beam uses an instru-
ment which makes a linear transformation, as discussed above (Nicol
prism, quarter-wave plate), and then measures an intensity. The
formulae derived above show that such instruments can yield no other
data thanlinear combinations of the original Stokes parameters. Different
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instruments can measure different combinations, so we can use (by
well-known methods) a set of instruments in order to determine the
four Stokes parameters separately. But this is all.

The principle of optical equivalence shows that the Stokes parameters
are not merely some interesting quantities but the complete set of quanti-
ties that are needed to characterize the intensity and state of polarization
of a beam of light, inasmuch as it is subject to practical analysis. Further
distinctions are theoretically possible but do not correspond to measurable
differences. In particular there is only one kind of natural light:

Z,Q,U,V)=(0,0,0),

which, theoretically, may be composed of simple waves in an infinite
variety of ways.

5.14. The Form of the Transformation Matrix

The remaining problem is to write the transformation matrix F for
any given process. It is useful to start from the transformation matrix
A, A
( Az Aa) for the amplitudes. We define the real numbers:
s
M, = 4, 4,* = IAklg’
S = Sy = 1 (4, 4* + 4,4,%),
—Dyy = Dy = 2/2(443"41‘:* — 4, 4,%).
Here j, k=1, 2, 3, 4; asterisks denote conjugate complex numbers.
Straightforward substitution then gives a transformation forthe 1,Q, U, V,
governed by the matrix:

M, + Mg+ M, + M,), $(My— My+ M, —M,), Sp3+ 84, —Dyy— Dy,
WMy + My— M, — M), $(My— My— M, + M,), Sg53—8;;, —Dyy+ Dy
8gq + 85y , Spq — S5y v 833+ 8340 —Dyy + Dy,
Dyy + Dy, s Dyy — Dy, » Doy + Dy 8y — 8yy

F =

This matrix contains 7 independent constants, resulting from the 8
constants in the A’s minus an irrelevant phase. So there must be 9
relations between the 16 coefficients. These relations have not explicitly
been derived.

Somewhat simpler but less symmetric is the matrix defined by

(Il: I,,., U’ V) = F’(IIO’ IrO! UO’ Vﬁ)
It reads:
M 2> My, S 23 ) —D 23
M 4> M 1> 8 41 ’ —D 41
28545 2841, Sp + 834, —Dy + Dy
2Dy, 2D31: 'D21 + D34s 821 “834

F —
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These most general formulae will scarcely ever be needed, for in most
practical situations symmetry properties reduce the number of indepen-
dent constants.

One simple case is extremely important. If 4, = A, = 0, the trans-
formation equations for the field are simply

Ez = AZE'MJ’
E, = A,E,,.

The matrix F’ then assumes the very simple form

M, O 0 0
P 0 M, 0 0

0 0 S,y —Dy [

0 0 Dy, Sy

in which only 3 independent parameters occur because there is one
interrelation: 83, + D% = M,M,.

The full transformation equations for the Stokes parameters are in
this case

I = |A2|2'Iw’

Ir = |A1|2.Ir0’

U=|4,||4,]-{Uscos 6 — V¢sin 8},

V = ]AII . |A2|-{U0 sin 6 4 ¥, cos 6},
where d is the phase difference between 4, and 4,.

An illustrative example is the action of a properly oriented quarter-
wave plate,

1 0 0 O

10 lo10 o
A:{oq;}’F—ooo—l’

0 0 1 0

which transforms an elliptical wave,
(T @ Uy, Vo) = (1, cos 28, 0, sin 28),
into a linear wave,

(I,Q, U, V)= (1, cos 28, —sin 28, 0).
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Scattering by an arbitrary particle (sec. 4.41) defines a transformation
applied to the amplitude of the incident wave and giving the amplitudes
of the scattered wave. The matrix § takes the place of the transformation
matrix A. The corresponding transformation of the Stokes parameters
may be copied from the equations given above. Spherical particles have
a scattering matrix of the simplest type, in which S4(6) = 8,(f) = 0.
The corresponding intensity formulae were given in sec. 4.42. The
full transformation equations for the Stokes parameters, given above,
admit of the following conclusions. Incident linear light with an arbit-
rary plane of polarization (only restriction: V = 0) gives, in general,
elliptically polarized light. However, if the incident light is plane-
polarized in one of the main planes, then it remains linearly polarized
in the corresponding plane and we have to look only at the two upper
transformation equations. This is what we shall do in most of this book.

5.2. Symmetry Relations for Scattering in an Arbitrary Direction
5.21. General Method

The rest of this chapter deals with the following problem: A cloud,
or medium, of scattering particles contains many identical particles with
different orientations in space. What simplifications of the scattering
matrix result if certain assumptions about the distribution of orientations
are made? At the same time we shall discuss the simplifications arising
from the additional assumption that particles of one kind and also par-
ticles of a second kind, which are the mirror images of particles of the
first kind, are present in equal numbers. If the particles have a plane of
symmetry they are their own mirror images, and the second assumption
is fulfilled automatically.

Questions of this type have been studied before in various special cases.
The purpose of this chapter is not to give a detailed derivation but rather
to give a complete survey of the symmetry relations for ready reference.
Many different cases must be distinguished; some of them correspond to
rather artificial assumptions, which are not likely to be encountered in
practical problems.

The general method is the following. If the scattering matrix of a
particle in a particular position and for a particular direction is known,
the scattering matrix of the same particle, or its mirror image, in certain
symmetrical positions is also known. This holds first for the four complex
elements of the amplitude matrix § (defined in sec. 4.41). The corre-
sponding relations for the sixteen real elements of the intensity matrix F
(defined in sec. 2.5) are easily derived by means of the formula given in
sec. 5.14 (where the amplitude matrix is written A instead of §). The
elements of the matrices F have to be added when different particles or
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differently oriented particles occur together in the same medium. This
follows from the consideration that the waves scattered by these particles
are essentially incoherent (secs. 1.22 and 4.22). The addition causes
certain non-diagonal elements of the final matrix F to vanish and others
to become equal, depending on the exact assumptions made,

This section and the following ones were largely inspired by a paper
by F. Perrin (1942). I:errin has discussed only the case of random
orientation so that his formulae are less complete. Also, he discusses
only the intensity matrix and its transformation properties and does not
mention the amplitude matrix. This seems a more tedious and less
foolproof method than ours, in which the transformation properties of the
80 much simpler amplitude matrix are used. Perrin’s results and ours
agree in all cases that he has discussed.

In agreement with Perrin’s notation we shall (only in this chapter)
write the matrix F in the form

51 Ty by bg
Cy Ca g by
5 Co Cq a,

If no assumptions are made at all, the quadratic relations between the
elements of the matrix F of a given particle in a given position are lost
in the addition of the elements of differently oriented particles. They
are then replaced by inequalities, which we shall ignore. Generally,
therefore, there are 16 independent parameters. Under the various
symmetry assumptions made below, the number of free parameters is

reduced. Equal elements will be denoted by the same symbol, zero
elements by 0.

5.22. KResulting Formulae

If we consider a direction for which the scattering angle is not 0° or
180°, the directions of incidence and scattering define a plane, the scattering
plane. This is taken as the plane of reference (plane ZOY in Fig. 7).
As usual, the perpendicular unit vector r is normal to this plane (sense
arbitrary). The sense of the parallel unit vectors 1 and I’ is then fixed
by the requirement that r x 1 is in the direction of propagation of the
incident light and r < 1’ is in the direction of propagation of the scattered
light. The line in the scattering plane that bisects the angle 7r-0 between
the incident and scattered beam will be called the bisectriz. The plane
through the bisectrix and perpendicular to the plane of scattering will
be called the bisecirix plane.



48 BASIC SCATTERING THEORY

A given position of the particle is taken as the initial position (a).
There are three other positions in which the scattering matrix may be

expressed in terms of the same coefficients as in position (a). Rotation
z

Fig. 7. Pairs of unit vectors (r, 1) and (r, 1’) in terms of which the
states of polarization of the incident and scattered light are desecribed.
The scattering plane is the ZOY plane.

of 180° about the bisectrix puts the same particle in the position (b),
which we shall call the ‘“‘reciprocal position” of (a). Mirroring with
respect to the plane of scattering gives a position (¢) of the mirror image

w/wq

(a) {4 (c)

Fig. 8. Two positions of an arbitrary particle and two positions of
its mirror particle that give rise to symmetry relations of the scattering
functions.

of the initial particle, Mirroring with respect to the bisectrix plane
gives another position (d) of the mirror particle. Any two of these three
transformations. in succession give the third one. For instance, (d)
is the reciprocal position of (¢). This is illustrated in Fig. 8, where one
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particle is represented by a doll with her left hand up and the mirror
image by a doll with her right hand up.  In all four parts of this illustration
the incident light is thought to come from below and the scattering angle
is 45° (as in Fig. 7). The corresponding amplitude matrices, all for
scattering in the same direction, are in this order:

(@) (6) () ()
(82 83) ( S, _34) ( S, —Ss) (Sz 34).
S; 8 —8; 8 -8y 8 S; 8

These transformation properties will be accepted without detailed
proof. The proof of the transformation (a)—- (c} is simple, because,
apart from the change of sign of one coordinate, it is the same scattering
problem that has to be solved. The transformation (@) = (b) 18 the
reciprocity théorem for vector waves. It is a natural extension of the
reciprocity theorem for the scattering of scalar waves. Blatt and
Weisskopf (1952) prove this theorem by means of an inversion of the
time and a resolution of the ingoing spherical wave into plane waves.
Morse and Feshbach (1953) prove it from a variational principle for
the scattered amplitude. The vector theorem may be proved along
similar lines. An indirect proof may be based on the reciprocity theorems
for antennas by considering the reciprocity of a four-terminal network
consisting of two antennas communicating via the scattering particle
(Silver, 1949). A direct proof was formulated by Saxon (1955). Finally,
the transformation (z)}— (d) follows by successive applications of the
two others.

We now shall make certain assumptions about the distribution of
particles among these positions. Each set of assumptions is denoted by
a number from 1 to 13. Four sets of assumptions lead to certain sym-
metry properties of the matrix F for arbitrary 6. The resulting forms
have been derived by the method explained in sec. 5.21, but all details
of the derivation are omitted.

1. The cloud contains one kind of particles. For each particle
in one position a particle in the reciprocal position is found. Adding
the matrices F of (@) and (b) we find a matrix of the following symmetry:

& by bs b
b1 %2 by e 10 parameters.
—b, ~—b, ag by

2. The cloud contains particles and their mirror particles. For any
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particle in position (¢) a mirror particle in position (¢} is found. The
resulting matrix F is:

a, b, 0 0

° 2 0 8 parameters.
0 0 Qg 9

0 0 Cy a,

3. The cloud contains particles and their mirror particles. For
any particle in position (@) a mirror particle in position (d) is found.
This is a very artificial assumption. The matrix F becomes:

by P2 Z % 1 10 parameters.
by b, ag by

4. The cloud contains particles and their mirror particles, while
any two of the preceding assumptions are made. The third one follows
automatically so that there are equal numbers of particles in positions
(a), (b), (c), and (d). The resulting matrix F has the form:

ay by 0 0

b1 2 0 6 parameters,
0 0 ag 2

0 0 —by @y

5. The cloud contains one kind of (asymmetric) particles with random
orientation. The assumptions of 1 are then fulfilled and the symmetry
is, as in that case, 10 parameters.

6. The cloud contains particles and their mirror images in equal
numbers and in random orientation. Or: the cloud consists of particles
that have a plane of symmetry and are randomly oriented. This
assumption includes the set of assumptions of 4 and the symmetry
is, a8 in that case, 6 parameters.

5.3. Symmetry Relations for § = 0° and 180°

The scattering angles 6 = 0° and 180° call for a separate discussion.
An angle 0 close to 0° means scattered light propagated in nearly the
same direction as the non-scattered light; this we usually call “forward
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scattering.” The angle 6 = 180° describes light being scattered back
into the direction of the primary source; this we call “backward scattering.”
It may be noted that a different terminology is often adopted in the
older literature. The supplement of § is there defined as the scattering
angle, and even the terms forward and backward are sometimes employed
in the reverse sense.

The peculiarity of both § = 0° and 6 = 180° is that there is not one
particular plane of scattering. Any plane through the axis (the co-
incident directions of incident and scattered rays) might be considered
as the plane of scattering. So, according to the convention for other
angles, any plane through this axis may be chosen as the plane of reference
with respect to which the amplitudes and the Stokes parameters of the
incident and scattered beams are defined.

The possibility exists that for some physical reason, e.g., gravitation,

.or a magnetic field, one particular plane through the axis is preferred
and acts as a plane with respect to which the distribution of orientation
of the particles shows certain symmetry properties. We exclude this
possibility in the present section, for the various formulae of the preceding
section then hold without change.

5.31. Forward Scattering

Let one particular plane be chosen as the plane of reference and let
one particular orientation of the particle be chosen as the initial position
(@). The scattering matrix in this situation (a) is again denoted by 8,
8y 8
S, &
defined in sec. 5.22, thefe now is an infinity of positions of the particle,
in which the scattering matrix may be expressed in the same elements.
These positions originate from one of those by rotating the particle
around the axis by an arbitrary angle ¢. The same transformation of
the scattering matrix results if the particle is kept fixed and the plane
of reference rotated by the angle @ in the reverse direction.

Rotation of the plane of reference over an angle @ changes the diad of
the amplitudes (E,E,) of a certain beam of light in such a way as corre-
sponds to the multiplication of this diad by the matrix

and its elements are ( ) Besides the positions (b), (c), (d),

¢ s _
R*’:(—s c), where ¢ = cos ¢, s = sin g.

The angle ¢ is called positive when the direction is clockwise as viewed
in the direction of propagation of the beam. This rule has to be applied
twice, because the plane of reference is rotated both for the incident and
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the scattered waves. The result is that the matrix 8 is replaced by
the matrix R, 8 -R__, which has the elements

( ¢S, + c883 + csS, + 628, —os8, + 28, — 29, + csSl)
—csSy — 8285 + A8y + cs8;, 28, — 88, — esS, + 8,/

Similar, but slightly more complicated, transformation properties
hold for the 4 X 4 matrix F.

One assumption which gives rise to a simplified matrix is the assump-
tion of rotational symmetry in the cloud. By this we shall understand the
assumption that the distribution of the particles in all possible orientations
does not change if the entire cloud is rotated about the axis. This
means that with any particular orientation (a) a large number of other
orientations (a’) occur that originate from (a) by rotation about the axis
over an angle ¢, and that the angles @ are evenly distributed in the interval
0 to 2. The rotational symmetry thus refers to a property of the distri-
bution of orientation in the cloud, not to a property of the individual
particles.

If we do not wish to assume symmetry relations with respect to a
preferential plane through the axis, the positions (b) and (c) of the pre-
ceding sections are not uniquely defined if (a) is given. The position (d)
is uniquely defined, however, for the “bisectrix plane” is here the plane
perpendicular to the axis. So only the set of assumptions (3) of sec.
5.22 is meaningful for 6 = 0, and the result is the same. The assumption
of rotational symmetry may be made alone (case 7) or in combination
with' any of the preceding sets of assumptions (cases 8 to 11). The
assumption (2), for instance, is meaningful when combined with rota-
tional symmetry because it means that equal numbers ocour when
mirrored with respect to any plane through the axis. The complete set
of possibilities for # = 0 is now as follows.

3. Particles and mirror particles in equal numbers. For any particle
in one position a mirror particle is found in the position that originates
from reflection with respect to a plane perpendicular to the axis. This
assumption is identical with 3 in sec. 5.22, and the final matrix has, as
given there, 10 parameters.

7. There is one kind of (asymmetric) particles in the cloud. Only
the assumption of rotational symmetry is made. The combined matrix F
is

ity 0 0 by
0 %2 Z 0 6 parameters.
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8. There is one kind of (asymmetric) parvicles. The assumption
of rotational symmetry is combined with the set (). This means that
equal numbers of particles occur “upside down,” i.e., in the reciprocal
position. Result:

a, 0 0 b

0 T2 Z 5 parameters.
0 —b, a,,

by 0 0 a,

9. Particles and mirror particles occur in equal numbers. Rotational
symmetry is combined with set 2. This means that for any particle

there is a particle which is its mirror image in any plane through the axis.
Result:

a; 0 0 0

0 2 0 0 3 parameters.
0 0 @y 0

0 0 0 a,

10. Particles and mirror particles occur in equal numbers. Rotational
symmetry is combined with set 3, the assumption of mirror symmetry
with respect to a plane perpendicular to the axis. Result:

ay 0 0 b
0 P2 0 4 parameters.
0 0 a,

—b, 0 0 a,

11. Particles and mirror particles occur in equal numbers. The
assumption of rotational symmetry is combined with set 4, ie., with
all the previous assumptions. Result: The matrix F is not simplified
beyond the form already obtained in 9. There are 3 parameters.

12. Random orientation for one kind of asymmetric particles. Result
ag in 8. There are 5 parameters.

13. Random orientation for particles and mirror particles in equal
numbers, or for particles that are their own mirror image. Result as in
11 or 9. There are 3 parameters.

5.32 Backscatter

The situation for == 180° resembles the one for § — 0° in many respects.
Again the scattering plane is indeterminate; there is one “axis” along
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which the incident radiation travels in one direction, the scattered
radiation in the reverse direction. Rotation of the plane of reference
over an angle @ changes the diad (£,, E,) as before but requires the matrix
8 to be replaced by R_,8R_,,, which has the elements

(0282 +c88; — cs8y — 5288, — 88, + ¢S, + 29, — csS, )
088y + 8283 + *Sy + 88, - 528, 4 cs8; — esS, + %8,

Again, similar transformation properties hold for the 4 X 4 matrix F.

Before we apply these formulae to various assumptions about the
distribution of particles over all possible orientations we have to note
one very curious theorem. Although the plane of scattering is indeter-
minate, the bisectrix is uniquely determined for 6 == 180°. This bisectrix
coincides with the incident and scattered beams, ie., with the line
joining the particle and the primary light souree. So a rotation of 180°
about this bisectrix, which puts the particle in the reciprocal position,
18 also a rotation of 180° about the axis. The scattering matrix of the

S, —8
2 4) according to the reciprocity
—83 8

principle and unchanged according to the rotation formula. Since
these two matrices must be the same, the theorem follows that the
scatlering matriz of an arbitrary particle referred to an arbitrary plane
of reference has for § = 180° the property Sy + 8, = 0. We shall farther

S, 8
write the matrix for 0 = 180° in the form ( % 3) .
“—Sa S1

The enumeration of the various sets of assumptions that may bring
about certain symmetry properties of the final matrix F without intro-
ducing a preferred plane through the axis is now fairly simple.

Oa. Noassumptions made. The theorem just derived gives a matrix F
with symmetry of the type

particle in the new position is (

al bl b3 bé

b, ‘?2 by b 10 parameters.
—b3 _64 0'3 bz

b b —b, %y

lo. Assumptions identical with the ones made in set 1. Change
to the reciprocal position is just a rotation of 180° by which the matrix F
does not change. The result is the same as in 0q: 10 parameters.

Ta. Same assumptions as 7. The cloud consists of one kind of
{asymmetric) particles, and the assumption of rotational symmetry
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is made without any further assumptions. The resulting matrix F is

@y 0 0 by
0 T2 0 0 4 parameters.
by 0 0 Q4

8a. Same assumptions as 8. Matrix as in case 7a: 4 parameters.
11la. Same assumptions as 9 or 10 or 11, for one involves the other
when 6 = 180°. The cloud contains particles and mirror particles in
equal numbers. Rotational symmetry is combined with the agsumption

that any particle has its mirror particle with respect to any plane through
the axis. The matrix is

ay 0 0 0

0 2 0 K parameters,
0 0 —a, 0

0 0 0 a,

12a.  Random orientation for one kind of asymmetric particles. Result
asin 7a. There are 4 parameters.

13a. Random orientation for particles and mirror particles in equal
numbers, or for particles that are their own mirror image. Result as in
1la. There are 3 parameters.

5.4. Symmetry Relations for Dispersion and Extinction

The preceding sections deal with the intensities of the scattered light.
Throughout these sections we used the rule that the matrices F of the
individual particles must be added. This was based on the rule that
intensities may be added, which in turn depends on the assumption that
phase relationships between the waves scattered by different particles
may be neglected (sec. 4.22). Consequently, the symmetry rules derived
above for 6 = 0° strictly do not hold for 6 == 0°. They hold for angles
that are small enough to put the scattering matrix, for reasons of con-
tinuity, equal to the scattering matrix for § —= 0° (this requires < Ma,
if @ is the linear size of the largest particles) and yet large enough to
introduce sufficient phase shifts between particles at different locations.

5.41. Formal Results

In the strict case of 6 = 0° no scattered light can be observed, but
the scattered wave interferes with the original wave and gives rise to
a modified wave propagation. This was explained in detail in chap. 4.
- In the simple case of spherical particles this means that we can determine
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the phase velocity from the imaginary part of §(0) and the extinction from
the real part of S(0); see sec. 442, The wave propagation in the most
general case is governed by a matrix of 4 coefficients (sec. 4.41):

(82(0), 83(0))_
8:0),  84(0)

The big difference with the preceding sections is that the light is
scattered by all particles exactly in phase. Hence the components of the
matrix 8(0) and not those of the matrix F have to be added. The four

complex coefficients have 8 independent parameters (also the phase
is relevant). So we have:

0. No assumptions; symmetry of the form

b ¢
( d a) 8 parameters.

This is the most general combination of linear and circular birefringence
and linear and circular dichroism.

The symmetry assumptions that can be made are exactly the ones
made in the preceding sections. Addition of the matrices 8§ gives the
following straightforward results which are presented together with a
qualitative interpretation. The scope of this book does not permit a
detailed discussion. All effects can be read from the general propagation
formula given in sec. 4.41.

If a certain preferred plane through the axis exists it is taken as the plane
of reference and the symmetries are (compare sec., 5.22):

1: ( b c) 6 parameters.

—C @
All effects, linear and circular birefringence, and linear and ecircular
dichroism, are still present but related in a not too obvious manner.

b 0

2or4: (
0 ¢

) 4 parameters.

Only linear birefringence and dichroism, the type of symmetry is
destroyed if another plane of reference is chosen.

If no preferred plane through the axis exists an arbitrary plane may be
taken as the plane of reference (cf. sec. 5.31).

3: (b c) 6 parameters.

cC a

Interpretation again not very obvious. The type of symmetry, but not
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the values of a, b, and ¢, is preserved if another plane of reference is
chosen.

7 or 8 or 12: ( “ c) 4 parameters,
—c a

The type of symmetry and the values of the complex quantities a and ¢
are invariant against rotation of the plane of reference.

Applying a transformation matrix of this form to the diad (E,, E,) =
C(1, 4-%), that corresponds to right- and left-handed circular polarization,
we find that the circular polarization remains but that the factor C is
multiplied by a 4 4. This means circular birefringence and circular
dichroism. If ¢ = §8,(0) is a purely real number, only circular dichroism
exists. If ¢ =§4(0) is a purely imaginary number, only circular bire-
fringence exists; this effect is more commonly known as optical rotation
-of the plane of polarization.

0
% or 10 or 11 or 13: (g ) 2 parameters.
a

In this most simple case there is no birefringence or dichroism of any
kind. We may call it scalar propagation. The two parameters are the
real and imaginary parts of S(0), which according to secs. 4.3 or 4.42
define the extinetion coefficient and the refractive index of the medium
that is composed of the scattering particles. These two parameters are
the same for any state of polarization of the incident light, and this state
of polarization is preserved while the wave travels through the medium.
Full formulae for a medium consisting of spherical pdrticles are given in
sec. 4.42,

5.42, Summary

A medium of odd particles not randomly oriented can produce any
effects of linear and circular birefringence and dichroism mixed. Since
the particle as a whole is characterized by the scattering matrix 8 it
does not matter whether any asymmetry in 8 is caused by the shape
or the composition of these particles; e.g., linear birefringence is produced
by elongated particles of a homogeneous material as well as by spheres
of a substance that is itself birefringent.

In order to have linear birefringence we need at least case 2, i.., the
existence of mirror symmetry with respect to a preferred plane. Then
circular birefringence is excluded.

In order to have circular birefringence (optical rotation) we need at
least case 7, i.e., asymmetric particles (we may also say: optically active
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particles of one kind) and rotational symmetry in the distribution.
Then linear birefringence is excluded.

Random orientation leads to circular birefringence if the particles are
optically active and if there are not equal numbers of both kinds (case 12).
Random orientation gives scalar propagation if the particles are not
optically active or if equal numbers of both kinds occur together (case 13).

In general, linear dichroism occurs with linear birefringence and
circular dichroism with circular birefringence. This is because in general
the numbers §8,(0), 8,(0), 85(0), and §,(0) may have any complex values.
One further remark should be made, however. Most of the applications
are either in molecular physics or in the field of artificial composite media
for microwaves. In both cases the particles are likely to be small com-
pared to the wavelength. In this domain of the scattering theory the
matrix 8(0) has a special form that does not admit all the possibilities
noted above. Linear birefringence is quite easy to produce; linear
dichroism does not occur unless the particles are absorbing (they need
not be dichroi¢). Circular birefringence or dichroism does not arise
in the first approximation (Rayleigh scattering) and, therefore, is small
as long as the particles are small compared to the wavelength.
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PART II

Special Types of Particles

The basic theory of part I permits us to solve any secattering or
propagation problem if the four components of the scattering matrix

(SZ(QD: 6) S3(‘P: 9) )
Sy, 0) Sy(p; 6)

are known for each individual particle for the particular way it is oriented
in space.

The theory of part II permits us to calculate these scattering functions
for certain special types of particles. This part of the book has three
distinct divisions. The particles in chaps. 6 to 8 are special by their size
(or size combined with refractive index) and may have an arbitrary shape.
The particles in chaps. 9 to 14 are spheres and may have an arbitrary
size, The particles in chaps. 15 to 17 have other geometrical forms.






6. PARTICLES SMALL COMPARED TO
THE WAVELENGTH

The particles treated in this chapter may have arbitrary forms and they
are small compared to the wave length both outside and inside the
particle, as is specified more precisely in sec. 6.4.

6.1. Polarizability and Rayleigh Scattering
6.11. If the Polarizability Is a Tensor

The simplification introduced by the small size is that the particle may
be considered to be placed in a homogeneous electric field E;, which we may
call the “applied” field. The particle’s own field, caused by the electric
polarization of the particle, modifies this field both inside and near the
particle. The combined field will be denoted by E. Let p be the induced
dipole moment; then the electrostatic formula,

p = «E,,

is applicable. This relation defines a, the polarizability of the particle.
Since the dimension of E is charge per area and the dimension of p is
charge times length, o« has the dimension of a volume. In the case of
homogeneous bodies with volume V, we shall also introduce o', the average
volume polarizability, by « = &'V. The quantity «’ is dimensionless.

In general, o is a tensor. This means that the directions of p and E,
coincide only if the field is applied in one of three mutually perpendicular
directions. Let these directions by denoted by the unit vectors n,, n,,
andng. The particle is then characterized by the three tensor components
oy, &y, and a4 in such a way that any external field

E, = Em, + Egny + Egng
gives the dipole moment
P = o En, + a,Bon, 4 aFn,.

These formulae, known from electrostatic theory, hold without change if
the applied field is the periodic field of an incident plane-polarized wave:
Eoeiwt;

the induced dipole moment then is
pe™t.
The components of the polarizability tensor may be complex and may.
63
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depend on w. We may now repeat some well-known facts from electro-
magnetic radiation theory. The oscillating dipole radiates in all directions.
This is the type of scattering called Rayleigh scattering. Let a point P be
at a distance r>> A from the particle and in a direction that makes an
angle y with p (Fig. 9). The electric field of the scattered wave is
7 — k2p sin y o ikr
T

times the unit vector directed as the component of p perpendicular to the
radius vector.

The corresponding intensities of the inci-
dent and scattered radiation are (for gaussian
units, time average of the Poynting vector):

G c
IO=§TIE0|2, I:ngElz

p Integrating I over a big sphere we find that
the total energy scattered in all directions
per unit time is

W = ik |p|2,
and dividing this by I, we obtain the scattering cross section

Cro =5 7 a2

Fig. 9. Electric dipole
scattering.

where | «| ? is defined by

o = Bl + 82+ 02
and I, m, n are the direction cosines of E, with respect to the three main
axes of the polarizability tensor.

The directions appearing in this problem must be clearly distinguished.
The value of | ocl is determined by the orientation of E, with respect to the
particle; the direction of propagation of the incident light is irrelevant.
On the other hand, the angular distribution of scattered light is deter-
mined by the angle with p. The scattered intensity is 0 in the direction
of p but may have a non-zero value in the direction of E,, What is
expressed here in some sentences can also be expressed in formulae. The
intensity formulae for the most general case, in which oy, oy, and og are
not equal and in which the incident light is elliptically polarized or natural
light, are implicit in the derivation for particles with random orientation
in sec. 6.5.

6.12. If the Polarizability Is Isotropic

The situation becomes much simpler in the very common case that
%y = g = Ag(=at).
In that circumstance the directions of p and E, always coincide, and in the

-
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preceding formulae o may be considered a scalar. The angle v then is the
angle of a direction of scattering with E,. If 6 is the scattering angle as
before, the perpendicular component (r-component) has y = 90°, the
parallel component (I-component) has y = 90° — 6. So the scattered
field just derived is obtained by the scattering tensor (sec. 4.41):

(82 S3) i (cosf) O)‘

Fig. 10. Rayleigh scattering: polar diagram of scattered intensity if

incident radiation is unpolarized, 1 = polarized with electric vector

1 plane of drawing, 2 = polarized with electric vector in plane of
drawing, 1 + 2 = total,

We may also go directly to intensities and find, for instance, for incident
natural light with the intensity I, the scattered intensity

(1 4 cos® 6)k4|oc|2I

I= 22 o

The term 1 comes from §,(f) and corresponds to the r-component (electric
vector perpendicular to the plane of scattering), and the term cos? § comes
from S,(#) and corresponds to the I-component of the scattered light
(electric vector parallel).

Figure 10 illustrates this formula by the well-known scattering diagram.
The solid line denotes the total intensity, the dotted lines the intensities of
the polarized components; the light scattered by 90° is fully polarized in
the r-direction. Although this diagram is commonly referred to as fhe
diagram for Rayleigh scattering, it may be noted that it holds only if the
incident light is natural and the particles are isotropie (« a scalar). For
anisotropic particles the 90° scattering is not fully polarized (sec. 6.52).
The formulae for incident light of arbitrary (partially elliptical)
polarization may be read from sec. 4.42.



66 SPECIAL TYPES OF PARTICLES

6.13. Absorbing Particles

Absorbing particles are characterized by complex values of the
polarizability. In the simple case that o; = &, = «; = a, the amplitude
function for 0 = 0 is the scalar

8(0) = ik%a,

so that by the general relation of sec. 4.21 we find

s = 47k Re (ic).

A small correction is needed here. The general relation just used should
give the extinction cross section, which includes scattering as well as
absorption. The fact that the result is 0 if we substitute a real value for «
shows that scattering is not yet included. This is due to the fact that we
have neglected radiation reaction on the oscillating dipole. This reaction
actually causes a small phase lag of p with respect to E, even if the particle
is non-absorbing. The simplest way to compute the scattering cross
section is to integrate the scattered intensity over all directions, as was
done in sec. 6.11. The total extinction cross section is

Oea:t = Csca + Oabs’

where C,, follows from sec. 6.11 and C,,, from the formula given above.
If we should like to obtain C', ,, at once from the general extinction formula,

we should use the more refined formula for 8(0) that includes the radiation
reaction:

2
S(0) = i%a: + - ko

A fuller inquiry into the higher-order terms may be made by means of the
rigorous theory for spherical particles for which series expansions are given
in secs. 10.3 and 14.21. This shows that the second term of S(0) given
above is indeed the first real term if « is real but imaginary terms of the
order of k% are also present.

Tt is important to observe that, if o is not dependent on A, the scattering
is proportional to A'V2, absorption to A1V. For very small particles
(V — 0) the absorption, if present at all, tends to be the stronger effect.

The more general case in which « is a tensor involves no fandamental
difficulties. Generally §(0) is replaced by a tensor of four components, and

the medium of such particles may be dichroic. Full details may be taken
from sec. 4.41.
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6.2. Some Simple Applications
6.21. Determination of Size and Number

The emphasis in sec. 6.13 was on the extinction. If we consider a
medium consisting of small scattering and absorbing particles, and if,
according to the theory of sec. 4.3, we write the complex refractive index
of the medium as

m=n—in,

the extinction effect is expressed by »’. The real part of the refractive
index n (which is the same as m for non-absorbing particles) is just as
important. In fact when before 1850 Thomson, Mosotti, and others
started to devise models for the refractive index of a medium (like a gas or
a fluid) they had exactly this picture in mind: a medium consisting of
small scattering particles. The relation of our formulae to the classical

formulae of molecular optics has been explained in sec. 4.5. Under the
" very simplest condition, that the particles are small and far apart, the
refractive index is given by the formula (III) that may be derived from
either theory. If, in addition, « is supposed to be real we have

n =1+ 2maN.

Here an important comment must be made. The scattering diagram is
similar for all particles with sizes <€ 4. So it is impossible to infer the size
of the particles from the form of the scattering diagram. The intensity of
the scattered light is proportional to the (unknown) number of particles
per cm3, N, so that it is in itself also insufficient for a determination of size.

Fortunately it is possible to combine two effects. Measurements of the
scattering (under 90°, or integrated over all angles) give the quantity
Na?, Measurements of the refractive index of the medium give the
quantity N«. Thus we can find N and « separately. The problem is then
solved, for knowing N and the density of the medium we find at once the
mass of one particle. Or knowing « and the composition of each particle
we find at once the volume, to which « is, in general, proportional.

The principle outlined above is the basis of a good number of practical
applications. It has been applied for a long time for determining the
number of Avogadro from the light scattered by an ideal gas (e.g., air)
of known refractive index (sec. 6.53). It has more recently been revived
as a powerful method (the Debye method) for determining the molecular
weight of high polymers and simpler molecules (sec. 19.12). The detailed
procedures and formulae must be omitted here.

It is important to note in the present context that similar methods eanbe
applied with exactly the same ease and accuracy in any medium of small
solid particles or droplets, provided that the wavelength is sufficiently
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large compared to their size. Since « is proportional to the volume V
of one particle, the refractive index = depends (in this approximation)
only on the volume concentration NV, independently of the size of the
particles. But the scattering for a given volume concentration is more
effective the coarser the particles are.

6.22. Particles with Refractive Index Close to 1

The dipole moment p of a solid particle in an electric field is equal to
p=[PdV,

where dV is a volume element of the particle and P the polarization per
unit volume, which at any point inside the particle is given by

P = (m? — 1)(E/dn),

where E is the electric field and m the complex refractive index at that
point. This is a direct consequence of Maxwell’s equations. The
complication of the problem is that E in turn depends on the polarization of
the particle. This complication does not oceur if m is close to 1 throughout

the particle. The actual field E can then be put equal to the applied
field E;, and we have

1
— 2 Vv
a=— f(m 1ydv.

If in addition the particle is homogeneous,
o = (m® — 1)(V/4m).

Both results are independent of direction (« is isotropic) and hold for

particles of arbitrary form. The resulting cross sections according to
secs. 6.11 and 6.13 are

Cpos = —kV Im (m? — 1).

The formula m? = ¢ — 4nig/w (secs. 9.12 and 14.1), where w = ke,
¢ ~ 1, and y = 4no/c under the conditions of this section, reduces the
latter expression to 0, = 4moV/c = pV. Thisresult follows also directly
from the Joule heat developed in the particle.

In all the formulae for m close to 1 we may replace m2 — 1 with 2(m — 1)
to the same degree of approximation. In particular we have for the
entire medium

m=1+ {m—1)NV
(compare secs. 4.5 and 6.21).
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6.23. Free Electrons

Another very simple application is the action of free electrons. A free
electron (charge —e, mass m) exposed to an applied oscillating field E,,
cirenlar frequency w, radiates as a dipole p = aB,, where

—e?
*= ma®
With @ = kc this gives
87 et
Croa =5 * 33 = 067 X 10-% cmn?

and

- 2me2N

n=1— .

maw?

. The first result is the rigorous expression for the Thomson scattering
coefficient; it is independent of wavelength because the dependence of «
on w cancels the k* in the general formula. The second result is the
approximation (for z close to 1) of the more general Lorentz formula for a
gas of free electrons, which is

4meiN

2 —1 —
nit =1 5

maw

Two remarks may be made:

(z). 'This is not the only example in which » is smaller than 1 and the
phase velocity is larger than ¢. It ocenrs quite often for media con-
sisting of particles with the sizes of the order of A, viz., whenever the
imaginary part of 8(0) is negative.

(). Bound electrons scatter light as “‘virtually free” electrons when
the frequency is very large. This occurs in X-ray scattering. The result
is that most media have a refractive index for X-ray scattering which is
close to 1 but very, very slightly below it. Consequently, if we want to
compute the X-ray scattering by a solid particle, the relevant formula are
virtually always those of chap. 7.

6.3. Spheres and Ellipsoids

The only non-trivial case in which the polarizability of a particle can be
computed by elementary means is that of homogeneous spheres and
ellipsoids. For such particles the counter field due to the polarization,
and, consequently, also the total field E are constant inside the particle.
We refer to other books for the full derivation and simply quote the
results and some numerical data.
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6.31. Spheres

Lorentz had derived that spheres with radius @, volume V, have

3(m? — 1) m2 — 1 N
o = = ad,
dm(m? -+ 2) m2 4 2

independently of direction. Direct substitution into the formulae of
secs. 6.11 and 6.13 gives €, , and C,,, and, dividing by 7a?, we find the
efficiency factors (x = ka):

me—1
m? 4 2

8
=
3

)

sca

2 2 __
3 Qabs = —4z Im {m } '

These are the first terms of series expansions derived in secs. 10.3 and 14.21.
The special case of very large m gives

8 8
o = ad, 0———-?—’71'@6’04, Q=§m4.

See sec. 10.61, however, for totally reflecting spheres (m = o0). The
special case of m close to 1 gives

8x
2’ Qabs: — —Im (m - 1)

32
aca 27 I 3

6.32. Ellipsoids

If B, is applied along one of the main axes (j = 1, 2, 8) of the ellipsoid,
E is given at any point inside the ellipsoid by

E—_—Eo_Lj'47TP,

where the L, are three factors depending on the ratios of the axes.
Combining this equation with the second one of sec. 6.22, we can eliminate
E and find

This results in the equation:

vV 1
=L, +

b

drra; me — 1

which gives the three main values a,, ,, oy, of the polarizability tensor.
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For an arbitrary ratio of the semiaxes, a, b, and ¢, we have

I — on abe ds
1 0 2(8 + a2)3/2 (8 _}_ b2)1/2 (8 + c2)1/2

and the same formula, with eyclical changes, for L, and L,. The relation

L+ Ly+ Ly=1

always holds. Spheres have L = }, independently of direction, from
which we find the formulae of sec. 6.31. Further special formalae for the
values of L are collected below.

Spheroids (b = ¢)
prolate (@ > b):

1 — e? 1 1
e? =1— (b%/a?), L,= - ¢ (—1+£1n1i2)'

oblate (@ << b):

fi= (e —1, L,=—— (1 —j—]; arc tanf) .

a close to b, oblate or prolate:

1 4b—a

1_3T3a

Numerical values are found in Table 1.
Flat elliptical disk (both b and ¢>>> a):

L,=1, L,=L;=0.
Long elliptical cylinder (both b and ¢ << a):

c L= b '
b+ec b+c¢

For ellipsoids not belonging to these special classes L,, L,, and Ly may be
found by numerical integration or may be read from graphs prepared by
Osborn (1945). Sometimes, however, interpolation is easier and just as
accurate. Table 2 is a self-evident example of such an interpolation. A
rule, sometimes useful, is that approximate answers ({;, Iy, I3) are obtained
from

L, =0, L,=

L+, +l=1,
I, 2 1, ly=1fa:1/b: 1fe.

. The errors I { — L| are <<0.036 in all cases.
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Table 1. Values of L for spheroids, b = ¢

Prolate Oblate
bla L L, =L, afb Ly Ly, =1L,
0 (rods) 0.000 0.500 0 (disks) 1.000  0.000
0.2 0.056 0.472 0.2 0.750  0.125
04 0.134 0.433 0.4 0.588  0.206
0.6 0.210 0.395 0.6 0.478 0.261
0.8 0.276 0.362 0.8 0.396  0.302
1 (spheres) 0.333 0.333 1 (spheres) 0.333 0.333
Table 2. Example of interpolation
a b ¢ L, L, Ly
Elliptical disk 1 3 0 0.000 0.000 1.000
Prolate spheriod 1 3 1 0.445 0.110  0.445
Interpolated 1 3 2 0.579 0.157 0.264
Oblate spheriod 1 3 3 0.636 0182  0.182
Elliptical cylinder 1 3 o 0.750  0.250 0.000

The scattering and absorption cross sections are, finally, found b»
computing o, oy, and «y from the equation in the beginning of thi
section and by substituting these values into any of the equations of sec
6.11 or 6.13. The formulae hold for real and complex values of m alike.

Table 3 shows the formulae of the polarizability for some values of L
and their numerical values for some m. These numbers show how strongly
the polarizability and, therefore, the scattering efficiency of a small particle
depend both on its refractive index and on its form. Strongly elongated
spheroids (needles) have L = 0 along their length and L = } across; flat
elliptical disks have L = 1 for a field applied perpendicular to their plane

and L = 0 for a field in their plane.

Table 3. Representative values of 4o/ V

m=20 m=15 m=125 m arbitrary
L =0 3.00 1.250 0.562 m? — 1
3 (m?2 —1)
L=} 1.50 0.882 0.474 w2
z 2 (m2 — 1)
=} 1.20 0.769 0.439 T
(m® — 1)
L =1 0.75 0.556 0.360 S —

m2
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A numerical example may illustrate the use of these formulae. Let
plane-polarized radiation fall perpendicularly on a needle, of which both
length and width are small compared to A. The scattering cross section
will then be strongest if the electric field is along the needle and weakest
if it is perpendicular to the needle. For a very elongated needle the
ratio of the scattering cross sections is as (3/1.2)2 = 6.25 for m = 2 and as
(0.562/0.439)2 = 1.64 for m = 1.25. If, however, the needle is metallic,
the refractive index is complex, e.g. m =
1.27 — 1.37.. Then m? — 1 = —1.27
— 83.484 and 47a/V = —1.27 — 3.48: for
a field along the axis (L = 0) and 47a/V
= 1.77 — 1.10s for a field across the axis
(L = 1). The ratio of the absorption
cross sections then is as the ratio of the
imaginary parts, i.e., as 3.48/1.10 = 3.16.

6.33. Ellipsoids of Anisotropic Material

Clark Jones (1945) has discussed the
extension of these results to ellipsoids
of anisotropic material. Two tensors g, 11. Sphere covered with
appear in the equations, viz., L (with spherical shell of different material.
main axes coinciding with the main axes
of the ellipsoid and with principal values L, as defined above) and ¢, corre-
sponding to our m?, whose orientation depends on the axes of the material
(e.g., & crystal) from which the ellipsoid has been cut. The fundamental
equations are

E=E,— L-4nP,
47P = (¢ — 1)E.
As for isotropic materials, the P appears to be a constant so that
p = PV = oE,, where « is again a tensor. Elimination of E gives an

explicit expression for «, which is complicated if the orientations of the
ellipsoid and of ¢ are not related. Elimination of P gives

E, = {1 + L(c¢ — 1)}E.

6.34. Spherical Shells
Recently the problem of a sphere covered with a concentric spherical
shell of different material has received some attention. Let (Fig. 11)
e=g¢g  for 0<r <gqa,
£ =& for ga <r <<a,

e=1 for r > a.
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The polarizability « of such a body is not readily found in the literature,
although it is very likely that somebody has solved this problem before.
The solution is implicit, however, in the full solution for the scattering of
electromagnetic waves of arbitrary wavelength by a body of this type (see
sec. 16.1). From Giittler (1952) the expression of the coefficient ¢, may
be copied. By a comparison of the formulae of secs. 6.12 and 10.3 we have
in the case of a size small compared to the wavelength:

3
81(0) = 85(0) = 1k o0 = 5 a,2%,

where x = ka. So the value of « is found. The result is:

3 (ea = ey + 265) + (26, + 1)(e, — &)
(g5 + 2)(g; + 28,) + (26, — 2)(g; — &y)
In the special cases, g = 0, or g == 1, or &, = &,, or &, = 1, this expression
reduces to the one for a homogeneous sphere. In the case of g, = 1,
gy = g, l.e., a hollow spherical shell, it may be rearranged to

g U—Pe—Deet+l
(I — ¢®){e + 2)(2e 4 1) + 9¢%

Table 4 gives some numerical values when ¢ = 81 (water at very low
frequencies). The table shows that a hollow water shell with a thickness
one-fifth the outer radius has a polarizability that is only 5 per cent lower
than the polarizability of a solid water sphere with the same outer radius.
The polarizability is half that of a solid sphere when the shell thickness is
2 per cent of the radius.

Table 4. Polarizability of a hollow shell with ¢ = 81

q 'k afa®

0 0 0.964
0.464 0.10 0.959
0.585 0.20 0.950
0.670 0.30 0.942
0.737 0.40 0.930
0.794 0.50 0.914
0.843 0.60 0.894
0.888 0.70 0.851
0.929 0.80 0.794
0.965 0.90 0.648
0.980 0.94 0.521

0.990 0.97 0.352
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6.4. Conditions for Rayleigh Scattering; Small Particles with m = 0

So far we have made the obvious condition that the external field could
be considered as a homogeneous field:

(@) size €< Af2r  [sphere: 2 <& 1].

However, a second condition is needed for Rayleigh scattering. The
applied field should penetrate so fast into the particle that the static
polarization is established in a time short compared to the period. The
velocity inside the particle is ¢/m. So the further condition is:

(6) |m]-size <€ A/2mr  [sphere: |mz| < 1].

Since the wavelength inside the particle is A/m we may express this
condition also in this form: The size should be small compared to the
" wavelength inside the particle. If (a) is fulfilled and (b) is not, we are in
the “‘resonance region.” Here the inner field is not in phase with the
external field. Waves penetrate slowly into the particle and may give
rise to various systems of standing waves. Besides the electric dipole
radiation we have magnetic dipole radiation and quadrupole radiation,
etc.; each of them comes into resonance at well-defined values of the ratio
of size to wavelength. This resonance is connected with the proper modes
of vibration of the particle. No general theory for ellipsoids in this case
has been developed. The resonance effects for spheres are discussed in
secs. 10.5 and 14.31.

If |m| is very large, the opposite of (b) may be true while assumption
() still remains true. This means that the field hardly penetrates at all
into the particle. The reason is most often a conductivity so large that
the “skin depth” (sec. 14.41) is small compared to the radius.

In the limit of m = co the body is a perfect conductor and the internal
field is 0. This condition has often been chosen as a practicing example
for its simplicity. Such “small, perfectly condueting” particles, however,
are not representative for the small particles treated in the other sections
of this chapter. They are not included in the assumptions made, as the
particle size is not small compared to the internal wavelength. A separate
theory is, therefore, needed. A somewhat detailed derivation for spheres
is given in sec. 10.61. The scattering consists of electric dipole and
magnetic dipole radiation. The analogous problem for homogeneous
ellipsoids (including spheres) may be solved in a formal manner, as follows.

Let both the electric and the magnetic field of the incident wave be
oriented along a main axis of the ellipsoid and let the corresponding
numbers L (sec. 6.32) be L,and L,,. The electric polarizability is, by the
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substitution of m? = oo into the formula of sec. 6.32,

V
dnL,’

Using the rule in the footnote on p. (sec. 9.11) 115 we have, with u=0,
a similar equation for the magnetic polarizability:

R 4
Sy —

¢ - component

Y 6-component

Ey

Fig. 12. Orientation of vectors in combined electric and magnetic
dipole scattering by small, conducting ellipsoid.

Figure 12 shows part of the surface of a sphere centered around the
scattering particle. Here E,, H,, and F represent the directions of the
electric field, the magnetic field, and of propagation of the incident wave.
An arbitrary direction described by the angles 6, ¢ may also be character-
ized by the angles made with the electric and magnetic dipoles, y and g,
where

cos y = sin 6 cos ¢, cos § = sin O sin ¢,

The fields radiated by the electric dipole and the magnetic dipole,
respectively, are

E,=H,=Cuasiny
E,=H, =Coa sinp,
with € = E k%1 exp (—ikr). With omission of the phase factor and

taking account of the fact that o is negative, they are oriented as shown:
E, points towards E, and H,, points away from H,, Decomposing and
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adding the §- and ¢-components (in the sense shown by the figure) we
obtain
E, =Cloecos 6 + &) cos ¢

B, = —C(a + &' cos §) sin ¢,

@

by which the intensity and state of polarization of the scattered radiation
is determined. The intensity is

It
I= % [#2(1 — 8in? 0 cos? @) + a'%(1 — sin2 B sin? @) + 2aa’ cos 6].

Upon integration we find the scattering cross section

Csca = §3Z k(a2 + c'¢’2)'

The formnulae for spheres (sec. 10.61) may be derived from these equations
by putting o = a3, o’ = —4a® Those for a very flat spheroid (disk)
with normally incident radiation (sec. 16.22) are fonnd by putting
« = 4a®[3#7, o/ = —ca?/3 = negligible, where a = major semiaxis and
¢ = minor semiaxis.

It is interesting to note that any perfectly conducting spheroid
illuminated by linearly polarized radiation with H // axis has the same

scattering diagram as a perfectly conducting sphere, since such a spheroid
always has o = —}a.

6.5. Small Particles with Random Orientation

This section deals with the scattering by a clond consisting of many small,
identical particles that are oriented at random. Not much explanation is
needed. The calculation for one particle with a given orientation follows

from the theory of sec. 6.11; the combined effect of many particles is
found along the lines of chap. 5.

6.51. Scattering Matrix for One Particle

A small particle is characterized by the three main components of its
polarizability tensor, o,, oy, and a,. Its orientation in space is charac-
terized by the three mutually perpendicular unit vectors n,, n,, and
n; that denote the directions of the three axes corresponding to these
values of the polarizability.

Let the direction of propagation of the incident light be in the z-direction
and let the direction in which we wish to find the scattered intensity be in
the ZOY plane (see Fig. 7, sec. 5.22). We denote by n,, n,, n, the unit
vectors in the direction of the axes and by 0 the usual scattering angle.
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The vector pairs, with respect to which the state of polarization is
described (sec. 5.22), are

(10’ 1‘0) = (ny’ nx)
for the incident wave, and
(L) = (n, cos § —m,sin 6, n,)

for the scattered wave.

The electric vector of the incident light is written in the most general
manner as

EO = EOlny + Eﬂrna:
By means of the linear relations,
D, = €110y + Cyolly | €yl
D, = Cyyly + Cgplly - CagNg
D, = €330y + €33Ny + CyaMy,

this can be written in a form suitable for applying the theory of sec. 6.11.
The induced dipole moment p is then found and, finally, its rectangular
components by multiplying p by n_, n,, and n,. The resulting values are

Py = Eo Py + By Py
Py = B, Py + By Py,
P, = By Pyy + By Py,

where the constants P stand for
Py= Py = ;004 + Ciolras —+C;3Cxals.

The electric field E of the scattered wave is the component of p
perpendicular to the radius vector, multiplied by the form

ke~ %[y,
By our general convention E has to be written in the form
E =En,cos§ —n,sinf) + En,.
Consequently:

E, = (p, cos 6 — p, sin 0) k2%~ *rjp
Er = pxk2e—ik7/r.

This completes the formulae by which E, and E, are expressed as linear
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combinations of £, and E,,. The transformation matrix in the notation
of sec. 4.41 is

(82 Sa) _ (P22 cos @ — Pyasin ), P,,cos 0 — Pygsin 6) .
8y 5 Py : Py

This matrix expresses in a quite general way the scattering of any kind
of polarized light (including elliptical polarization) by a small particle in
any orientation.

6.52. Scattered Light and Depolarization Factors

In order to find the combined effect of all particles, we have to compute
the transformation matrix of the Stokes parameters, following the formula
of sec. 5.14). Its elements contain products of the elements shown above.
These products are quadratic in P, i.e., of the fourth degree in the ¢, and
of the second degree in the a’s. Of these products we have to take the
averages for all possible orientations of the particles.

It is clear for symmetry reasons that many of the products give a zero
average. The only types of expression of the fourth degree that do not
vanish are

¢, (fourth power of a direction cosine) av. = 1/5

¢3,¢%, (squares of cosines in same row or column) av. = 1/15

¢3,63, (squares of cosines neither in same row nor in same column)

av, = 2/15

€11€19C21C9 (cOmmon elements to two rows and twe columns)
av. = —1/30

The derivation of these averages by means of the Eulerian angles may
be omitted. It is also clear for symmetry reasons that only two expres-
sions of the second degree in « are left. We shall denote them by

15 4 = ojof + op0f + aged,
156 B = § {&j0 + ap00f + atzo®

+ ot - oz + “10‘3:}’

where the possibility that the «’s may be complex is taken into account
+ {asterisks denote conjugate complex values). A and B are real.
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It follows that we retain only the following products of factors P
with non-zero average values:
PP}, P, P}, P, Py, av, value = 34 + 2B.
Py, PY,, Poy Pl PyyPY,

av, value = A + 48B.
Pyy Py, PagP, PuP;a,]

Straightforward substitution in the transformation matrix (sec. 5.14)
now gives the scattered intensity per particle in the cloud:

I 44 + B — }(24 '+ 3B)sin20, —}(24 + 3B)sin2f, © 0O I,
el & — 3(24 + 3B)sin?0, (24 + 3B)(1 — }sin?f), 0 © Qs
vl 0 0 (24 + 3B)cosf, 0 U,
4 0 ¢ 0 5Bcasl/ "\V,

The matrix is the matrix F defined in sec. 5.13 and used throughout the
further sections of chap. 5. The symmetry relations are seen to be
fulfilled. The form found above has the symmetry

of case 6, sec. 5.22, for arbitrary 0,

of case 13, sec. 5.31, for 6 =0,

of case 13a, sec. 5.32, for § = 180°.

It has been customary, however, in this case to use the matrix F’,
defined in sec. 5.14. The relation then is

I, (24 + 3B)cos? + A — B, A — B, 0 0 I,
Ll # A4 — B, 34 + 2B, 0 0 I,
vl  n 0 0 (24 + 3B)cosh, 0 U,
14 0 0 0 5Bcos@l \V,

This formula contains the complete information on the intensity
and polarization of the scattered light when the incident light has an
arbitrary state of polarization. Two simple cases are (both in the
I,1., U,V representation):

1. Incident light is natural light (3Z,, 11,, 0, 0,). The light scattered
at 6 = 90° has the parameters

042 (24 — 2B,44 + B, 0, 0),
i.e., partially plane-polarized with the ratio of the intensities I,/ equal to

_ 24 —2B
"~ 44+ B

2. Incident light is plane-polarized in the r-direction, so that its
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parameters are (0, Iy, 0, 0). The light scattered at 6 = 90° is represented
by
I 42 (4 — B, 34 + 2B, 0, 0)

and the ratio of intensities is

, A—B
34+ 2B
The quantities A and A" are the depolarization factors;! they are related by
2A7 A
= me—— A’ —_——
14+ A — A

Both are 0 if the polarizability is isotropic and they have the maximum
values A =1/2, A" = 1/3, if the particle can be polarized in only one
direction.

" These formulae are most frequently used for scattering by single
molecules; values of A for many molecules are, e.g., given by Stuart
(1936). Secattering measurements permit the determination of only one
relation between the three polarizability values, «;, o, and «;. A
quite different experiment (Kerr effect) is needed to determine a second
relation. The third combination is given by the measured value of the
refractive index (see below).

6.53. Transmitted Light, Refractive Index, and Extinction

The plane wave transmitted by the medium suffers a change in intensity
(extinction) and phase (refractive index) according to the general formulae
of chap. 4. The scattering matrix for § = 0 is

(82(0) 83(0)) i (Pza, Pm).
840) 84(0) Pr Pn

This matrix determines the propagation if the orientation of the
particles is not at random. In random orientation we have to average
the separate elements; the non-diagonal elements vanish, and the
diagonal elements are equal because

(Pr1)ay = (Palay = 3oy + o + o5} = .
We take this as the definition of «. There is a relation
3|a|2 =54 + 10B.
! This somewhat confusing term springs from the fact that before 1930 it was

customary to denote the ratio I,/I, of a partially plane-polarized beam as its depolari-
zation, a term that had no direct relation to scattering theories.
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The result is that we are left with the “‘scalar’ propagation case discussed
in secs. 4.3 and 4.42, with

8(0) = ik,
The resulting value for m is

m =1+ 27Na,
which comprises the effects of a real refractive index,
n =1 - 27N Re («),

and of an extinction caused by absorption. The average cross section
of absorption per particle is

C,ps = —4mk Im (),
as in sec. 6.13.

However, as with isotropic particles, « does not yet include the effect
of the radiative reaction on the dipole, so that the magnitude of the total
scattering has to be computed separately. (This is the only contribution
to the extinction if e is real.) The total scattering is most easily computed
for incident natural light. Integration of

I =244 + B — }(24 + 3B)sin? 6}],

over the surface of a sphere with radius r gives the result ¢, I,. We
find
8kt

Osca = T ' 5A’

and the extinction coefficient of the medium (in the absence of absorption)
isy = NC,,.

Combining the result for C,,, and for # — 1 (in the absence of absorp-
tion) we obtain

8mkio?
C =
sca 3 f
and
2k (n — 1)? 1
[ A
where

34 32+ A
f"A+2B_ 6 —7A

and A is the depolarization factor defined at the end of sec. 6.52.
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It is more usual, but in the given approximation not more correct,
to write }(n? — 1)® instead of (% — 1)2. Replacing & by 27/ we have
the result
873 (72 — 1)
wm v

in & form closely similar to that in which it was first derived by Cabannes,
and in which it has been given in the study by de Vaucouleurs (1951).

The last formula connects two directly observable quantities, 7 = the
observed refractive index of the gas, or medium consisting of small
particles, and y = its attenuation coefficient per unit length. It has
been extensively applied in the theory of atmospheric extinction. The
experimental study of de Vaucouleurs has shown that earlier measurements
of the depolarization factors have been systematically in error. For
example, the values for atmospheric air are

‘;I:

As adopted previously: A =0.0415, f=1.073;
As measured by de Vaucouleurs: A = 0.031, f=1.054

The new values give exactly the correct value for N.
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7. RAYLEIGH-GANS SCATTERING

The assumptions made in this chapter are:
(@) The refractive index (which may be complex and is measured
relative to the surrounding medium) is close to 1:

Im—l] £1.

{6) The “phase shift’’ is small:
2ka |m — 1| <L 1.

‘Here & = 274 and @ is a length of the order of the size of the particle.
For spheres a will denote the radius.

A restriction is therefore placed on the size of the particles, yet this
restriction is not that the size should be < 4, a8 in chap. 6, but includes
the wider range of possibilities that the size is <€ A/ |m —1].

(¢) It will be shown that, as a consequence, the efficiency factor is

small:
Qea:t < 1.

Also the set of conditions (a) and (c¢) is sufficient to characterize the
domain of validity of the theory in this chapter. The resulting formulae
are 8o simple that they have been applied very often, sometimes beyond
the range of their validity. Some correct applications are: small-angle
X-ray scattering and scattering by most opal glasses.

7.1. The General Formulae
7.11. Particles with Positive m — 1

The basis of the theory of Rayleigh-Gans scattering is ordinary Rayleigh
scattering. We have found in sec. 6.12 that any small particle with
volume dV has the scattering functions

S,(0 X 1
S:EB; } = ik { cos
where from sec. 6.22 we have under the condition (a):
(m® — NdvV m—1
47 27

» The non-diagonal scattering functions S,(0) and S 4(0) are zero,
85

av.
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This formula is applied to each separate volume element of the scattering
particle. By reason of condition (b) the “applied” field, to which each
volume element is exposed, differs neither in phase nor in amplitude
appreciably from the original wave. The wave goes through the particle
nearly as if there were no particle at all. Similarly, the (very weak)
wave scattered by a volume element in a certain direction can leave the
particle without being modified or distorted by the presence of the other
volume elements.

An attempt to prove these assertions in a formal manner on the basis
of condition (b) will not be made. Their correctness is easily seen for
large particles (ke >> 1) for which ray-optics holds.

The physical basis of Rayleigh-Gans scattering is, therefore, very simple:
each volume element gives Rayleigh scattering and does so independently
of the other volume elements. The waves scattered in a given direction
by all these elements interfere because of the different positions of the
volume elements in space. In order to calculate the interference effects
we have to refer the phases of all scattered waves to a common origin
of coordinates and then add the complex amplitudes. This means that
a phase factor e is added to the expression given above. Each element
now gives
1

cos

éddV{

1

8,(6) }  iBm—1)V
cos 6

= R0, ¢) {

where
RO, ¢) = %,J- etdavy.

The phases § depend on 8 and on the position of P. They may be
computed as follows. Let n be the unit vector in the direction of the
incident beam and m the same for the scattered wave. Let O be an
arbitrary origin and let the vector OP ber. The path from the (infinitely
distant) source to P is longer by rn than the path to O and the path from
P to the (infinitely distant) observer is shorter by rm than the path from
O. The phase lag of a ray scattered at P over a ray scattered at O is
found by adding the two effects and multiplying by k:

d = kr(m — n).

The vector m — n has the length 2 sin 46 along the bisectrix of the
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directions of m and ~n. This can also be seen geometrically. In Fig. 13
the bisectrix of / A0B is 0Q. The plane brought through P perpen-
dicular to this bisectrix cuts it at @ so that 0Q = b. All points in
this plane have the same phase shift

0=kb-2sin 6.

This suggests an integration by means of “slices” perpendicular to the
bisectrix, each slice having an area B and
a thickness db. Then

R(e, ‘P) — %Jj_ OOBeilcb2 sin 10 db.
We may conclude that the scattered ampli-
tude is simply the amplitude found from
Rayleigh scattering multiplied by a function
R(6, ) that is independent of polarization.
So the polarization of the scattered light
is exactly as it is for Rayleigh scattering. In
particular, natural incident light gives fully
polarized light at 6 = 90°, n
The intensity is found by multiplying J
the intensity for Rayleigh scattering by ~~a~ "~~~ "
IR(G, ®) |2. Natural incident light of inten- Fig. 13. Geometry of Rayleigh-

sity I, gives (secs. 6.12 and 6.22) the Gans scattering: n = direction
scattered intensity of incidence and m = direction
of seattering; for convenience
14 cos?26 kAV2 (m — 1\2 r is drawn in same plane as m
— : 2
- 2 r2 - IR(B’ ‘P)| 1. and n.

I

The factor R(f, @) can be found by a simple integration for most
particles which have a simple geometrical form. For § = 0 we have
R=1; so the unmodified Rayleigh scattering holds in the forward
direction. In other directions |R| < 1. The overall result is a pattern
with strongest brightness in the small angles.

7.12. Absorbing Particles and Particles with m < 1

All formulae derived above hold for a complex value of m near 1,
with the exception that in the intensity formula (m — 1)? should be
replaced by |m — 1]2.

A real value for m smaller than 1 can exist if the outer medium is not
a vacuum; a practical example, with m = 0.90 to 0.95, is found in opal
* glass. It is also common in X-ray scattering. It is interesting that the
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refractive indices 1 + ¢ and 1 — &, where ¢ is small, give exactly the
same scattering pattern. This also holds true for the wider problem
discussed in chap. 11. However, no such rule exists if ¢ is not very small.
Separate numerical computations are then needed for m << 1 and m > 1.

Particles with complex m have absorption in addition to scattering.
Since the amplitude of forward scattered light is exactly the amplitude
computed from Rayleigh scattering, the absorption formula is also the
same as for Rayleigh scattering (sec. 6.31):

4 8
Que= — 5 Im (m? — 1) = — =" Im (m — 1.

This is physically clear: the incident wave is virtually undisturbed,
so that each volume element absorbs just as if it were all by itself,
and the total absorption is proportional to the total volume just as
for Rayleigh scattering.

The fact that the total absorption is not reduced, with respect to the
formulae for small particles, whereas the total scattering is, enhances
the tendency for absorption to be the preponderant effect (compare
sec. 6.13).

7.2. Spheres

7.21. Scattering Diagram
The scattering by a sphere under the conditions of this chapter was
first discussed by Rayleigh (1881) and much later independently by

Gans (1925).
Let ¢ be the radius and let us make the substitutions

x=ka, b=z2a, u=2xsinil, 0= zu;

then the “slice” has a thickness adz and a radius a+/(1 — 2%) so that we
can integrate at once:

+1
R(6, ¢) = -:7] . éna2(l — 22)a dz = G(u),

where

31 .
G(u):iE . cos zu * (1 — 22) dz

O
2u3

_ 2 (sin v — u cos u) = ( )112 J 30 ().

ud

Numerical values of G(u) and its zeros are found in sec. 7.4.
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The full amplitude functions for a sphere under these conditions

become
81(9)} , (277)1/2 {1
= iladm — 1) | =] J ;
So(0) watm —1) u3 3z () cos 0
and the scattered intensity for incident natural light is

K7 m— 1]
- 8arir®

I I,-G? (2 sin 30) - (1 + cos? §),

which can be given equivalent forms by any of the substitutions
2m — 1)=m? — 1, k= 2n[A, V= $mad ete.

. According to the general rule explained in sec. 7.11 the forward intensity
is exactly that of Rayleigh scattering, for G(0) = 1. The backscattering
is somewhat smaller than the forward scattering if z is small; with
increasing x this asymmetry becomes more and more pronounced. For
r—= 2.25 a minimum appears at @ = 180°, corresponding to the first
zero of (G(w). This minimum develops with further increasing z into a
dark ring which shifts gradually to smaller angles. A new minimum
appears at 6 = 180° for x= 3.87, and so on. For large values of x
the concentration of light towards 6 = 0° has become so large and so
many minima have come to lie in the region of small 6 that the scattering
pattern resembles (but is not identical to) a Fraunhofer diffraction
pattern; see sec. 11.33 for the transition between both,

Looking at a fixed § while the particle size grows, we see a train of
maxims and minima shifting from the back side to the front side of the
pattern. By counting the minima we may, in principle, estimate the
particle size.

7.22. Total Scattering

The next question is to find the total scattering. Integrating I over
a large sphere and dividing the result by na® we find the efficiency factor
Q... (which equals @, since we deal with dielectric spheres). By means
of direct integration we find

Qsca = lm —1 I2 ‘P(-’L'),
where

p(x) = % xt fﬂ G2z 8in §0) - (1 + cos® 8) sin 0 d6.
- Jo
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The function ¢(x) was found by Rayleigh to have the form

sin 4z 7
d4r 1622

@(x) = —g + 222 — (1 — cos 4x)

1 .
+ (@ — 2) {y + log 4x — Ci (4x)},

where y = Euler’s constant = 0.577 and Ci is the cosine integral defined

by ©
Ci(z) = — f "OZ” du.

Separate integrals for the front half, 0 < 0 << #/2, and the back half,
m/2 < 0 <7, have been computed by Ryde and Cooper. A table is
more useful than the formulae. (See Table 5.)

Table 5. Total scattering by a sphere in the Rayleigh-Gans domain

Front Back
x Q(x) Half Half cos
0.2 0.00187 0.00094 0.00093 0.00
0.4 0.0285 0.0147 0.0138 0.02
0.6 0.133 0.072 0.061 0.04
0.8 0.379 0.218 0.161 0.09
1 0.813 0.500 0.313 0.16
1.2 1.44 0.96 0.48 0.24
1.4 2.24 1.64 0.60 0.32
1.6 3.20 2.54 0.66 0.39
1.8 4.28 3.68 0.60 0.46
2 5.50 5.03 0.47 0.53
3 14.49 14.26 0.23 0.79
4 27.84 27.49 0.35 .91
] 67.0 66.7 0.33 0.98
8 122.5 122.1 0.36 1.00
10 194.0 193.7 0.33 1.00

The last column gives rough estimates of cos § which may be useful
in computations of radiation pressure (see sec. 2.3).

For €1 we have equal parts in the front and back halves and
return to Rayleigh scattering with

32
plr) = o= o,
which gives
Qs = 32 (m — 1)%A
sca 27

in agreement with sec. 6.31.
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The limiting case of 3> 1 gives @(x) = 222, all from the front half:
the integral over the back half converges to 1 — log 2= 0.31. Thus
for large x:

Qoo = 2(m — 1)222,

a result which will be derived in a quite different way in sec. 11.22. This
result holds as long as condition (b) holds, so that in all correct applications

of the Rayleigh-Gans scattering we have Qs <€ 1, which agrees with
statement (c) at the beginning of this chapter.

7.23. Spherical Objects with an Inhomogeneous Density Distribution

The general theory of secs. 7.11. and 7.12 is by no means confined to
homogeneous particles. A simple example of inhomogeneous particles
is that of a collection of discrete scattering centres discussed in sec. 7.5.

, Another simple case, to be discussed now, is a particle in which the
volume polarizability «" has a spherically symmetric distribution.

Let us first consider a spherical shell, radius a, thickness da, volume
polarizability o', volume 4ma? da. With the same substitutions as in
sec. 7.21 we obtain a “slice” in the form of an onion ring with

B=2nada, b=adz,
so that the integration gives

__ sin(2kasin 36) .
R(B, ¢} = Sasinid E(2ka sin 40).

This same function appears in sec. 7.32.

Next we take a collection of such shells, forming a body in which o’
is a function of the distance from the center r only. Then the polariza-
bility of the entire particle is

o= f 4mria(r) dr,
0

and a simple integration gives

gin (2kr sin 16)
2 kr sin 36

RO, ¢) = i—J;w dmrra’(r)

This formula was first derived for X-ray scattering by Ehrenberg and
Schifer (1932).

As the simplest example we may mention a particle in which o’ is
strongest at the center and has a gaussian distribution:

o' (r) = age =",



92 SPECIAL TYPES OF PARTICLES

We shall assume that o, is real. The polarizability of the entire particle,
which occurs in the Rayleigh formula, is

a= fo' dV = 773/2&30:6.

The additional amplitude factor R(6, ¢), obtained from the formula
above, or from direct “‘slicing,” is

R(6, @) = g — (ka sin 36)*

The scattered intensity for incident unpolarized light of intensity I,
is then in any direction:

I 2
I= -EO ka2 - (1 4 cos? §) ¢~ 2ka sin 30)
r

from which we find the scattering cross section by integration (sec. 2.2):

1 1 1
Csca b 2‘7Tk4d2 {(— + -§)(1 — €—2p) — _E (]. + 6‘21’)},
p P p
where p = k%%, When this result is expanded in powers of a, the
dominant term is
¢

sea — 8_77 k.4“2’
3
in agreement with the result for Rayleigh scattering (sec. 6.11).

This model was advanced by Peterlin (1951) as a simple representation
of points of disturbance in a crystal, and Hart and Montroll (1951)
mention it as a model for certain high polymers. The latter authors
give an exponent which is too small by the factor 47r. Peterlin remarks
that a (or an effective value of a) may be determined from the slope
of the graph obtained by plotting the logarithm of I(6)/(1 + cos?6)
against 2 sin 4. The ratio I(135°)/I(45)° decreases from 0.87 for
2a/A = 0.1 to 0.11 for 2a/A = 0.4. In all formulae A = 27k means the
wavelength in the surrounding medium, or 4,,,/n,, if n, is the refractive
index of the medium.

The computations on this model may be extended to still larger values of
ka, for which the phase shift is not negligible. We then come to the realm
of chap. 11 (see sec. 11.1 for the precise distinctions). The resulting
cross section is (by the method of sec. 11.21):

Cop = 2ma? J;

1 dz
(1 — cos gz) — = 27a®(y + logq — Cig),
2

where g = 2ka/a?, y = 0.57721, and Ci ¢ means the cosine integral. The
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physical meaning of ¢ is the phase shift suffered by a ray passing through
the center of the body. The same result has been independently derived
by Glauber,

The “intermediate case” in the sense of sec. 11.1 is found from this
formula by making ¢ very small and from the preceding formula by making
ka very large. The result obtained in both ways is

Qrrk2o®

- — — 4],2,'2
oot = Clyoqg = - = 2miatlPa ?.

C

7.3. Ellipsoids and Cylinders

The caleulation of R{f, @) by means of the formula in sec. 7.11 can readily
be made for a variety of forms. We give here the results for a few simple
forms, but the list may be extended at will.

7.31. Ellipsoids

Consider an ellipsoid with arbitrary axes, with light incident from an
arbitrary direction, and the scattered intensity is sought in another
arbitrary direction. Let the two planes that are tangent to the ellipsoid
and perpendicular to the bisectrix b cut this bisectrix at the points ¢ and
D. Unlike the situation for spheres, the points €' and D are not identical
with the points at which these planes touch the ellipsoid. Slices cut by
planes perpendicular to b and cutting b at ¢ all are elliptical slices of the
same form. Their volumes decrease with increasing value of 0@ in the
same manner as for spheres. Only the maximum value of 0Q is different:
it is not the radius, as for spheres, but the value of OC = OD. The
integration results in the same function,

R(6, ) = G2k - OC - sin 16),

in which only the argument is different from that for spheres, for OC now

depends on the directions of incidence and of scattering, i.e., on 6 and ¢.

It is not of interest to write a formula, for the geometrical definition is the

clearest one; the computation of OC in terms of the three semiaxes and the

direction cosines of incident and scattered light is a matter of geometry.
The total scattering is not computed as easily as for spheres,

7.32. Circular Cylinders of Finite Length

Another form for which the Rayleigh-Gans scattering can be easily and
rigorously computed is the circular cylinder. Let its length be I and its
diameter 2a, and let the phase shift be small for a ray traversing the

cylinder in any direction. The orientation of the cylinder with respect
» to the incident wave is arbitrary. '



94 SPECIAL TYPES OF PARTICLES

The volume integration (sec. 7.11) cannot easily be performed by slices
perpendicular to the bisectrix, but it is easily done by circular slices
perpendicular to the cylinder axis. Let 8 be the angle between the cylinder
axis and the bisectrix. Integration over one circular disk of radius a gives

I [® . . .
R0, ) = — J._Gemk sin §6-y ““"52\/(az — ) dy

= F(2ka sin 10 sin f),
where F(u) is defined by

4 1 2
F(u)=~ ] costu-(1 —)V2dt = =J,(u).
7 Jo u

Numerical values and zeros of this function are given in sec. 7.4.

The phase in this integration has been referred to the center of the disk.
In integrating over all disks that make up the cylinder of length I we refer
the phases to the center of the cylinder, thus introducing an additional
phase shift

2k sin 30 - 2 cos B,

which gives an additional factor in R(6, ¢):

1 [+ve
_l_ f e2zk sin 46-2 cos dz — E(kl Sin %‘6 cos ‘8))
-2
where E(u) is defined by
1 . 1/2

Numerical values of this function are also found in sec. 7.4. The final
factor R(f, @), which has to be multiplied with the amplitude in the
Rayleigh formula, is

R(0, @) = F(2ka sin 10 sin B) - E(kl sin 16 cos ).
Both F and E are 1 if their arguments are <€ 1. So we find at once the

special results:
Thin disk (kl<€1): R(8,p) = F(2ka sin 30 sin f),
Thinrod (ka<€1): R(9,9) = E(klsin 30 cos ).

The ratio of the arguments is tan Bftan f,, where f, is defined by
tan fy=1/2a. Even when the disks are not very thin or the cylinders not
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very thin, a simplified expression can be used whenever § differs greatly
from §,. Iftan § <€ tan B, we may apply the expression for a thin rod,
for F remains 1 until £ has become very small. If tan §>> tan f,, we
may apply the expression for a thin disk, for £ remains 1 until F has
become very small.

The dependence of 8 on 6 and ¢ is made explicit when we define the
direction of the eylinder axis (») with respect to the direction of propaga-
tion of the incident light (7) and of the scattered light (s) by means of the
angles « and ¢ (Fig. 14). Then the bisectrix (b) has a direction as shown
and

cos f = —cos o sin $ + sin « cos $0 cos ¢.

The total scattering for an arbitrary
orientation and arbitrary dimensions
.may be found by integrating the
intensity (sec. 7.11) over all directions
of scattering. We shall merely discuss
one special case which serves as a
check on the calculations in secs. (%
15.32 and 15.41.
Let the cylinder be very long (I > 2a,
B, near 90°), and let the cylinder axis
be perpendicular to the incident radi-
ation (¢ = 90°). Then the scattered Fig- 14. Spherical triangle showing
light is concentrated near the direc- posfb‘lo:t Ofi_cyln_lder ’;",‘S ,((i””) with
tions perpendicular to the axis, because :;Séa ezca;er;f;m(c:;'s OT;];CI b?:::t:ii
of the B factor. Denoting the angle has the direction (b).
between (n) and (s) by 90° — e (Fig.
14) we have cosg=sing/sin0, so that cos § = sin &/2 sin }6.
For small £ we, therefore, have

R(0,p) = F(2ka sin 16) E(3K sin ).

The corresponding intensity of Rayleigh-Gans scattering for incident
plane-polarized light is

A2 1
I =" (m— 12T, R¥6, :
o (m — 12 I B0, @) cos? B

where 2 = ka. The upper value holds for case I (electric field//axis) and
the lower value for case II (magnetic field//axis. The integration has to
include only a narrow zone about the meridional plane. So the element of
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solid angle is simply dfl de. The integral divided by the geometrical cross
section 2al gives the efficiency factor:

Qsca = %W(m - 1)299(33),
where

() = 23 f " F2(2a sin 36) d6 (in case T),
0

px) = m3fﬂ F2(2z sin 16) cos? 6 46 (in case II).
0

The integrations have not been performed, but the asymptotic formulae
are simple. For small x the factor 2 may be omitted, and we find the
formulae for very thin cylinders (sec. 15.41). For large x both cases give
the same result:
() = 1622/3n,
and therefore
Qsca = %{295(’)71, - 1)}2

This is the result for the intermediate case (in the sense of see. 11.1) for
cylinders. It agrees with the expression for small p found in sec. 15.32.

The same results may be obtained by integrating the intensity over a
closed surface around the particle in the near zone (zone 2 in the terminology
of sec. 15.22), where

mat

1
— — 1V2]. F2 ;
I= T (m — 1)21,F2(2z sin 40) o

the derivation may be left to the reader.

0s 0’

7.33. Diffraction by a Partially Transparent Circular Disk

Let the cylinder be a circular disk (/<€ a), and let the disk be per-
pendicular to the incident light. In the formulae of sec. 7.32 we then
have 8 = 90° — }6, and the scattering pattern consists of two strong lobe
systems, one forward and one backward, in which the intensity in the
exact forward and backward direction is determined by

R(0°) = 1, R(180°) = E(kl).
Barring the directions close to 180° (or assuming &l <€ 1) we have exactly
R(0) = F(ka sin 0).

It is not accidental that the same function with the same argument
occurs in the formula for diffraction by an opaque circular disk (and
perpendicular incidence). We may establish the connection as follows.

1. If x=ka, p= ki(m — 1), the result just derived holds for ¢ > I,

m—1 < 1, and p < 1; the values of x and k! are arbitrary. We now
make the additional assumption that kI > 1,s0 also 2> 1. The intensity
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in the front lobe of the scattering pattern, which is then by far the largest
of the two lobes, is (with V = 7a?)

aAm — 1)

I =
8r2

I,F3(x sin 6) - (1 + cos? 6).

2. A quite different discipline, similar to the one applied in chap. 11
gives the formula
S(9, ¢) = ¥l — e=) - Flz sin 0),
from which
:c4I

4%2r2

% |1 — e |2 F¥z sin 0).

These formulae hold for small angles only and under the conditions
m—1<1 and 2> 1. They give the well-known diffraction by an
opaque disk, (sec. 8.31), if the additional assumption is made that p has a
large imaginary part. Instead, we now supplement these conditions with
p<&L1 (p is real) and thus find the set of conditions under which this
theory may be applied equally well as the Rayleigh-Gans scattering
derived above:

I=

4k2 5 I0F2(x sin ).

The corresponding efficiency factor is found alike from S(0) and from
integration over all directions:

Q= p

This is the analogue of the laws @ = }p? for spheres (secs. 7.22 and 11.22)
and @ = §p? for cylinders (secs. 7.32 and 15.32) in the corresponding
intermediate case.

7.34. Randomly Oriented Rods and Disks

The factor by which the intensity of the Rayleigh formula has to be
multiplied in order to give the average pattern of the randomly oriented
particles in the Rayleigh-Gans domain is

where the values of 6 (and ¢) are considered fixed and the integration over
the solid angles refers to the orientations that the particles can have.l

1 Particles that do not have an axis of symmetry require an integration over the
three angles of Euler.
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Starting from the formula for thin rods of length I we find

_ 1 1 {224 3 2
R = f E2(z cos B) d(cos B) = - f Y ot — (sm z) :
0 zJo w

z

Here z = kI sin § 6 and the integral function (sine integral) can be looked
up in Jahnke-Emde or another table. The lobes and sharp minima in
the pattern have been washed out by the integration. But the character-
istic dissymmetry, which gives strong preference to forward angles,
if £l is larger than 1, remains. It provides a rapid means for estimates
of ! in research on viruses.

A similar result may be written for randomly oriented disks:

R = lez(z sin f) d(cos §) = —3{1 — F(2z2)}.
0 P

Here z=2kasin 6. The same results are found by employing a
formula equivalent to that of Debye (sec. 7.5) for randomly oriented
bodies consisting of discrete scattering centers (Kratky and Porod, 1949).

7.4. Some Properties of the Functions E(u), F(u), G(u)

The functions E(u), F(u), and G(u) defined in this chapter form a
set of similar functions. They are the Bessel functions of order }, 1,
and g, divided by the first term of the series expansions of these same
functions. Each funetion is 1 for w = 0, and the approximate expressions
are

For small w For large u
Eu)=1— (u¥/6) ..., E(u)= (1/u) sin .
Fluy=1— (u?/8) + ..., F(u) = (8/mu®)/2 sin (u — =/4).
Glu) =1 — (u?/10) + . . ., G(u) = —(3/u?) cos u.

These functions appear in this book in two different contexts. In the
present chapter they result from a volume integration over the scattering
body; the arguments have the form « = 2kb sin 16, and the formulae
are valid both for small and for large values of kb. In secs. 8.31 and
8.32, E(u) and F(u) result from a surface integration over the screened-off
part of a wave front and define, respectively, the diffraction pattern of
an opaque strip (or cylinder) and of a circular disk (or sphere). The
argument is z sin 6, and the formulae are derived only for large x and
small §. A connection between these apparently unrelated results is
pointed out for disks in sec. 7.33.
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Numerical values of these functions are given in Table 6. The squares
of these values appear in the scattered intensity. Values of the zeros,
which are needed to compute the angles at which dark rings occur, are
also given.

For completeness some often needed integrals are given. They
occur in the expressions for the total scattering when kb, or z, is very
large.

0 o0
f Ez(u)duzfs f F2(u) du:—lf,
0 2 0 3

ar
2] @« 377'
f Fu)u du = 2, f G*(u) du = — >
0 0 5

f Gz(u)u dit = ~» f G2(u)u2 du — _7T .
0 4 0 2

Table 6. Functions Defining the Most Commeon Diffraction Patterns

u B(u) Flw) @) w  E@) Flu) Q)
0 1.000 1.000 L000 52  —0170 —0.132 —0.071
0.2 0.993 0.995 0.096 54 —0143 —0.128  —0.080
0.4 0.974 0980 0984 56 —0113 —0.119 —0.085
0.6 0.941 0.956 0.965 58 —0080 —0107 —0.086
0.8 0.897 0.922 0.938 60 —0047 —0.092 —0.084
1.0 0.842 0.880  0.904

7 0.094 —0001  —0.040
1.2 0.777 0.830  0.863 8 0.124 0.059 0.013
1.4 0.704 0774 0817 9 0.046 0.054 0.035
1.6 0.625 0.712 0.766 10  —0.054 0.009 0.024
1.8 0.541 0.646 0711 11 _0.091 —0032 —0.002
2.0 0.455 0.577 0.653 12  —0.045 —0.087 —0.018
9.2 0.368 0.505 0.593
2.4 0.281 0.433 0.531
2.6 0.198 0.362 0.468
2.8 0.120 0.203  0.406 Zeros
3.0 0.047 0.226  0.346 E— F= G =
3.2  —0.018 0.163 0287 "= g‘;g 33?3 ‘;'?Ig
34  —0.075 0.105 0.231 5288 NS 1ebe
3.6 —0.123 0.053 0.179 S S
38  —0.161 0.007 0.131
40  —0189 —0.033 0.087
42 —0208 —0.066 0.048 Haif-Intensity
44 —0216  —0.002 0.014 Pt -siniy SR
4.6 —0.216 —0.112 —0.015
418  —0208 —0124 —0038 w= 139 1.61 1.81

6.0 —0,192 —0.131 —0.057
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7.5. Discrete Scattering Centers; Form Factor

X-rays tend to go through a particle virtually unhampered and,
therefore, form a typical example in which the conditions of this chapter
hold. Although a complete discuseion of X-ray scattering is beyond
the scope of this book, some rules for applying the results of this chapter
to X-ray scattering may be found helpful.

The fundamental fact is that each loosely bound electron in an atom,
molecule, or larger particle scatters light according to the Thomson
scattering formula (sec. 6.23). Let us call this particle an atom, and let
there be Z scattering electrons. The amplitudes of the light scattered
by each electron in a certain direction have to be added. Precisely the
same argument as that of see. 7.11 now gives the result that, starting
from the scattering by one electron, we have to multiply

the amplitude by ZR(9, @) =f,
the intensity by Z*| R(0, ¢)[2=|ff = F.

The factors f and F are called the form factors. The intensity scattered
by the atom for incident natural light of intensity 7, becomes (compare
sec. 6.23):

1 2 4
_ +cos2 0 e I

I .
2 r2mict = °

The computation of f and F follows the same pattern as in the preceding
sections. Two cases may be distinguished.

1. The distribution of the electrons is considered to be continuous,
This is so for the density-probability in an atom and may also be assumed
for a larger particle that has a spherical shape. Here any of the results
in the preceding sections applies directly. In particular the results for
a spherically symmetrical distribution, derived in sec. 7.23, have proved
useful.

2. The electrons are considered as discrete scattering centers. The
integrals of sec.-7.11 are then replaced by sums over the Z electrons.
The evident analogue of the formula of sec. 7.11 is

R =f|Z,
where f = Z ¢'% and 4, is the phase shift for the jth electron. Multi-

j
plication with the complex conjugate gives

F:[f]“‘:ZZcos(dj—ﬁk).
i
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The double sum includes all combinations in which j £ k twice and has
Z? terms in total.

If the distribution of the electron stays fixed in the atom but the atom
assumes all random orientations, it is possible to derive the average
value of F for all orientations and for a given 6. The result is

- sin (2 ka,; sin 16)
F= ZZ 2kaysin 30

where a;; is the distance between the jth and kth electron. This formula
was first derived by Debye in 1915.
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J. W. Ryde and B. S. Cooper, Proc. Roy. Soc., A131, 464 (1931).
R. W. Hart and E, W. Montroll, J. Appl. Phys., 22, 376 (1951).

Those for spherical shells (sec, 7.23) by
Lord Rayleigh, Proc. Roy. Soc., A94, 296 (1918) (Sci. Papers 427),

Those for a sphere with gaussian distribution of polarizability (sec.
7.23) by
A. Peterlin, Kolloid-Z., 120, 75 (1951),

and in the paper by Hart and Montroll; the corresponding formula for
large sizes by Glauber, as communicated by

E. W. Montroll and J. M. Greenberg, Proc. Symposiac Applied Math., Am. Math,
Soc., 5, 103 (1954).

The solution for straight eircular cylinders (sec. 7.32) has been derived
independently, though it is not certain that the result is new. The
result for stiff rods with random orientation (sec. 7.34) was derived (in a
different way) by

T. Neugebauer, Ann. Physik, 42, 509 (1943).
B. H. Zimm, R. 8. Stein, and P. Doty, Polymer Bull., 1, 90 (1945).
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The result for thin disks with random orientation was first derived by
0. Kratky and G. Porod, J. Colloid Sci., 4, 35 (1949).

Table 6 has been newly computed. The integrals can be derived from
a more general one in

G. N. Watson, Theory of Bessel Functions, p. 403, Cambridge, Cambridge Univ.
Press, 1922,

Analogous or identical results in the theory for small-angle X-ray
scattering are found for almost all topics discussed in this chapter. The
form factor for an arbitrary particle with random orientation (see. 7.5)
was derived by

P. Debye, Ann. Physik, 46, 809 (1915).

and for spherically symmetric particles (sec. 7.23) by
W. Ehrenberg and K. Schafer, Physik. Z., 38, 97 (1932).

General expositions and a discussion of special cases in the X-ray
domain are given by

H. G. Trieschmann, Hand und Jahrb. Chem. Physik, 8 II, 105 (1938).

A. Guinier, Ann. Phys. 12, 161 (1939).

G. Fournet and A. Guinier, J. phys. radium, 11, 516 (1950).

A. Guinier and G. Fournet, Small-Angle Scattering of X-Rays, New York, John

Wiley & Sons, 1955.
A special case of multiple scattering is discussed by

D. L. Dexter and W. W. Beeman, Phys. Rev., 78, 1782 (1949).



8. PARTICLES VERY LARGE
COMPARED TO THE WAVELENGTH

8.1. Fundamental Separation of Diffraction,
Reflection, and Refraction

Large particles call for a way of looking at scattering problems that
is quite different from the way of treating small particles. The funda-
mental fact is that the incident beam of light, which forms a plane wave
front of infinite extent, may be thought to consist of separate rays of
light which pursue their own path. We have seen in sec. 3.13 that a
small part of a wide wave front can be looked upon as defining a ray
which has for some length its own existence independent of the entire
wave front. A length [ requires a width of the order of 4/(I4), and the
requirement for any separate existence at all is a width > 1. For a
particle with a size of 20 or more times the wave length it is possible to
distinguish fairly sharply between the rays incident on the particle and
the rays passing along the particle. Among the former it is possible to
distinguish rays hitting various parts of the particle’s surface. Such
rays may be said to be localized.

The experimental counterpart of the notion of localization is that it is
possible to place a screen in the incident beam of light with a hole in
such a position that a particular part of the particle is exposed to this
light. This is the same principle as the Hartmann test for lenses or
mirrors. A Hartmann test is possible only if the particle is large com-
pared to the wavelength. A telescope lens is indeed a fine example of
such a particle. The formal confirmation of this localization principle
in the exact solution of the scattering problem for a sphere or cylinder is
found in their asymptotic forms (sec. 12.3),

The rays hitting the particle and passing along it give rise to two distinet
phenomena (I and II, below), both of which are in the terminology of this
book included in the term scattering.

1. Reflection and refraction. Rays hitting the particle’s surface are
partially reflected and partially refracted. Refracted light may emerge
after another refraction, possibly after several internal reflections. The
light so emerging and the light directly reflected from the outer surface
both contribute to the total scaifering by the particle. The energy that

. does not emerge is lost by absorption inside the particle. FEvidently,
103
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the amounts of energy absorbed or scattered and the angular distribution
and polarization of the scattered light depend greatly on the form and
composition of the particle and on the condition of its surface. The
formulae for smooth spheres are worked out in sec. 12.21.

The reflection may be specular or diffuse. The theory of diffuse
reflection will not be discussed in this book. It is sufficient to recall that
any minute portion of a diffusely reflecting surface has to consist of some
system following the ordinary laws of wave optics, for instance, a corru-
gated surface with plane faces of many orientations. The statistical
effect of regular reflection against these faces gives rise to the phenomenon
observed as diffuse reflection. Only a surface area that greatly exceeds
the wave length can exhibit diffuse reflection. For that reason this
concept appears exclusively in the present chapter (sec. 8.42).

II. Diffraction. The rays passing along the particle form a plane
wave front from which a part, in the form and size of the geometrical
shadow of the particle, is missing. This incomplete wave front gives
rise by Huygens’ principle to a certain angular distribution of intensity
(at very large distances), the Fraunhofer diffraction pattern. Although
the term diffraction is often used for the entire scattering process, we shall
reserve it specifically for the Fraunhofer diffraction -(see sec. 3.3). The
intensity distribution in this diffraction pattern depends on the form and
size of the particle but is independent of its composition or of the nature
of its surface. For example, a black (fully absorbing) body, a white
(diffusely reflecting) body, a totally reflecting body, or a glass body of the
same shape, all have identical diffraction patterns. Diffracted light
(defined in this sense!) has the same state of polarization as the incident
light, and its pattern is independent of this polarization.

The two parts just described are distinct not only in their dependence
on the nature of the particle but also in the angular distribution of
scattered light. Let the size of the particle be fixed and the wavelength
gradually decreasing. The scattering pattern due to reflection and
refraction follows from rays that can be more and more sharply localized
and will, eventually, approach the pattern that follows from the theory
of geometrical optics. At the same time, the diffraction pattern will be
more and more compressed into a narrow but very intense lobe around
the forward direction, § = 0. In fact, the separation described in this
section is strictly possible only if the particle is very large, i.e., if this
lobe is very narrow. The entire pattern in this limit consists of two
parts: a very narrow and very intense central lobe due to diffraction (II)
and a less intense radiation into all directions dependent on the optical
properties of the particle (I).

If, inversely, we make A increase, we shall finally reach a stage where
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the two patterns are comparable in intensity and comparable in angular
extent. This means generally that the theory of large particles breaks
down and that more rigorous methods for solving the problem are needed.
An exception is formed by particles with a refractive index close to 1.
They have a range of sizes where the two patterns exist side by side
with comparable intensity and combine by optical interference (= addition
of amplitudes) (sec. 11.3). In the following sections we shall exclude
this exceptional case and assume that the diffraction pattern is much
more intense and much narrower than the reflection and refraction
pattern.

8.2. General Theory of the Diffracted Light
8.21. Babinet’s Principle

For very large particles the diffracted light is separable from the
remammg scattering pattern, because it is confined to very small angles
6. A general formula may be derived on the basis of two imaginary
experiments. Experiment 1: We replace the particle by a black disk
in the form and size of its geometric shadow area. The incomplete wave
front passing along this disk is identical to that passing along the particle.
Hence the diffracted light is the same for particle and disk, both in
amplitude and in phase. Experiment 2: The entire wave front is
covered by a black screen, except for a hole in the form of the geometric
shadow of the particle.

In this experiment as well as in experiment 1 a partially screened
plane wave front is given, and the “‘disturbance” at any point beyond
this wave front may be derived from Huygens’ principle in Fresnel’s
formulation (sec. 3.12). If the two parts of the wave front are combined
it is intact and the ordinary plane wave results. Therefore, the disturb-
ance at any point in experiment 1 is the disturbance in the plane wave
minus the disturbance found in experiment 2. Disregarding the plane
wave, we may state that the disturbances in the two experiments are
equal in amount and opposite in sign. Their squares, determining the
intensity of the diffracted light, are equal. So the two experiments give
identical scattering patterns. This result is known as Babinet’s principle.
If “diffraction” is used in the more general sense of sec. 3.3d, then also
Babinet’s principle requires a more general formulation (sec. 16.21).

Let the z-axis be in the direction of propagation of the incident light;
let the orgin O be in the shadow area of the wave front and let the disturb-
ance be sought at a distant point P (Fig. 15) which has the polar co-
ordinates (r, 8, ¢).

The distance from P to a point (x, y, 0) of the shadow area is

r= 1y — (x cos ¢ -+ y sin @) sin §,
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This supposes that the quadratic terms in z and y are <€ A, which is
true if 74> (largest dimension of )?/A. Physically this means that,
seen from P, the shadow is well within the central Fresnel zone. The
disturbance at P in experiment 1, i.e., the disturbance caused by diffrac-
tion about the particle, is

Uy = Uy —ikz Uy e—ikro ff e-ik(a:cos @+ysin @) sin 8 dx dy
- —_— .
e

rA

Here u, is the disturbance in the original
wave on the plane wave front through
0. The first term represents the plane
wave; from it we have subtracted the
disturbance that would be found in
experiment 2, according to sec. 3.1. We
shall denote the double integral appear-
ing in this formula by

G- D, ¢)

where ¢ = || dzdy is the geometric area

T T T T T ’ T of the shadow and

D, ¢)
Fig. 15. Diffraction by large body 1 i +ysingysing
with geometrical shadow area G. = a g WrcoseTYSIN@ISING do dy

is a complex function that is 1 for 6 = 0. This function essentially
describes the amplitude in the diffraction pattern. Comparing the
results just derived with. the general definition of the amplitude functions
8(0, @) in sec. 4.41, we find that to the approximation to which this
diffraction theory holds S3(f, @) and 86, ¢) are 0 and 8,(f, ¢) and
Sy(0, @) are equal and given by

k 2
S0, @) = z GD(6, @)= '2"1'; GD(6, @)

Consequently, we may apply the formulae of sec. 4.42 and find the

scattered intensity:
2

I I,| D8, ¢) 2.

A2

In the special case of § = 0, D = 1, this checks with Fresnel’s formula
derived in sec. 3.12.
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The fact that the total energy scattered in the entire diffraction pattern
is @I, (see next section) requires that

@0 27rD \ 2
fo 0| 6, 9| Bdﬂd(p:a.

This formula can serve as a check on computations of D(6, ¢).
Some special examples of the function D(f, ) for particles of simple
forms are mentioned in sec. 8.3.

8.22. The Extinction Paradox

The total extinction by a particle that is very large compared to the
wave length may be found in two ways.

First we may see what happens to the energy. All energy falling on
the particle is scattered or absorbed, i.e., in any event removed from the
proceeding wave. This gives an effective cross section equal to @, the
geometric area. Besides that we have the diffraction forming an angular
pattern that is identical with the diffraction through a hole of area @
by Babinet’s principle. This gives diffraction (= small-angle scattering)
again with a cross section . The total energy removed from the pro-
ceeding wave corresponds to a cross section

ie, to an efficiency factor @, , — 2.

The second method is a direct application of the general extinction
formula derived in sec. 4.21. Substituting

k2
80)=5- 6,

we find at once that C,,, = 2@Q.

This noteworthy paradox, that a large particle removes from the incident
beam exactly twice the amount of light it can intercept, has attracted
attention from various sides. Its paradoxical character is removed if we
recall the exact assumptions that have been made in its derivation.
They are (a) that all scattered light, including that at small angles, is
counted as removed from the beam, and () that the observation is made
at a very great distance, i.e., far beyond the zone where a shadow can be
distinguished. A flower pot in a window prevents only the sunlight
falling on it from entering the room, and not twice this amount, but a
meteorite of the same size somewhere in interstellar space between a
star and one of our big telescopes will screen twice this light. If many
.such rocks filled interstellar space, the light scattered by reflection and
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refraction would be seen as a faint luminosity all over the sky, and the
diffracted light would show as narrow halos of light around each star,
If the brightness of the star without this halo is measured, we have to
use @ = 2. If, however, the method of measurement included the entire
diffraction halo with the star’s image (and this is certainly true if the
telescope objective is smaller than the piece of rock), then it would be
legitimate to use = 1. Exactly the same reasoning holds for colloidal
solutions, and the effective value of @, depending on the angular field
of the measuring equipment, can be worked out numerically (e.g.,
Gumprecht and Sliepcevich, 1953).

8.3. Diffraction by Large Spheres and Thick Cylinders
8.31. Spheres

A sphere has a circular shadow of radius ¢ and area G = ma?. The

function D(f, @) is found by direct integration and has the form
2J (zsin )
D6, p) = Flxsinf) = L7,
© ¢) (sin 6) x sin 0
where z == ka. The same function appears in a different context in
sec. 7.32; a table of its values and its zeros is given in sec. 7.4. Its
square represents the intensity distribution. This distribution is the
same as in the diffraction pattern of a circular aperture with central
maximum and dark and bright rings, which is well known to every
telescope user (Fig. 16). The first dark ring is at
9 s
w 2masing g ge
A

For later reference (secs. 11.31 and 12.32) we wish to have the complete
expression of the amplitude functions with the proper phase. Turning
to sec. 8.21 we find that

J(x sin 8)
8,(0) = 8,(0) = a2 L~
1(6) = 8y(6) = 2* L= —

8.32. Cylinders

A long cylinder has, in almost any position, a shadow area which is
virtually a rectangle with sides b and ¢. Choosing the z-axis along
the side b and the y-axis along the side ¢ we obtain by direct integration:

D0, ¢) = E(3kb sin 0 cos @) - E(}kc sin 0 sin p),

where the function E(u)= (sinu)/u is again tabulater. ir sec. 7.4. It
corresponds to the well-known diffraction pattern of a straight slit.
The first minimum of H(«) is at « = 3.14.
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Long cylinders with random orieniation present a diffraction problem
which is not as simple as it seems. It is needed in the theory of diffraction
by ice needles in cirrus clouds; a wrong solution has been given in the
standard work of Pernter and Exner and has for a long time persisted in
the meteorological literature. Meyer (1950) has drawn attention to the
erTor.

Let the cylinders have length I and diameter 2a, with I > 24, while
both are >> 1. In a given direction (8, ¢) we have to find the sum of the
intensities diffracted by each cylinder. It is easiest to divide by the
total number of cylinders in the cloud so that we obtain the average
intensity diffracted by one cylinder. By the formula found in sec. 8.21
this is

K,

4722

G2D%(0, ¢).

Let us first average over all rods that are inclined by an angle y with
respect to the direction of propagation. They have & = 2alsiny =
constant, so that only the average of

D% = E*kaf) cos y) E2(3k10 sin y sin y)

over all azimuth angles v has to be found. A rigorous average has not
been derived, but when we confine ourselves to angles for which
ki sin y > 1, only small angles y contribute to the average, which becomes
after some calculation

_ 2
F e — = E2(kaf).
D*= Leiny © (kab)

The average of G2D? now contains

" ] T
sin y = %f sin? p dy = g

0
so that, collecting these results, we obtain

I, Ha?
2. — E%(kaB),
2 2n0 (kat)

1
for 0>k_l

The important feature is the factor 8 in the denominator, in addition to
the #-dependence expressed by the ordinary diffraction pattern of a
straight rod. This factor was omitted by Pernter and Exner. With
> this factor added, I in the bright rings is proportional to 62 just as it is
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for spheres, and no conspicuous difference between the diffraction by
water drops and by randomly oriented ice needlesisleft. The two patterns
are compared in Fig. 16.

As a check we may multiply by 27720 df and integrate in order to
find the total amount of scattered light. The fact that the formula
is wrong for very small # does not matter. The result is

o] la _
f 120720 df) = I, 12- = I, G
0

as it should be.

0.06 —
Cylinders | Spheres

BE2(u) ™ ll‘/ F2(u)
005 |-

0.03

0.02 |

001

u = kaf ~—-»

Fig. 16. Relative intensities across first and second diffraction rings
in the diffraction patterns of spheres and of randomly oriented
cylinders, all with radius a.

8.4. Large Convex Particles with Random Orientation

This section deals with two theorems holding for large, convex particles
that are oriented at random. Such particles are, e.g., ellipsoids, rods
disks, pieces of rock, crystals,

8.41. Average Geometrical Cross Section

The average geometrical cross section of a convex particle with random
orientation 1s one-fourth its surface area.

The proof is simple. A convex particle, when illuminated from
any direction, has a light side and a dark side separated by a closed
curve on the surface. Any small surface area dS is on the dark side
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when its outward normal makes an angle <C 90° with the direction of
propagation of the incident light; it is on the light side when this angle
is > 90°. If many identical particles are randomly oriented, the normals
of corresponding surface areas on all particles also have random positions.
An area dS is dark in half the positions and obliquely illuminated in the
other half. By a simple integration we find that it intercepts on the
average the radiation }I, dS. Integrating over the entire surface we find

G = 18,

which proves the theorem. A sphere, with G = mwa?, § = 47a?, is the
simplest example. This, apparently, is one of those theorems which gets
discovered and rediscovered many times. The writer has not traced the
literature about it. A simple extension to include non-convex particles
is not possible.

8.42. Pattern of Reflected Radiation

The scattering pattern caused by reflection on very large convex particles
with random orientation is identical with the scattering pattern by reflection
on a very large sphere of the same material and surface condition.

This theorem follows from the same reasoning. The normals of any one
surface element that assumes random positions are distributed in the
same manner as the normals of all surface .elements on a sphere. So
also the scattering pattern by reflection must be identical. The other
parts of the scattering pattern, viz., the refracted light and the diffracted
light (see sec. 8.1), do not. follow this theorem.

A few examples may be given.

Polished, totally reflecting particles. The reflection is specular and
total. Section 12.44 shows for spheres that the scattering by reflection
is isotropic and that natural incident light gives natural scattered light.
By virtue of the theorem the same holds for convex particles of other
forms. The scattered intensity at a distance r per particle is

I = I,Gldmr2.

Polished metallic particles. The reflection is specular but partial.
The refracted light is absorbed, so that it does not spoil the scattering
pattern. Section 12.44 shows for spheres that the reflected light has a
flat maximum in the forward direction, § = 0 (the diffracted light has a
very sharp peak in the same direction). Polarization effects occur.
All results are directly applicable to convex particles of other forms.

White particles. The reflection is total but diffuse. The concept
“white,” like the concept of diffuse reflection, makes sense only for surface
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areas with dimensions>> 4 (sec. 8.1). The exact law of diffuse reflection
depends on the nature of the surface or the cause of diffuse reflection,
a discussion of which is beyond the scope of this book. Most white
surfaces obey fairly closely Lambert’s law. This law states that the
surface brightness of a white surface is the same in all directions, inde-
pendently of the direction from which it is illuminated. It is consistent
with this law to postulate that the reflected light is unpolarized, irrespec-
tive of the polarization of the incident light. If a surface element dS
receives the flux F 48, it reflects the flux (cos o) ¥ dS[/m per unit solid
angle in a direction that makes an angle « with the normal.

The scattering pattern of a sphere whose surface elements follow
Lambert’s law has been computed and tabulated by Schoenberg (1929).
Compared to isotropic scattering (polished particles) we have an additional
factor (‘“‘gain”):

f6)y= i (sin 6 — 6 cos 8),
3

so that
_ LGs®)
4mr?

Table 7 gives some values of f(0#). The maximum light is found in
the direction 6 = 180°, i.e., in the direction back to the light source.
This is qualitatively illustrated by the moon, although it does not follow
Lambert’s law! The full moon (6 = 180°) is brightest, the new moon
(6 = 0°) is dark. A polished moon, or a planet covered by a reflecting
ocean, would show juét the reverse effect. It would have a bright
reflection spot at its center when full but an even brighter reflection spot
near its edge when nearly new. The rest of the disk would look black.

1

Table 7. 'Smttering by a White, Diffusely Reflecting Sphere following Lambert’s Law

6 Sf6) 6 f(6) 6 Sf(0)
0° 0 70° 0.443 140° 2.134
10° 0.0015 80° 0.630 150° 2.349
20° 0.0119 90° 0.849 160° 2.518
30° 0.0395 100° 1.093 170° 2.628
40° 0.0917 110° 1.355 180° 2.667
50° 0.1742 120° 1.624
60° 0.2907 130° 1,888
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0. RIGOROUS SCATTERING THEORY FOR
SPHERES OF ARBITRARY SIZE (MIE THEORY)

All problems in theoretical optics are problems in Maxwell’s theory and
should be treated as such when a full, formal solution is required.
Frequently a short route towards physical insight in a problem must be
preferred to a deduction of its formal solution from & given set of equations,
This is the reason why Maxwell’s equations have not appeared in this book
until the present chapter. The scattering of light by a homogeneous
sphere cannot be treated in a general way, other than by the formal
solution of Maxwell’s equations with the appropriate boundary conditions.
Readers not interested in the mathematics of this solution may turn at
once to sec. 9.3 for final results and to chaps. 10-15 for special cases and
numerical results.

9.1. Maxwell Equations

9.11. General Equations

A thorough treatment of Maxwell’s theory is beyond the scope of this
book. There are excellent modern textbooks to which the reader is
referred. The author’s references are to Stratton’s Electromagnetic
Theory (1941), although both the units and the notations adopted in this
book differ from Stratton’s.

The following points may be briefly noted:

1. Gaussian units, which have been used in all classical papers on the subject,
are employed in this book. They are non-rationalized c.g.s. unitas electrostatic
for £, D, I, o, p, and electromagnetic for H. By this choice elegant, symmetric
formulae result. The disadvantage, namely, that the conversion from fields into
currents and charges is more elaborate, is immaterial in calculations of the kind
presented here.

2. The author uses the time factor exp ({wt), where Stratton uses exp (—iwt).
This choice, giving a refractive index with a negative imaginary part, is the classical
one and has also been made in some modern tables.

3. Choice of the angle § as the angle between the directions of propagation of the
incident wave and the scattered wave (see Figs. 1, 13, 15, 19) agrees with that of
Stratton. The classical choice of the supplement of € as the scattering angle was
an unfortunate one.

The two equations of Maxwell are
47I 14D

e —_—— 1
curl H - +c = 1)

114
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where D=:E and I=0E,
1d

and curl E = — - —E (2)
c dt

The meaning of the symbols is: ¢ = time, ¢ = velocity of light, H = mag-
netic field strength, E = electric field strength, D = dielectric displace-
ment, I = current density, ¢ = dielectric constant, ¢ = conductivity,
The magnetic permeability (u) has been put 1, because this is true for all
applications we shall consider.® If u is not 1, it appears in all formulae as
a second parameter beside the refractive index m, defined below.

The third independent equation expresses the conservation: of charge:

. dp
divI + == 0, (3)

where p is the density of charge.

Three derived equations will be found useful. By taking the divergence
of both sides of equation 1 we obtain:

4wdjv1+§-t-divn=o. 4)

When combined with equation 3 this gives
div D = 4mwp, (6)

if this is supposed to be correct at a particular time. In the same manner
the divergence of equation 2 gives

div H = 0. (6)

In the following subsections we shall find the forms assumed by these
equations in the particular conditions of interest to our problems. E.g.,
equation 1 assumes the forms of equations la, 15, and lc.

9.12. Periodic Fields

From now on we consider periodic phenomena, with a circular frequency
w. Itis advantageous to write all quantities as complex functions of the
time in the form

= (a + iB)e'™,

! One advantage of keeping u in the formulae would be that the boundary con-
ditions for the outer fields at a perfectly conducting surface (sec. 9.14, equations
2¢ and 6¢) are the same as the boundary conditions at the interface of vacuum
with an arbitrary medium (sec. 9.13) if in the latter we let ¢ - 0, ¢ ~> 0. This
‘theorem is used in sec. 10.4.
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where it is understood that the physical quantity represented by A shall
equal the real value Re (4). The symbol Re means that the real part is
taken. With this periodicity Maxwell’s equations assume the much
simpler forms

curl H = ikm?E, (la)
curl E = —ikH, (2a)
where
W 27
k —_— —= —
c A
A
and m2 =g — -me.
w

Both k& and m are extremely important parameters: k is the propagation
constant (= wave number) in vacuum. The wave length in vacuum, A,
follows from it by A = 2n/k; it often is a matter of taste whether A or % is
used in a formula. The parameter m is the complex refractive index of the
medium at the frequency w. It should be noted that m cannot generally
be determined from the static values of ¢ and o but should be determined
by measurements at the circular frequency w.

The divergence of equation la gives, in correspondence with equation 4,

div (m2E) = 0, (4a)

In a homogeneous medium, where m = constant, the divergence of E
itself vanishes, so that by equation 5 the charge density p is zero. A
further result for a homogeneous medium, found from equations le and
2a, is that any rectangular component of B or H satisfies the scalar wave
equation

Ay = —IPm?y.
The simplest type of solution corresponds to a plane wave. A plane
wave traveling in the positive z-direction has the form

g = eimetiat
This shows that km is the propagation constant in the medium with refractive

wndex m. The wave is damped if m has a negative imaginary part and is

undamped if m isreal. In the latter case A/m is the wavelength inside the
medium.

9.13. Boundary Conditions

We consider a sharp boundary between homogeneous media. Let
medium 1 have the values &;, 0;, m,, and medium 2 the values &,, oy, m,.
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Both m, and m, are assumed to be finite; for infinite m see sec. 9.14. Let
1 be the normal to the boundary surface, directed into medium 2. Equa-
tions le and 2a then change by a well-known limiting process into the
boundary conditions for the tangential components:

n x (H, — Hy) =0, (10)
n x (E, — E)=0. (2b)

Corresponding to equations 4 and 6 we have the boundary conditions for
the normal components:

n - (m3E, — m?E,) = 0, (4b)
n-(H, — H,)=0. (6B)

Like equations 4 and 6, these equations are not independent. They may
be derived from equations la and 2a valid in the medium at either side
‘combined with 15 and 2b valid at the boundary.

The set of equations may be made complete by introducing the surface
charge density d. Surface charges are supplied and carried away by
normal components of the current densities in either medium.

As the boundary form of equation 3, expressing the conservation of
charge, we find

dod
n- (L — 1) + = =0. (35)

Combined with equation 4b, this equation gives, in perfect correspondence
with equation 5,

There are no surface currents here; only if m; or m, are infinite do
surface currents exist. The surface charges are zero if my and m, are
real, i.e., at the boundary between two dielectrics. Since we consider
only periodic phenomena, this statement refers to a periodically changing
charge; there always may be a static surface charge.

9.14. Skin Conditions; Perfect Conductors

A different set of conditions becomes appropriate at the surface of a
highly conducting medium, like metallic conductors at infrared and radio

frequencies. If the fields are supplied by outside sources, they penetrate
only into a thin skin of the conductor.

We assume in this section that medium 2 is a vacuum and medium 1 a
metal with skin depth small compared to the vacuum wavelength  This
is true if 4mo/w (denoted by 7 in sec. 14.41) is large compared to 1. Here

. and in the further formulae all material constants refer to the metal,



118 SPECIAL TYPES OF PARTICLES

These assumptions are further specifications of assumptions made in
sec. 9.13. So the boundary conditions 1b to 6b, derived there, are still
correct here, but in addition another set of equations, the skin conditions,
may be derived. The distinction is illustrated by Fig. 17. The popular
derivation of the boundary conditions for the tangential components uses
a loop formed by line 2 just outside and line 1 just inside the medium. For
the normal components the loop is replaced by a flat box with bottom 1 and
top 2. In either case the vertical sides can be made truly infinitesimal.
Therefore, the boundary conditions 15 to 6b are exact and refer to the
fields at the top of the skin.

However, since the skin is thin it
5 seems promising to consider another
loop. The bottom of this loop may

775 be placed at any level well below the
% //M// % skin, where the fields are virtually
/ Z / zero. Top and bottom of the loop

are then formed by lines 2 and 0 in

/// // /////// the figure. The vertical sides of this

loop are small but not infinitesimal.
So the skin conditions derived from it
are approximate, not exact.

Let the z-axis be in the direction of n, the y-axis along the horizontal
sides of the loop, and the z-axis perpendicular to it. Integration of la
over the area of the loop gives

—H,, = iktm? {E, dz.

Only the contribution of the top side of the loop has been retained. The
bottom side gives zero, because it is below the skin. The vertical sides
give small contributions.? Assuming that ¢ is a small part of m2, we may
write

AR

\\

Fig. 17. Skin conditions at the bound-
ary of a good conductor.

5 dmio
mi: = —

w

by which the equation is converted into
4
—Hy, = -;:1 (I, d-.

Completed and written in vector notation, we have
47
nx H,=— J, (le)

2 They are smaller than the main term by the order of |m|’2, but the detailed
derivation of this result is cambersome.
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where
i=§1,,,d=

The tangential components of the volume currents in the skin when
integrated over the depth of the skin form a quasi-surface current, j.
This j determines by formula 1c the tangential component of the external
magnetic field. At the same time normal components of the volume
currents exist, as before, and give rise to actual surface charges. The new
equation for the conservation of charge, found upon combining equation
3 in the skin and 3b at the boundary, is

d 8, o
_-—6=Divj[::—_32+%]- (3¢)
ox by

In a manner similar to the derivation of formula 1¢ we find the approximate
relation:
: E,, =ik | H,dz,

but its right-hand member is smaller than that of lec by the order of
magnitude |m|—1, so that for most purposes we may neglect it and write

The dependent equations are, again in individual correspondence with
equations 4 to 6,

wwon * By, = —4q Div j, (4c)
n- E, = 474, (¢c)
and n-H, =0. (6c)

They follow rigorously from equations 1¢ to 3¢ and the Maxwell equations
in vacuum. Hence the whole set of equations 1¢ to 6c may be used to
obtain a consistent solution of Maxwell’s equations in a vacuum (medium 2)
bounded by the conductor.’

Perfect conductor. If o goes to co, then m — co and the metal becomes
a perfect conductor. The equations lc to 6¢ are then rigorously correct
and j is an actual surface current. It is important to note that the
boundary conditions of a perfect reflector are the idealization of the skin
conditions 1c to 6¢ of an imperfect conductor and not the direct consequence
of its boundary conditions 15 to 66.

9.2, Mie’s Formal Solution

9.21. Solution of Vector Wave Equation

Spherical coordinates of a point P will be denoted by (r, 9, ) with the
usual meaning of the symbols. The vector OP, which has the rectangular
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components (z, y, 2), or

r cos @ sin 6, r sin @ sin 8, r cos 0,
is-denoted by r.
The scalar wave equation

Ay 4 BPmPpy =0
is separable in these coordinates and has elementary solutions of the
following type:

. %08 l(p] Pl (cos 8) z,(mkr).

= gin I

Here n and ! are integers:
n=>1220;

the first factor may be either a cosine or a sine; the second factor is an
associated Legendre polynomial; the third factor may be any spherical
Besgel function, defined by

za(p) = J21p Zn+1/2(P)

in terms of ordinary Bessel functions. The general solution of the scalar
wave equation is a linear combination of such elementary solutions.

By virtue of formulae la and 2a the field vectors E and H in a homo-
geneous medium satisfy the vector wave equation

AA + *m2A = 0.

Elementary solutions of this equation may be found from the following
theorem, which is stated without proof. If y satisfies the scalar wave
equation, the vectors M, and N, defined by

M, = curl (ry), (7)
mkN, = curl M, (8)

satisfy the vector wave equation and are, moreover, related by
mkM, = curl N,. 9)

This is just what we need. A simple substitution shows that, if  and v
are two solutions of the scalar wave equation and M, N, M,, N, are the
derived vector fields, the Maxwell equations la and 2a are satisfied by

E—= M, +iN, }

H — m(—M, +iN,) {10
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The full components of M, and N, are

(ry)
M, =0, mkN, = P + m2kiryp,
1 o(ry) az(np)
Mo = rsin 6 dp » Mkl = r orof
1 9(ry) 1 o%ry)
o="770 ™= Temo arap

The components of E and H may, therefore, be written in terms of the
scalar solutions # and » and their first and second derivatives, but these
full formulae will not be needed.

9.22. Solution of Coefficients from Boundary Conditions

.We now turn to the Mie problem: scattering of a plane wave by a
homogeneous sphere. In order to simplify the notation we assume that
the outside medium is vacuum (m, = 1), and the material of the sphere
has an arbitrary refractive index m. We assume that the incident radia-
tion is linearly polarized. The origin is taken at the center of the sphere,
the positive z-axis along the direction of propagation of the incident wave,
and the z-axis in the plane of electric vibration of the incident wave. The
incident wave (of amplitude 1) then is described by

— —ikz+iwt
E — g ¢ "etiel

—ikz-tiot
H = a ¢~ ttiol

where a, and a, are unit vectors along the 2- and y-axes.

It can be proved (but we omit the derivation) that the same fields are
written in the form postulated in sec. 9.21 by choosing for » and » the
following functions.

Oulstide, incident wave:

o

_ twt _ n 2n + 1 y
— cos @ z 1) n( 'y P(cos 0) j,(kr),

_ ot sin g Z (—ip2r 1 ( +1) PX(cos 8) j(kr),

where j, is the spherical Bessel function derived from the Bessel function
of the first kind, J,,, ;5. -

This form for the incident wave sets the form also for the complete
solution. The field outside the sphere consists of the incident wave plus the
scattered wave. From a consideration of the boundary conditions and
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the conditions to be satisfied at infinity it is found that the following
assumption is sufficiently general,
Outside, scattered wave:

. m)t Y + 1 (2)
= COs @ z a,{—1) ~———-—n e P, (cos 0)h'2(kr),

) 2n —i— 1
giet 1 (2)
sin @ E 1) P (cos )R\ (kr).

These series contain elementary solutions with I = 1 only, like the series
for the incident wave; a, and b, are coefficients to be determined
presently. The spherical Bessel function 22)(kr) derives from the Bessel
function of the second kind H), ; ,(kr) and has been chosen because its
asymptotic behavior,
0 ghtl .
h(ﬂ) (’C?’) ~ E— e_”"s

when combined with the factor exp ({wt), represents an outgoing spherical
wave, as is required for the scattered wave.

Likewise, the field inside the sphere can be represented by

Inside wave:

2 1
= ¢™* cos @ Z me,,(—1)" Z ::__ T Pl(cos 8) 4, (mkr),

2t Pl(cos 8) 4, (mkr).
n(n +

v = ¢! gin md (—1)"
? Zl .
Here ¢, and d, are another pair of undetermined coefficients, and the
choice of j,(mkr) is based on the facts that the refractive index is m and
the fields are finite at the origin.

We use the boundary conditions (sec. 9.13, 16 and 25) in order to find
the undetermined coefficients. Apart from factors (and differentiations
with respect to § and @) which are the same for the waves inside and
outside the sphere, the field components E; and E, both contain the
expressions

1 d(ru)
v and — .
m or
The components Hy and H, contain
o(rv)

mu and

or
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These four expressions have to have equal values at either side of the
boundary surface, r = @, where a is the radius of the sphere.

The notations are simplified by introducing a new set of functions which
differs from spherical Bessel functions by an additional factor z:

wn(z) = zjn(z) = (7TZ/2)”2 J'n-!-llﬁ‘(z) = Sﬂ(z)'
Xal2) = —any(2) = —(m2[2) 2 N1y 5(2) = 0,2,
{alz) = 2hD(z) = (m2[2)Y2 HY) 1 5(2).

These are the Riccati-Bessel functions. The notation S, and C,, is most

common at present. We use y,, x, and {,, the notations introduced in
1909 by Debye. By virtue of

HQ(z) = J,(2) — il ,,(2)
we have

Ea2) = pn(2) + txa(2).

The derivatives of these functions will be denoted by primes.

The arguments are

2 .
x:ka=ia, y = mka.
A

The parameter x, which equals the ratio of the circumference of the
sphere to the wavelength, is the most important parameter here and in the
following chapters.

With these notations the boundary conditions, expressed by the
continuity of the four functions placed in brackets, assume the forms:

[ma): Ya(®) — @, L, () = mep,(y),
?ln a(gf)] (@) — a,o(@) = ey, ),
[v]: Pa(@) — by L, (2) = d y,(y),
D). i) — b = mi i)

On eliminating ¢, from the first pair and d, from the second pair of
equations we obtain the solutions:

0 )pa(®) — my(y)p.(e)

T ) @) — myp, () @)

_ M (y)va@) — vay)yalz),

n
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For ¢, and d, we find fractions with the same respective denominators and

() {a(2) — (@) (@) =3
as common numerator. This completes the solution of the problem. The

field at any point inside or outside the sphere is now expressed in known
functions.

9.3. Resulting Amplitude Functions and Efficiency Factors
9.31. Amplitude Functions

The Mie solution sketched in the preceding sections gives the fields at
any point inside and outside the particle. The problem posed in chap. 4
(sec. 4.1 and 4.42) was restricted to the scattered field at very large
distances from the sphere. By substituting for A% (kr) the asymptotic
expression, already given, we find for the scattered wave

; o s 2 1
U == — i e—zkr+zwt oS @ Z a,, 7-1((:’%)- P}t(COS 0),

—_— g —1kr+zwt 2n + 1 1
v = kr sin @ Z b, n( ey P,(cos 0).

On deriving the tangential field components by means of equations 7 to
10 in 9.21, the following functions of the scattering angle appear:

m,(cos 0) = smL Pl(cos 6),

‘ d
T,(cos 0) = T Pl(cos 6).
Figure 18 shows the values of these functions for n =1 to 6.
Alternative expressions are
dP (cos 6)
) = 2 —7,
ma(e0s 0) d cos 0
dm,(cos 6)

7,(cos B} = cos 0 - 7,(cos §) — sin®f
d cos 6

The resulting field components can be written at once in the form:

Ey=H,= — "I;;' e~ Hiol oog @ S,(9),

-_'E(p — H& —_ ]:_re—ikr+iwz sin @ 81(6),
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where 8,(8) = z 2ntl {a,m,(cos 8) + b,7,(cos 6)},

20
15 K3 .

10K4

0 ‘\\f\l i

=10

=15k
0 30 60 S0

Fig. 18. The two sets of functions of the scattering angle 8, which
occur in the Mie formulae, for n = 1 to 6.

These fields represent an outgoing spherical wave with amplitude and
state of polarization dependent on direction. The radial components
E, and H_ may also be derived from Mie’s solution but tend to zero with a
higher power of 1/r. It remains to be proved that the functions §,(6) and
84(0) are the amplitude functions in the sense defined in sec. 4.42. QObsery-
ing the previous sign conventions we obtain a situation as illustrated in
Fig. 19. The plane of reference is taken through the directions of propa-
gation of the incident and scattered waves. The perpendicular and
parallel components of the electric field of the incident wave are

By, =sing, E, = cosg.
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Those of the scattered wave are
E — —F E,=E,

r ®?

It is thus seen that the functions denoted here as §,(f) and 8,(6) agree
in all details with the amplitude functions defined in sec. 4.42. The
matrix components §4(0) and 8,(0) are zero. By means of the formulae
summarized in sec. 4.42 it is possible to write at once the intensity and
state of polarization of the scattered wave in any direction if radiation

Z

X 2 ™~

Fig. 19. Decomposition of electric vectors of incident
and scattered waves.

with an arbitrary intensity and state of polarization falls on the sphere.
Generally, the scattered light is elliptically polarized, even if the incident
light has linear polarization, for 8;(8) and S,(f) are complex numbers with
different phase.

Quite generally the computational problem involved in the Mie problem
is to compute the numbers

iy =|8;(0)]2 and ¢, = |9,(6)12
and the phase difference d (sec. 4.42) as functions of the scattering angle
6. Most often only ¢, and 7, are tabulated, which suffices for the scattering
of unpolarized light.

If the phase function (sec. 2.1) is required, it may be computed after the
tabulation of ¢,, iy, and @,,,. Alternatively, it may be written as a series
of Legendre functions with coefficients expressed directly in terms of the
Mie coefficients by means of expressions derived by Chu and Churchill
(1955).

The formulae most often needed are compiled in sec. 9.4.
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9.32. Resulting Efficiency Factors

These factors, defined for general particles in sec. 2.4, may be computed
at once from the amplitude functions. The efficiency factor for extinction
may be determined from the amplitude function for # = 0. Both §,(6)
and S,(0) have the value

8(0) = %Z @n + 1)@, - b,)
n=1
for 6 = 0; use has been made of the relations

m,(1) = 7,(1) = dn(n + 1)

The fact that there is only one S(0) is in agreement with the case of
highest symmetry discussed in sec. 5.41 and implies that the extinction
is independent of the state of polarization of the incident light. The value
‘of @,,, follows from (secs. 2.4 and 4.21)

Oext e Qewt — Re {S(O)}’

45
kz
so that

4
Qezt = 55 Re {S(O)}’

which, expressed in the Mie coefficients, reads

[« ¢]

2
Que== > (2n + 1) Re (a, +b,).

n=1

The further cross sections follow by integration over the entire scattering
pattern, according to the formulation of secs. 2.2 and 2.4. The form of the
function F(0, ) defining the intensity of the scattered light in an arbitrary
direction, according to sec. 2.1, can be written down at once for the special
case of incident linearly polarized light, discussed in the previous sections
(see Fig. 19). We find

F(8, @) = i4(0) cos® ¢ + ¢,(0) sin? g,

Integration over all directions, with
dw = sin 0 d6 dg,

now gives, by means of the equations of secs. 2.2 and 2.3

Quoa = Coua _ f {2,(6) -+ 14(0)} sin 0 d6

mad
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and, likewise

1 T
cos 6 -Q,,, = = f {22(0) + 75(8)} cos 6 sin 6 d6.
0

The same total cross sections are obtained if the incident light has
arbitrary (e.g., partly elliptical) polarization: the proof may be left to
the reader. Once these values have been found, the cross sections for
absorption and radiation pressure follow by subtraction:

Qabs = Qewt - Qaca’
Qpr = Qemt — cos 6 - Qsca

The conversion of the above results into expressions containing the Mie
coefficients is not very simple. Since 8, and 8, are in the form of infinite
series, their squares i; and ¢, are in the form of doubly infinite series.
However, upon integration over # most terms in the double series give
zero because of orthogonality relations of 7, and 7,. These have been

investigated by Debye, to whom we refer for further details. The
results are

4 il z ____2n 1 Re (anb:).

A further reduction, which is helpful only for a real refractive index, will
be given in sec. 10.21,

9.4. Formulae for Practical Use

Although the preceding formulae are general and striet, it is helpful to
have the equations for some very simple conditions ready for practical use.
They are contained in the formulations given above, and no further
comments on their derivation will be given.

One particle, extinction. From radius & and wavelength A, find
x = 2maf). 1If the sphere is not in vacuum but submerged in a homo-
geneous medium, the wavelength in the external medium, which is
Avac/Mmegiums Should be used in this formula, Tables of Mie functions
usually give the efficiency factor Q,,,(», m). If I o 1s the intensity of the
incident light (watt/m?), the sphere will intercept @,,, - ma? - I, watt from
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the incident beam, independently of the state of polarization of the latter.
The part absorbed and the part scattered in all directions are found by
replacing @,,; by @,,, and @,.,, respectively.

One particle, scattered intensity. Tables usually give ¢; and i, as
functions of x, m, and 6. Let r be the distance from the center of the
sphere and k = 2#/A. If natural light of intensity J, (watt/m?) is incident
on the sphere, the scattered light in any direction has partial linear
polarization. Its intensity (watt/m?) is

IO(?:I —l_ 'i’2)’

I= 2k*r%

in which the terms ¢, and i, refer, respectively, to the intensity of light
vibrating perpendicularly and parallel to the plane through the directions
of propagation of the incident and scattered beams. By vibration we
understand vibration of the electric vector. The degree of polarization
is (41 — 9)/(3y + 1g).

Full formulae for incident polarized light are in sec. 4.42.

Medium containing N particles per unit volume. The particles are first
supposed to be identical spheres in vacuum. The intensity scattered per
unit volume in a given direction is simply N times the intensities mentioned
above. It depends on the state of polarization of the incident light.

The intensity of the proceeding beam decreases in a distance ! by the
fraction e—*!, where the extinction coefficient y is computed from

Y= N ﬂa'zQea:t’

independently of the state of polarization of the incident light. At the
same time the proceeding wave is retarded . Weakening and retardation
are described together as the effect of a complex refractive index of the

medium:
m =1 —i8(0) - 2z Nk 3.

If the particles have different radii, with N(a) da particles with radii
between a and a + da per unit volume, then

Y= f QeaelV (@)70? da,
0

where @,,, depends on a because of the argument z = 27a/A.

Particles suspended in a medium with refractive index different from 1. In
order to keep notations simple we have assumed throughout this book that
the suspending medium is vacuum, but the generalization is simple. Let
the outside medium have the refractive index m, (real) and the spheres
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have the refractive index my (real or complex). The m used throughout
this book is

m = mym,;
the 4 used throughout this book is
A= 'q'vcw/ My

and, consequently,
2na  2mam,
Y W
All functions of 2 and m remain the same, except the complex refractive
index of the medium with suspended particles, which now is 7 - My,
General proofs of these relations can be given by keeping m, as a
separate parameter in all formulae from the beginning,

vac
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10. NON-ABSORBING SPHERES

This chapter deals mainly with spheres of a non-absorbing (dielectric)
material. This means that the electrical conductivity o is zero and that
the refractive index m of the material is a real constant.

This assumption in itself does not introduce a drastic simplification. It
allows a convenient survey, however, of the simplifications that arise in
the limits if m and « have large or small values. This survey is given in the
first section. Some of the limiting cases are treated in this chapter
(secs. 10.3, 10.5, and 10.6), others in the following chapters (11 and 12).

‘The restriction to non-absorbing particles is dropped only where the
equations are sufficiently simple to formulate the result at once for the
more general assnmption that ¢ has a non-zero value.

10.1. A Survey of the m-2 Domain

All formulae derived in the preceding chapter have two parameters,
m and z. The size parameter # can have values from 0 to co. The
refractive index m can have values between 1 and o0 for a sphere in
vacuum and smaller than 1 if the surrounding medium is not vacuum
(e.g., air bubbles in water). For convenience we neglect the latter
possibility and show in Fig. 20 a schematic diagram in which any com-
bination of z and m is represented by a point within a square. To each
point belongs a particular scattering diagram, a definite value of the
efficiency factors for extinction and for radiation pressure, etc., but the
points for which such complete computations have been made are scanty
in spite of the many computations that have been made lately. Mainly
for that reason it is important to investigate what simpler ways to treat
the problem exist and in which parts of the m-z domain these approximate
methods are legitimate.

The theoretical structure of the m-z plane is made clear if we pay
attention to three main divisions. The first one is the division according
to the size of the scattering sphere. There is a gradual change from the
typical scattering properties of small spheres to those of big spheres. The
importance of this division is well known and is evident from the rigorous
formulae. We have already applied it in chaps. 6 and 8 for particles of
arbitrary forms. The second division is a division according to the value
of m. The simplifications that arise for small » have been known for a

131
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long time. The opposite is m — 00, i.e., total reflectors. Again there isa
gradual transition.

The third division is a division according to phase shifts. The change of
the phase of a light ray passing through the sphere along a diameter is

2a - (m — 1) 2nfA = 22(m — 1).

61 1

m
2x(m~1)
\ 3
J 56 ]
4 k|
45
o0

Fig. 20. SBurvey of limiting cases in the m-z domain.

The scattering process appears to be fundamentally different according
as these phase shifts are small or large compared to 1. The dividing line
is approximately the diagonal of the square in Fig. 20. This division is
not a sharp one either. It is curious that it has escaped attention in most
treatises on the subject, although in the related quantum mechanical
problems it is of prime importance.! This division was used in chap, 7.

The simplest mathematical reductions and the clearest physical inter.
pretation of the scattering formulae are obtained in points of the m-z
domain which are far from two dividing lines. i.e., points which satisfy at
least two of the following Inequalities:

x<L1 or r>1,
m—1Ll o m—1>1,
zm— 1)Ll or  am— H>1.

! Approximations based on the assumption that the phase shifts are srall, are
there called ‘“Born’s approximation.”
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The possibilities for this to oceur are shown in Table 8, where s means
small, I means large, and arb means arbitrary.

Table 8. Boundary Regions of the m-x Domain

Region x m—1 a(m—1}) Chapter or Section Extinetion Formula
61 8 E) 8 Q@ = (32/27)(m — 1)z
1 arh g 8 7.2 (Rayleigh-Gans)
12 1 8 s Q = 2(m — 1)%*
2 l 8 arb 11 (anomalous diffraction)
23 l 8 i Q=2
3 i arb l 12  (large spheres)
34 l l l Q=2
4 arb 4 14 10.6 {total reflector)
45 8 i l Q@ = (10/3)z*
B & l arb 10.5 {optical resonance)
56 s 1 8 Q = (8/3)at
6 8 ard 8 6.3 (Rayleigh scattering)

The table shows and Fig. 20 illustrates that there are six boundary
regions (1 to 6) in which one of the parameters may have an arbitrary value
ranging from near 0 to infinity. The simple formulae, or simplified
methods of computation, that hold in these regions are discussed in the
sections shown in the table. Two by two they overlap in the regions that
are numbered as 61, 12, 23, etc. These corner regions give rise to even
simpler formulae than most boundary regions. The formula of @, the
efficiency factor for extinction, is given for these corner regions in the
table. In each corner region identical results are obtained from the some-
what different approaches that hold for the adjoining boundary regions.
For instance, the extinction formula for region 12 is

Q= 2.’&'2(?’)?/ - 1)2:

as follows independently from the Rayleigh-Gans theory (region 1) and
from the quite different approach of anomalous diffraction (region 2).
We present now a brief description of the relevant features of the
scattering phenomenon in all boundary regions, in anticipation of the full
discussion given in later sections. We make the round of the m-x domain
starting from and returning to the upper left corner.
The left side (region 6) provides the simplest pattern. Here both x and
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the phase shift are small. One term, with coefficient a,, is predominant in
the Mie formulae and corresponds to electric dipole scattering. This is the
Rayleigh scattering, discussed in more general context in chap. 6. Pagsing
into the lower left corner both b, and terms with #» > 1 become important.
There are sharply defined values of x for which one of these terms gives a
large contribution; this indicates a resonance phenomenon. Passing from
this optical resonance region (region 5) along the lower side of the square
we enter the region of the totally reflecting spheres (4). The fields inside
the sphere may be neglected, and the Mie coefficients are particularly
simple; sufficient numerical results are available to follow the gradual
change from small spheres to large ones. We then enter the region of
geometrical optics (region 3) that ocoupies the right side of the square.
The scattering diagram is the combination of a diffraction pattern
(dependent on x but not on m), and a reflection - refraction pattern
(dependent on m but not on z). There Q = 2, as discussed in sec. 8.22.
At the lower end of this region reflection prevails, and, if we rise along a
vertical line in the diagram, more and more radiation is refracted by the
sphere. At the top end most of the light is transmitted after two refrac-
tions without an inner reflection. If now m — 1 decreases still further, the
transmitted light becomes less divergent and its intensity increases.
Finally it can compete with the intensity of the diffracted light. Here
optical interference appears and we enter the upper right corner (region 2).
In this region the light is scattered in diffraction rings with anomalous
sizes and distribution of brightness.

The limiting case of small phase shifts brings us to the upper side of the
square. All phase shifts are small. The Rayleigh-Gans scattering that
oceurs in this region has been discussed in a more general context in
chap. 7. It can be understood as simultaneous Rayleigh scattering by all
volume elements of the sphere. Purely geometrical interference effects
cause a scattering diagram with successive bright and dark'rings. Most of
the light is strongly forward-directed for large z. With decreasing z the
angles between the rings widen, and one by one the rings vanish at
6 = 180°. TFinally, when x becomes < 1, all interference effects are gone
and we have returned to ordinary Rayleigh scattering. Our round is thus
completed.

The central part of the m-x plane is left. Here the royal road along the
Mie formulae should be taken.2 Even so, correct methods of interpolation
between numerical results can be devised only if we first have a good
understanding of the effects found in the boundary regions.

? Rigorous transformations of the Mie formulae into other expansions may be
made (sec. 12.35), but without approximations they are not useful.



NON-ABSORBING SPHERES 135

10.2. An Important Simplification
10.21. Introduction of Phase Angles

A real value of m means no absorption, so that we know beforehand that
Q.o = @.re- This is not at once evident from the rigorous formulae in
sec. 9.32. It becomes very clear after the following transformation.

Let m be real, then x and y = mx are real. Also the functions vy, (z),
v, (y), and y,(x) are real, but {,(z) is complex, so that the coefficients a,,
and b, are also complex. We define the real angles «, and §, by

¢ _ paledpa@) — myyya)

an o, = — - -
Yo W)X n(®) — m%(y)xn(x)
mwn(y)xn(w) — YY) 2n (w)

The coefficients as derived before

(sec. 9.22) then are
_ tana,
" tanoa, — ¢
_ tang,
" tan B, —i
and by a simple geometrical trans- H 1
formation
= }(1 — e~2n),
bn — }(1 — e2ifm), akin

The locus ofa,, and b, in the complex
domain is a circle with center § and  Fig. 21. The locus of the coefficients «,
radius 1 (Fig. 21). We can see andb,in the complex domain is a circle.
geometrically and analytically that

Re (a,)
Re (b,)

. =\a, |2 = sin? a,, = 3(1 — cos 2a,),

(b,) = |b, |* = sin? §,, = §(1 — cos 28.,),
which proves (sec. 9.32) that @,,, and @, have the common value:

= o]

Q = % z (2 4 1)(sin® a,, + sin? §,).

n=1

The same transformation might be made for complex values of m
(absorbing spheres). The main advantage is then lost, for «, and 8, are
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complex, and the real part of a, is no longer equal to the square of its
modulus, so that also

Qsca 7& Qemt'

The definition of the angles o, and B, is completed by the requirement
that they are 0 for & = 0 and are continuous functions of 2. They also are
0 for m =1 and continuous functions of m, Discontinuities oceur,
however, when we pass from very large values of m to m = co (see sec. 10.8).

The change from the complex coefficients @, and b, to the real angles o,
and f, means an important simplification. The angles «, and f, may be
plotted as ordinates in a graph against m, or x as abscissae. Such graphs
permit us to check numerical accuracy and to trace errors of computation
at the stage of the computation where it is most needed, for after the
summation over 7 has been performed errors are hard to trace. These
graphs also lend us better insight into the way in which the solutions for
various limiting cases originate from the general solution.

We have used in particular the graphs showing the values of «, and g,
for all values of n as functions of z at a fixed value of the refractive index
m. Figure 22 shows an example of such a graph constructed form = 2 in
the domain = 0 t0 4.25. All «_ and B, increase with increasing x, but
the rate of increase fluctuates highly, and at regular intervals the curves
intersect. The order that the angles have at one value of z, e.g., along
the right border of Fig. 22, does not show any apparent regularity. In
the older literature the regularity is even more hidden because the complex
numbers g, and b, are given with additional complex factors. For
instance, in Lowan’s tables, the entries are

2 1 .
A, = 2+l @l 31 — e-2ioa),
n(n + 1)
2 1 . '
Py—qma 2L g =266,

n(n 4+ 1)

(The angles «, and 8, have been computed backwards from these tables
for the construction of Fig. 22.) The same coefficients are given in
Blumer’s tables. Itisnot surprising that a clear regularity in the real and
imaginary parts of these complex numbers does not show up, except for the
alternating sign due to the factor i2" — (—I)n.

10.22. Properties of Nodes

The most interesting feature of the curves shown in Fig. 22 is the
existence of points at which

aﬂ = ﬁﬂ'



NON-ABSORBING SPHERES 137

By
240° T I T 77 82
B Spheres 0 '__f ag
m=20 //”
B / 1 b1
| ,’ -]
/ @2
- )
/ aa
— /’ 2
0 <
180° . S -
o
| / 1 4
{ a / 4 ?95
- f 3
H / 3 B3
| / / —
ll /,
L O'l ‘—,/2 52
,/
| / 1 B -
I’ B8
— ’I Qg 8
/
- 7,
/I
0 -
90" — e —
/s
— ,/
’/
|— I Il
/ /
- II ’I -]
/ /A ag By [ay |85 «
= i 5
———-gé—-—", 1
/ !
- Il ,’ 2
/ [l Lo
_I’ /I ﬁl [+ 1) 3
{ / 8
n 2
e 4 Bs
o = | 2 15/ ag
0 ' 1 2 3 4

Fig. 22, Graphs of the phase angles «, and 8, versus = for m = 2.0.
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Any such point we shall call a node. A look at the formulae (at the
beginning of sec. 10.21) shows that there are nodes of two kinds. If
¥,(y) = 0, then

¥a(@) |

Xn(®)

this will be said to define a node of the first kind. 1If, on the other hand,
Y(y) = 0, then

tan o, = tan f, = —

Pu(®) .
Xn()
this will be said to define a node of the second kind.

For a further simplification the angles §, and ¢, are introduced as
functions of # by the definitions:

tan o, =tan 8, = —

tan d,(z) = ¥al) »  tan g,(x) = Pal®)

2a(®) xn(@)
with the additional requirement that they are continuous and are 0 for
z = 0. The notation §,(x) corresponds with that of Lowan and Morse;
€,(%) is & newly defined function (sec. 10.4). These functions are all we
need if we want to solve the scattering by a totally reflecting sphere, for
the phase angles for m = co are given (see, further, sec. 10.6) by

x, = ——En(x)’ ﬁn = h"'an(x)

For any positive value of m which is not o, the functions d,(x) and
€n(%) do not suffice for a computation of the entire curves of «, and §,.
They are sufficient for finding the exact abscissae and ordinates of the
nodes. The formulae are very simple. The properties of the nodes may
be summarized as follows.3

Nodes of the first kind. These are indicated in Fig. 22 by squares:

If 6n(mx) - kﬂ's (k = 1: 2: 3’ . )
then x, = ﬁ’n = ﬂn——l = ﬁn_;.]_ = kmw — 61@(‘”)’
d
and further ﬂ =0
dx

oy _day _df,yy

and dz  dz | de

? These expressions for a, and g, follow from the expressions for tan o, and tan g,
given earlier. The term %z follows from the consideration that all angles must be
0 for m -> 1. The additional properties for the nodes of the first kind were first
noted in the numerical work and then found to be rigorously correct by use of
recursion formulae for the Bessel functions.
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Nodes of second kind. These are indicated in Fig. 22 by circles:
If g, (mx)y=1lkm, (k=0,123, -°)
then o, = f, = km — £,(2).

It is conceivable that further simple relations exist; e.g., in the analogous
cylindrical case also the partial derivatives with respect to m and  in the
nodes can be read from available tables (sec. 15.31). Those presented
above are already very helpful in detecting any computation errors.
Especially, the properties of the nodes of the first kind are remarkable.
In such a mode 4 curves come together, of which 3 have a common,
sloping tangent and 1 has a horizontal tangent. For example, the node in
the figure at + — 2.88 is traversed by the three sloping curves of §;, a,,
and f; which are tangent to each other but do not cross over. Further the
curve of 8, has a horizontal tangent. All these angles are 137° at the node.

The figure shows by dotted curves the values of ay = f_; and f; = «_,.
They follow the same rules as the other phase angles but are not needed in
the computation because the series expansions in the Mie formulae start
with » = 1.

10.23. The Functions J,(z) and ¢,(x)

This section has the character of an appendix, in which some useful
formulae are collected for ready reference. Derivations are omitted.
The defining equations are (sec. 10.22)

tan 8, = w,(2)/x.(%), tan e, = p,(@)/x(x).

The functions y,(z) and yx,(z) have been defined in sec. 9.22. For
n=0:

Yolx) =sinz,  yy(x) = cos z,
¥ol®) = cos z, yolx) = —sin 2,
from which
Oplz) = =, golr) =z — 7/2.
Forn = 1:
sin z ' 2) (1 1 ) n x4 cos X
= — ={1l ——=}sinz )
Yy(#) =08z, yy(@ = -
cos & ) , 1 sin x
x11{x) = +sinx, y{x) = IH;—E 008 & — ——>
from which
8,(x) =z — arc tan 2, &,(x) = x — arc tan =
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For general n:
Yu(@)Xn(®) — xnl@)p () = 1.
n+1

X

Tpn-i-l(x) = QPn(x) - Wn——l(x)

and similarly for y, (x)
, n
Yu(z) = — ; Pal) + Yna(®)

The angles §,,(2) and ¢,(x) show a different behavior according as (n -+ 1)/z
is small, approximately equal to 1, or large. We have

£(n) = £,(n + 1).

Between these values ¢,(z) reaches a minimum at x =4/[n(n + 1)].
For n — o0 we have

an P> — o= =30 S+ -2 = 30°.

For (n 4 §)/z = cos 7 << 1 the asymptotic expressions are
4 4
where f is defined by f = sin 7 — 7 cos = (compare sec. 12.33). For small

(n -+ $)/x the symptotical expansions based on Hankel’s expansions of the
Bessel functions are useful:

b= — T f g BB
Xr)—m — — x - ...
U= —
1 2 2
en(x)z_.(i;—)w_}_x_{_g_l_u_’_:;gu_}_...
x 6x

Approximate expressions for the zeros of tan d,(x) and tan &, (x) are

0,(x) = knr atx:(k-}-?.)‘,r_n(n_i_l)_{_...
2 2z

£a(@) = ko atxz(k+"f+,})wm7ﬁ"+_”+...
2 2z

Numerical values of §,,(x) and ¢,(z) are given in Table 9. Those of 8, (z)
may be found more extensively in the tables of Morse and others. The
function 6, (x) given in those tables is not the same as £,(x). The values of
e,(x) have been computed from Morse’s tables by a formula given in

sec. 10.4. The values of the zeros of tan d,(x} and tan &,(x) are given in
Table 10.



141

NON-ABSORBING SPHERES

9°0 ¥'G '8 G'0% L'1¥ 6'1L 9°011 0'LS1 9013 6'0Lg  9°LEE 1°01% L'88%  O0'€LS 01
1°0 g0 ¢ LL ¢0% U'e¥ 8°¢L SFII G801 8’006 I'¥88  8'9S¢ 0°gey  L'Gig 6
0’0 1T°0 70 6°'1 'L 661 L'gy 0'9L 611 1Ll 9’12z 8668  9'9LE ¥'84¥ 8
0°0 0°0 g0 9'1 99 g'61 g'e¥ 9'8L L'vel 9'081 9°6¥E  E'6IE 1°10¥ L

00 g0 €1 09 0'61 T'¥¥ 618 L'181 ¥e61 &'€9¢ L'g¥E 9

00 10 01 g'g ¥81 1% 298 8°0%1 8°L0% §'98% g

0°0 10 L0 10 4 A ¥ 0¥ 6°16 891 it ¥

00 0°0 ¥'0 o' L'91 '8¥% €001 6°1LT 0’8

10 0’1 ¥l 8°6% 0'gL EEFI g’

00 0 £'¢ [ ! G¢'1g 9FI11 0’6

0°0 ¥0 ¢ 9'6¢8 6°98 a1

00 01 ¢l LAY 01

0°0 1's 9°8% G0

00 0°0 00

x
11 ¢l 11 o1 6 8 L 9 g ¥ g 4 T 0=1u

sadada(] Ul ()" jo Son[eA ‘D6 JAqEL



SPECIAL TYPES OF PARTICLES

142

Lo— L'E— 0¥T— 9°08— 908— L6— 6'F%G ¥'69 0°G31 L'181 6°LFG ¢'0G¢ L"868 0°e8¥y 0
00 90— (e €¢I— L08— 908— Pg— ¥'8¢ 9'¢L g'1g1 %61 0°69¢ 1'Z%€ L'GEy 6
00 ¢0— 86— ¥el— L08— L0E— L9— G'Et 6°28 Verl g01e #'6828 ¥'89¢ 8
G0 ¥0— N gII— 80— 808— L¥— 9'Lg 0°g6 G981 £'68% T°11¢ L
0°0 £'0— 6'1— g0I— 808— 808— 3&— i'¥¥ €80T €8LT L'gg¢ 9
00 &0— i 86— 80— 608— 01 L A3Y G811 ¢'961 g
00 I'o— 01— BL— 'ig— 11— 9'¢ '%9 G'6E1 ¥
0°0 00 90— ¢'9— §IE— €18— FBI 6'18 08
1o— S1— I'el— 966~ ¢€I1— ¢ggg GG
00 ¢0— I'v— L'Ie— L'18— 9%3 0'g
0’0 L'o— 91— 68— 19— |
00 L'1— L'ee— L'eg— 01
I'o— 0g— ¥I9— ¢0o
00 00 006— 00
T
g1 et 11 o1 6 8 L 9 g ¥ g é I 0=u

S32133(] Ul ()3 Jo saneA *q6 dIqBL



NON-ABSORBING SPHERES 143

Table 10. Positions of the Nodes for Spheres

n= 0 1 2 3 4 & 6 7
8, = 180° 3.142 4493 5.764 6.988 8.183  9.36 10.52  11.68
4, = 360° 6.283  7.725  9.095 10.417 11.705 12.97
8, = b540° 9.425 10,904 12.323 13.698 15.040 16.36
8, = T20° 12.566 14,067 15.5156 16.924 18,301
d,= 900° 15.708 17.221 18.68% 20.122 21.528
4, = 1080° 18.849 20.371 Roots of y,(y) = 0
g= 0° 1.571 2,744  2.870 4.973  6.062  17.18 8.27 9.30
€, = 180° 4712  6.117 17.443 8722  9.968 11.20 12.42
£, = 380° 7.854  0.317 10.713 12.064 13.380 14.69
&, = 540° 10.996 12.486 13.921 15.314 16.674 18.02

g, = 1720° 14,137 15.644 17,103 18.524 19.916
g, = 900° 17.279 18.796 Roots of p,(y) = 0

10.3. Computation by Means of Series Expansion

Numerical results from the Mie formulae are required in view of many
applications. Usually, numerical data for a fixed refractive index m and a
range of values of x are requested because of variations in size and/or
wavelength. The accuracy required, the question whether extinction
coefficients or scattered intensities are sought, the availability of com-
puting machines, and similar considerations may influence the choice of a
particular method of computation. However, the following recommenda-
tions may be found useful:

A, If both x and mx are below 0.8, use series expansion (this section).

B. Ifxislarger and the computation is feasible at all, use phase angles
(sec. 10.4).

C. Frequently approximations may be useful, as sketched in sec. 10.1
and worked out in further chapters.

In the range of small x and mx Rayleigh scattering, with coefficient o,
and phase angle «,, is the dominant term. It is convenient to compute
more accurate results from a series expansion. The expansions as derived
in the literature are the following:

Write
2m2 — 1 3m2—2
§— —r—— f=— -
3m2 4+ 2 5m? -+ 2
1 m2--2

W= — ——————;
10 2m2 + 3
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then
oy =831 + fa? L -+ o), By =suzs 4+ -+
%y = swa® 4 -+ . By=--
so that
Q6£t= Qscaz 6821:‘4[1 + 2tx2 + .. .]

8 m2 — 1\2 6m2 ~ 1
S - = 2. ...
“3””4(m2+2) [1+5m2+2”ch ]

to the same accuracy we have

2 (m? 4 3)(m2 L 2
__ 2" (m® 4 3)(m? + )+“_

o8 § = 2%(u + w) 4 - - - 1 om? 13

and
Dor = 65241 + (2 — 0 — w)o? .. ]

8 m2 — 1\2 m‘*~—29m‘1—1—34'mz+1202
x4(m2—|—2) [1* 16(m? 4 2)2m? +3)  © T ]

These formulae are useful if the second term between brackets does nof
surpass 0.10 or 0.20. If it does, more terms ought to be taken into
account, and it is advisable to switch to the method of phase angles,

It may be noted that to the same approximation the Mie coefficients are
given by

3

@y = 1831 + ta? — jsa3), by = isua’,
@y = i8wxs, by ="---

These formulae hold also for complex values of m, so that they give

directly the correct extinetion cross section for absorbing spheres (sec.
14.21).

Also the seattered intensities may be found by means of series expansion
in thisrange of z. The dominant term of a, gives Rayleigh scattering with

2 __1\2 2 __\2
iy == (m )xﬁ and 4, = (m ) x8 cos? 6,
m? - 2 m2 4 2

in agreement with sec. 6.31. The scattering pattern for Rayleigh
scattering is perfectly symmetric, and the light scattered at right angles
is fully polarized (i, = 0 for § — 90°). These properties change if the
further terms with t, w, and w are taken into the formulae.

The first few functions of 8 are

m(cos ) =1, ma(cos B) = 3 cos §,

T1(c08 6) == cos 0, Ty(cos B) = 3 cos 26.
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When these expressions and the previous expressions for a4, b;, and b,
are entered into the general formula for §, (sec. 9.31) we obtain

81 = $(aymy -+ by1y) + §lagmy + by1y) + -0 ¢,
which after some reductions is transformed into

283

Sl=—2—- {8 + (3¢ -+ 3u cos 6 + 5w cos O)a% — Bisx® + - - -}.

Likewise the equation for 8, becomes

8y = %(51'7'1 + bymy) + %(az'rz + bgmy) 4 -

Y @S
% {3 cos 0 + (3t cos 6 + 3u + 5w cos 20)ax® — Bisax® cos § + -+ - }

The neglected terms within braces are of the order of #* and higher. By
caleulating i; = |8, |2 and i, = |§,|® and making the necessary integra-

tions over § the expressions for @, cos 6, and @, given above can be
found again.

These formulae show that the scattering pattern begins to deviate from
the familiar Rayleigh pattern as soon as the second-order terms containing
t, w, and w become of importance. These deviations are striking in two
respects.

1. The intensity of forward scattering becomes stronger than the
intensity of backward scattering, for direct substitution of § = 0° gives

;3
81(0) = 8,(0) = ”%x {8 + (3¢ -+ 3u + Sw)a® — Bisa® + - - -},
whereas substitution of § = 180° gives
t8x .
83(180°) = —8,(180°) = —~ {3 + (3¢ — Bu — Bw)a? — Bisa® + -+ -},

The scattered intensities are proportional to the squares of the absolute
values of these amplitudes. The ratio of these squares is

Intensity of forward scattering
Intensity of backscattering

=1+ 4a%(u + fw) + - -

4a? (m® - 4)(m? 4 2)
15 2m? 4- 3

=1+

This expression is correct except for neglected terms of the order of zt
and higher. It is always >1, so that the forward scattering is always
stronger than the backscattering as long as the assumptions of this section
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hold. The case of m = o with its stronger backscattering is not included,
because it violates the assumption that mz is small (see sec. 10.61),
2. The polarization of the light scattered through a right angle
(6 = 90°) is still strong but no longer complete. This follows from the
fact that for § = 90° (again with the neglect of higher powers):
Sy — (u— f o — z¥(m? — 1)(m? + 2)
8, 15(2m? 4~ 3)

It is well known that the Rayleigh scatitering, represented at 90° only by
%1, gives a scattered intensity proportional to x4, ie., to A% The light in
the other direction of polarization is now seen to have an intensity, which
is of the order of 24 times as weak. This intensity, which can be observed
by watching spherical particles scatter through 90° in the “wrong”
polarization, is proportional to 28, i.e., to A-8. The color is a much deeper
blue that the blue corresponding to Rayleigh’s 14 law, which causes the
blue of the sky. Tyndall called this the “‘residual blue.”

Almost complete polarization occurs for an angle >90°. There ig
an angle slightly over 90°, where lSzl goes through a minimum that s
almost zero. The formula shows that 83 = 0 to the second order of x,
when
@A(m? — 1)(m? 4 2)

= — (4 — Byp)g? —
€08 § = —(u — Bw)x I5(@m2 = 3)

3

which is the same expression as given above but with the negative sign
showing that 6 > 90°. For this angle 8,/8, is of the order of x4, ie.,
virtually zero as long as the approximation is permitted. This is s
characteristic feature of the scattering pattern of a small sphere. The
zero of §, (the point of maximum polarization) shifts with growing size
from 6 = 90° in the direction of § — 180° and the position of this angle
may be used to measure the size.

With still further growing size more coefficients than a1, b,, and a, enter
the picture, and further powers of x become important. The scattering
patterns become more complicated, and generally one has to resort to the
full solution. This warning holds for all the formulae derived in this
section and especially for the simple expressions for the ratio of forward to
backward scattering and for the angle of maximum polarization. Some
authors have attached great weight to these formulae. Aside from their
simplicity they have little advantage. They describe the very first
deviations from Rayleigh scattering, but further deviations appear very
soon after the first have become prominent, so that the full Mie formulae
have to be used.
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A generalization of the method of series expansion for particles of
arbitrary form is mentioned in sec. 16.13.
A numerical example may serve
as an illustration. In Table 11 we
compare the values computed from
the above formulae with those con-
tained in Lowan’s tables, which are —>
based directly on the Mie formulae. —
The agreement is entirely satis- ——
factory.,
An example, in which the devia-
tions are more pronounced (but at
the same time the approximation
already unsatisfactory) is the scat. ¥i8- 23. Scattering diagram for spheres

. . ithm = 2, = 1, showi -
tering diagram for m =2, =1, ., . " w=1 S_megchamcter
] . istic preponderance of forward scatter-

shown in Fig. 23. See also the ;"1 and I, have been plotted

diagrams in Fig. 25 (sec. 10.4). separately.

Table 11. Computation to the Next Higher Order than Rayleigh Scattering
(Example: m = 1.33, x = 0.5)

From
Quantity Above Lowan
Formulae
8 0.1360 —
¢ —0.0368 —
u 0.1256 -
w 0.0960 —_
oy 0.01684  0.01679
Angles in radians b1 0.000534 0.000525
oy 0.000244 0.000238
Qoct 0.00881  0.00677
Forward | amplitude ratio 1.119 1.116
Backward | intensity ratio 1.252 1.245
|S¢/S, | for 6 = 90° 0.00740  0.00755
Angle for which 7, ~ 0 90° 25” —_

10.4. Computation by Means of the Phase Angles

For any « between 0.5 and 30, approximately, the method of the phase
angles may be the fastest method to accurate and complete numerical
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results. The formulae, which are based on the rigorous solution, are
given in the preceding pages and do not need any comment, except for
two factors: the necessities to avoid errors and to save computing time.
Both these factors are reduced or absent in computations with fully
automatic machines but are important in deciding on a method with desk
machines. The following method, which deviates strongly from tradi-
tional methods, was found to be handy and reliable.

1. Compute the position of all nodes in the required range, and plot
them on a graph like Fig. 22. Needed for this step are tables of the
functions J,(x) and ¢,(x). These tables are provided in Tables 9 and 10
(sec. 10.23). The values of y = ma for which 0,(mz) or ¢ (mx) are 0 can
first be taken from Table 10. Dividing by m we find the value of x, which
is the abscissa of the node. The value On(x) or g,(x) is then found by
interpolation from Table 9, and the difference with krm gives the phase
angle a, = #,, i.e., the ordinate of the node.

2. A rough outline of the complete curves can be drawn through these
nodes, but usually fairly precise values of o, and g, for intermediate yalues
of x are required. So the second step is the computation of «, and 8, for
& number of selected values of z. Recourse must be had to the full
formulae (sec. 10.21) and to the tables of the functions () and y,(2)
or of the spherical Bessel functions, The exact procedure depends on what
tables are available.

Computations of this type may be speeded up by using the auxiliary
tables constructed by Lowan, Morse, Feshbach, and Lax (1946),
abbreviated as LMFL., These tables give among other functions the angles
n, B (an asterisk is added in order to distinguish this notation from ours},
Vn» Oy, and 8,, which are functions of « defined by

tan of(z) = — ‘;J:(S) ’

tan f(z) = — “;’::;S;) ,

tan 0, (r) = — iz((z)) :

tan 8/(z) — — ii((z)) = tan §,(z) ::%;;;% ,

tan y,(x) = tan §,(x) cos f%(x) sec a*(x).
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Somewhat unfortunately for the present purpose, the angles are expressed
in the spherical Bessel functions j,(x) and »,(z) and their derivatives, and
not in terms of the Riccati-Bessel functions (cf. sec. 9.22)

Pa(®) = 2j, (),

Xnl(®) = —xn,(x),
which have the derivatives

Pu(®) = julx) + @y (),

2n(@) = —n,(%) — wny(@).
Straightforward translation of the formulae for our «, and g, (which are
the phase angles) in terms of these functions gives, after some reduction,
tan oy (y) — 1 — m2{tan a}(x) — 1}
tan oy (y) — 1 — m2{tan B} (x) — 1} ’

tan o, = —tan J,(x)

and
tan a)(y) — tan o) (z)

tan fi, = —tan 9,(z) tan a(y) — tan 8 (x) .

The fractions in both formulae can be made suitable for logarithmic
computation by transforming them into the form:

Evidently we have to use
1
tan @ = —~ {tan ) (y) + m? — 1}

in the first formula and
tan ¢ = tan o (y)

in the second formula. Analogous transformations are described in sec.
15.31 for circular cylinders.

It may still be remarked that the ¢, (x) introduced here (sec. 10.23) does
not appear in the LMFL tables. In the notation of these tables this
function can be defined by
tan o) (x) — 1
tan i (z) — 1 .

tan g,(x) = tan d,(z)

3. After this digression we proceed to the third step, which is: plotting
of all computed values of «, and 8, on the master graph and drawing the
complete curves through these points and the known nodes. Effective
use may be made in this step of the properties of the nodes summarized in
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sec. 10.2. This entire step may be skipped in automatic machine com-
putations. In ordinary work, however, it serves two purposes, namely,
the detection of computational errors and a time saver if results for many
values of ¢ are required. For it is possible by reading the values o, and 8,
from these graphs to obtain the final results (step 4) for many values of z,
although the greatest labor (step 2) is limited to relatively few values of z.
Usually two points between any two nodes will define the curves with
sufficient precision.

4. The final step may be the computation of the cross section @ (sec.
10.21) or of the scattered intensities ¢, and ¢, (secs. 9.31 and 10.21),
whichever is required. In both cases the values of «,, and £, are listed for
a given combination (m, ) and for n =1, 2, - - - until the angles become
<1°. Then the cosines of 2«, 4nd 2§, are found, and @ is obtained by
simple multiplications and additions. A numerical example (Table 12)
may again illustrate the method.

Table 12. Computations by Means of Phase Angles
(Example : m = 2, & = 3)

Same, with Factor

n oy, B, 1-—cos 2«, 1—cos 28, on 4+ 1

1 164° 154° 0.152 0.384 0.46 1.15

2 149~ 136° 0.530 0.965 2.685 4.82

3 78° 145° 1.914 0.658 13.40 4.61

4 6° 5° 0.022 0.015 0.20 0.14
Sum: 16.71 10.72

———
27.43

Therefore @ = 27.43/x% = 27.43/9 = 3.05.

In this way one point of the extinction curve is obtained. Figure 24
shows the extinetion curves computed for a variety of values of m.

The number of decimals in Table 12 is about what is suitable in practice,
Rounding «, and f, off to whole degrees usually gives sufficient accuracy.
The cosines of the double angles are then off by 0.017 at the most, and asa
consequence we find by simple probability calculus that the accidental
error in each of the separate sums is about 0.024%2 for # >> 1. 'This gives
0.0323/2 for their sum and 0.03/4/x for the mean error in @ due to the
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rounding off of «, and B, to whole degrees. For x =3 this error is
already smaller than 1 per cent of Q.

For the computation of ,(0) and 7,(8) a table of the functions ,(cos 0)
and T, (cos ) is needed in addition to the values of the phase angles. A
selection of numerical results obtained in this manner is represented in

0 3 6 9 12

Fig. 24. Extinction curves of spheres for six values of the refractive
index. Not all minor wiggles are shown (cf. Fig. 32).

graphical form in Fig. 25, which also permits a comparison with the
scattering diagrams of very long cylinders, with radiation incident
perpendicular to the axis (sec. 15.34).

10.5. The Region of Optical Resonance

The lower left corner of the m-z square (Fig. 20) is the region of optical
resonance. It is the region where 2 is small and m is large. Under these
conditions the spheres have certain modes of electric and magnetic
vibration which are nearly self-sustained. If the value of y = mx is
favorable for the excitation of such a mode, a vibration of large amplitude
can be sustained by an incident wave of relatively small amplitude, but
for slightly smaller or larger y this is not true. The extinction curve thus
has characteristic resonance peaks. Also the scattering diagram changes
drastically if we let mx grow gradually and pass the resonance value.
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Fig. 25. A sample of the scattering diagrams computed by means of
the rigorous formulae; m = refractive index, v+ = 27afA. In all graphs
the logarithms of the intensities (1 division = a factor 10) are plotted
against the scattering angle (1 division = 30°).

Spheres (formulae in sec. 9.31): Solid curves ¢,, dotted curves i,.
The values for § = 0° and 180° are indicated in the margin. For
m = 2, 1.55, and 1.33 they have been copied from Lowan’s tables
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(1948), for m = 1.50 they have been obtained by squaring the moduli
tabulated by Rayleigh (Sci. Papers 344, 1910).

Cylinders (formulae in sec. 18.13): Solid curves, case I (E// axis);
dotted curves, case II {H/[ axis). The numbers in the margin are the
squares of the moduli tabulated by Rayleigh (Sci. Papers 434, 1918).
They equal {(2/m)|T;(0)|}* end {(2/m)| To(O)]}*.
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10.51. Free Vibration of a Sphere

Following the work in Debye’s thesis, we first investigate under what
conditions completely self-sustained vibrations occur. The conditions
are that the denominator of the expressions for @, or b, is 0. This means
that a solution of Maxwell’s equations is found in which vibration and
“scattering” occur without any incident wave. The equations are

For electric 2™ pole vibration:

YY) Lo(@) — my,(y) {o(x) = 0.

For magnetic 2" pole vibration:

my(Y) {a(@) — paly) (i) = 0.
From the relation (end of sec. 9.22)

we see that there are no roots for m = 1. For any other value of m these
equations have complex values of = as roots. If these are close to a real
value of x, resonance occurs for spheres of the exact size expressed by this
real value.

We now limit our discussion to very large m, We see at once that one
kind of roots exists for all large values of m and also for m = co0. At
m = oo they are the roots of

. (x) = 0 (electric) and {,(x) = 0 (magnetic).

For n =1 this gives, e.g., * = 0.86 + 0.50¢, z = —0.86 4 0.50¢ (both
electric), and = = 1.00¢i (magnetic). For m 7% co they are slightly
shifted, but the large imaginary part remains. This means that the
scattering and extinction by spheres is hardly influenced at all by the
existence of these modes. They do not give rise to a typical resonance
phenomenon.

A second set of modes of vibration exists, however. These do not exist
for m = oo because they occur at a fixed value of ¥ = mx, and thus for
m — o0 they occur at ever smaller values of z. For x<€1 we have
Lo@) ~ —(nfx){,(x). So the equations for the second set of roots

become
P

, ) nm
Electric: yaly) + > Yaly) = 0;

» 4 n
Magnetic: valy) + ” va(y) = 0.
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The second equation is identical to y,_,(y) = 0. (Debye did not notice
this point in his discussion.) Writing ,, for any root of y,(y) =0, we
have the magnetic multipole vibrations exactly at y =r,_, and the
electric multipole vibrations in first approximation at y = rﬂ(l — %) :
The values of r,, are found in Table 10 of sec. 10.23. The roots thus found
are real. The vibrations signified by them are virtually undamped,
provided that m is so large that = y/m is very small, They can be
pictured as ordinary standing waves that are kept inside the sphere
because of the high internal reflection coefficient and suffer no damping
when m is real. In this case a very high and very sharp resonance peak
may be expected in the extinction curve. Computation shows that the
peaks remain strong for any value of m > 5. The strongest one, corre-
sponding to the magnetic dipole vibration, has y = ry = =. Its effect is
visible as a bump on the extinction curve down to m = 1.33, where it is
located near x = 2.4 (see Fig 24). There is no resonance in the electric
dipole term with coefficient a,.

We may remark, incidentally, that the modes of vibration of a spherical
cavity may be found in a similar manner. This is an important technical
problem. Here y = 27a/A, where a is the radius and 4 the wavelength
inside the cavity, and x refers to the wavelength in the wall of the cavity.
Thus z is large and complex, and m = y/x is very small and complex.
The equations become in first approximation:

yo(y) = 0 for electric modes,

y,(y) = 0 for magnetic modes.

A small table of roots is given in Stratton’s book; further values are
found in Table 10 (sec. 10.23). There is not a general rule by which any
result for a sphere may be translated into a result for a cavity, or con-
versely. The equations are similar but cannot be reduced to each other.

10.52 Resonance Effects in the Mie Theory

We now pass to the scattering problem. It isilluminating to see in what
manner the resonance phenomenon appears in the graphs of the phase
angles «_ and f§,. Asan example, in Fig. 26 the graph of the phase angles
for m — 9 is sketched. This is the refractive index of water for very long
wavelengths (dielectric constant = 81) and about the largest value of m
encountered in practice (compare sec. 14.3).

The graph was constructed on a skeleton figure showing all nodes. The
curves for a, and B, (not needed in the formulae) have a symmetric,
recurrent pattern and were plotted from the exact formula. The other
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Fig. 26. Graph of the phase angles a, and Bn versus z for m = 9.

The words ‘“‘weak’ and “strong” refer to the contribution to the

extinction (or scattering); strong contributions define the resonance
points.

curves were drawn as free-hand curves through the nodes using all rules
about the tangents in the nodes (sec. 10.3). The angles linger first near (°,
then near 180°, then 360°, ie., just near the angles for which the Mie
coefficients

@y =H1 —e™%), b, = }(1 — e~2f)

are 0. However, in passing from 0° to near 180°, etc., the angles swiftly
pass 90°, 270°, where the coefficients are 1.

The a,, and b,, then swing rapidly around the entire circle in the complex
domain (see Fig. 21, sec. 10.21). Their real parts reach the maximum
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values @, = 1, or b, = 1, when «,, or §, are 90°, 270°, etc. The values of
2 for which this maximum is reached may be said to define the resonance
points. We see from the graph that the resonance point of a, precedes
that of 8., and that both precede by a small amount the node of the first
kind that is reached at = r,. This is in good agreement with the posi-
tions of the resonance points derived above from the natural modes of
vibration of a sphere.

The treatment of resonance by means of the phase angles goes beyond
the treatment by means of natural modes in several respects. First it is
useful also if the conditions m > 1 and 2 <€ 1 are not strictly fulfilled.
Even the values m = 9 and x = 0.346 of our example are not in the range
in which we would ordinarily expect the asymptotic formulae to hold. In
fact, we can see the whole deterioration of the resonance phenomenon if
we let m gradually decrease from large to small values. It was empirically
noted that most extinction curves have ‘‘bumps’; the values of z for the
position of the first bumps are

m = 9 2 1.5 1.6 1.33
X = 0.346 1.6 2.0 2.0 24

y=mzr=311 32 31 30 32

This first bump is clearly due always to the magnetic dipole term, with
coefficient b;. Asymptotically at m — co the resonance is at y — 3.14.
At m = 9 the resonance character is still very well preserved. For the
smaller values m = 2 or 1.5 the bump is just due to a sudden increase of
f, without a full swing of b, around the circle in the complex domain.

Another advantage of using the phase angles is that we can easily
determine how large the extinction is at the resonance peak. We now
restrict ourselves to the asymptotic conditions m>1 and z<1L.
Retaining only one term in the formula for @, with either a,, or b, equal to
1 we find

2(2n 4+ 1)
0=
&
and consequently the cross section
2 1)22
C=Q: na? = Zn + DA
27

We thus find in the resonance point an extinction cross section which is
independent of size and an efficiency factor @ which is far greater than 1.
The @ in the magnetic dipole peak is 6/x® (neglecting all further terms).
For m = 9, x = 0.346 this gives @ = 50, which is a great deal higher than
the highest value Q == 5.7, shown in Fig. 24 for moderate m. The width of
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the resonance peak may be determined from the slope at which the phase-
angle graph passes the resonance point.

The scattering diagram in the resonance region assumes many weird
forms, except in the resonance peaks where a pure electric or magnetic
dipole or multiple radiation prevails. It is advisable to refer to the general
formulae of §,(0) and S,(6) for full details.

Resonance is found also for complex values of m (sec. 14.31).

10.6. Totally Reflecting Spheres (m = o)

All formulae become particularly simple in the limiting case of m = 0.
This may mean the limiting case of large complex values of m or large real
values of m; the result is the same in both situations.

The practical reason for large m usually is a large conductivity o, and

then

m = /(n/2) — i/ (n[2).
This formula applies to metals in the infrared and microwave region and
7 — o0 as the frequency goes to zero (sec. 14.41).

Because of its simplicity the case m ==co has often served as a practicing
example in scattering problems. For instance, the scattering by a per-
fectly conducting sphere of arbitrary size had been solved several years
before Mie gave the solution for arbitrary values of the refractive index.
In looking over the results for m = 0 it should be borne in mind that this
practicing example is in some respects not representative. For instance,
even the smallest spheres with m = 0 do not give Rayleigh scattering.
Blumer (1926) seemed to notice this with surprise in calculating his
extensive collection of scattering diagrams. The reason for the deviation
was noted in sec. 6.4; the conditions for Rayleigh scattering are

z—>0 and mx — 0

and cannot possibly be fulfilled for m = co.

10.61 Small Totally Reflecting Spheres

Rayleigh scattering and the scattering by spheres with m = oo form two
quite different physical problems. In Rayleigh scattering we assume full
and instantaneous penetration of the fields into the particle. By putting
m = 00 we assume that the fields do not penetrate into the particle at all.
The transition between these extremes may be described as follows.

(a) If the transition is made via the values of m appropriate for absorb-
ing (metallic) particles, the “skin depth” is >>a for Rayleigh scattering and
<Za for m — co0. In the transition region the skin depth is comparable to
the radius a of the sphere. This leads to complicated formulae, however,
without typical resonance phenomena.
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(b) If the transition is made via increasing real values of m, we encounter
the resonance phenomena described in the preceding section (10.5). The
large value of m means virtually total reflection of the incident wave so
that the situation outside the resonance peaks is the same as for m = c0.
However, the large value of m also means that the waves inside the sphere
are almost totally reflected against the boundary. This is the condition
for the building up of standing waves, which are responsible for the
resonance effect.

It thus is clear that very small spheres with m = o0 have to be
treated as a problem separate from that treated in chap. 6. The formulae
for the phase angles are simply (sec. 10.22)

&%, = _8n(x)’ ﬁn = _691(&7)

The further results follow by substitution into the general formulae (seecs.
9.31 and 9.32, with the substitution of 10.21); they can be given with few
comments. The first few terms of the expansions for small z are

2 1 1 1
a1=§x3+5$5-—"‘, ﬁ1:_§x3+gx5__,
1 1

o 2 3093 3 52 45 +

These lead in turn to the following expansions:

10 4
Qsca:Qezt=Q=§x4+-5-xs_.-..

2,
45

— 4
QcosB:——ax‘*—f—

Qpr=(1—cosG)Q:1—;x4+§xe .

The scattering diagram does not have the symmetrical form of Rayleigh
scattering. This is one of the few examples in which the scattering is

predominantly backward, as is shown by the negative value of cos 0 =
—0.4. As a result the efficiency factor for radiation pressure exceeds that
for extinction. The secattering diagram for very small particles with
m = o0 is shown in Fig. 27. The graph gives a polar diagram of

#1(0) = |‘S!1('9)I2 and io(0) = |82(6) \21
where
8,(0) = 231 — § cos ),

8,(6) = 2a3(cos 0 — }).
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The forward scattered intensity is 1/9 times the backward scattered
intensity.

The reason for this strange pattern is that, besides electric dipole
radiation, also magnetio dipole radiation is emitted. A derivation of
the combined pattern of these crossed dipoles was given for an ellipsoid
with arbitrary ratios of the axes in sec. 6.4.

Fig. 27. Scattering diagram for very small totally reflecting spheres.
The seattering is predominantly back to the source.

It is instructive to add a derivation for spheres based on the simplest
equations. As in the derivation for Rayleigh scattering (sec. 6.1) we may
consider the incident fields E,, H, as homogeneous. The field of the sur-
face charges induced by the field E, is exactly that of an electric dipole p
at the center; p is directed parallel to E,. Let y be the angle of an arbitrary
direction with this direction; then the dipole field has the components

2p cos y psiny
E'r=——?_—3—, E, = ol

further, the incident field has the components
E,,= K, cosy, By, = —E;siny,

The boundary condition requires that the tangential components cancel
at r =a, 8o
p = aan.

So far the derivation is identical with that for Rayleigh scatfering (sec.
6.31) if the transition m — co is made.
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In addition to surface charges there are surface currents. These can
exist only for m = <o (sec. 9.14). The magnetic field of the surface
currents is exactly that of a magnetic dipole m at the center, parallel to
H, Let B the angle with the direction Hy; then

2m cos msin §
H,. _ —_r-é_—’ Hﬁ = r3 3
further

The boundary condition requires that the radial components cancel at
r = a, 80 that

Therefore we have the superposed fields of a radiating electric dipole and a
radiating magnetic dipole acrossit. Their amplitudes are in the ratio —3.
Adding both fields we obtain the intensity pattern shown above. The
minus sign causes a favorable interference in the backward direction.

10.62. Intermediate and Large Sizes

For any value of z > 0.4 the efficiency factors and scattering diagram of
a totally reflecting sphere are best found by means of the rigorous formulae.
The angles d,,(x) and &,(x) can be taken directly from the tables (sec. 10.23)
or computed from the definitions. The further computation proceeds as
with finite m, explained in sec. 10.4.

Some numerical results are shown in Table 13. Comparison of the

Table 13. Efficiency Factors for Totally Reflecting Spheres

@ Q Q cosf Qor x Q Qcos @ Qe x Q
0.1| 0.00034 —0.00013 0.00047 1.3 2.267 —0.113 2.380 15 2.043
0.2 0.0054 —0.0021 0.00756 1.4 2.204 0.018 2.186 20 2.033
0.3} 0.028 —0.011 0.039 1.6 2.15656 0.156 1.999 25 2.027
0.4 0.086 —0.031 0.117 1.6 2.115 0.286 1.829 30 2.023
0.5 | 0.218 —0.072 0.260 1.8 2.136 0.495 1.641 35 2,020
0.6 | 0.466 —0.143 0.609 2.0 2.209 0.623 1.588 55 2.013
0.7] 0.793 —0.224 1.019 2.5 2.171 0.728 1.443 60 2,012
0.8 1.257 —0.320 1.677 3.0 2.172 0.851 1.321 70 2.011
0.9 1.696 —0.382 2.078 3.5 2.136 0.876 1.260 76 2.010
1.0 2.036 —0.385 2.421 4.0 2.140 0.929 1.211 80 2.010
1.1| 2.230 —0.342 2.572 5.0 2.116 0.965 1.151 86 2.009
1.2 2.280 —0.242 2.5622 10.0 2.061 1.006 1,056 90 2.009

older computations with each other and with the newly computed values
in the table (up to z = 10) shows that errors of 1 or 2 per cent are quite
common and that occasionally larger errors occur. The third decimal in
Table 13 is not reliable. The extinction values for 2 > 10 are cited from
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Boll, Gumprecht, and Sliepcevich (1954). Even these machine com.
putations contain errors, for the values @ = 2.006, 2.014, 2.009, and 2.053
given by these authors for x = 40, 45, 50, and 65, respectively, are
unacceptable. The other values, given in Table 13 define a smooth curve
that may very well be represented from z = 6 to 90 by the empirical
formula

Q =2 + 0.50z—8%°,

or equally well by
Q=2+ 0072728 L 0.492,

m =<0

-1

Fig. 28. Efficiency factors for extinction (Q) and for radiation pressure

(@.r) for totally reflecting spheres. Their difference (@ cos 6) and its
two separate terms are also given.

The latter representation is found by plotting 22/3(Q — 2) against x—1/3,
Reasons for trying an empirical formula of this kind will become apparent
in chap. 17.

The same results are plotted in a graphical form in Fig. 28. The
extinction reaches its maximum value @,,,— 2.28 at z = 1.2; the
radiation pressure reaches its maximum Q,, =257 at . =1.12. The
sign of cos @ changes at = 1.38. Beyond that value of z the scattering
diagram has the usual preponderance of forward radiation over back
radiation.

A more striking illustration of the change in the scattering pattern is
shown in Fig. 29. Here we have plotted the ratios |81(8) |/« and [ 84(6) | /=
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f—

Fig. 29. Scattering diagrams for totelly reflecting spheres. The

ordinates are proportional to the amplitudes of the scattered light in

polarizations 1 and 2. The graph for x = } shows for comparison the

law for very small, totally reflecting particles. The graphs 2 = 3, 5,

and 10 show for comparison the Fraunhofer diffraction and the pattern
due to simple reflection.
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as a function of § for the values x =}, 1, 2, 3, 5, and 10. Note that,
except for the linear (instead of logarithmic) scale, these diagrams are
comparable with the scattering diagrams shown in Fig. 25 (sec. 10.4).
From z = 3 on the scattering diagrams may clearly be divided into two
parts: the diffracted light (near the forward angles) and the reflected
light (through all other angles). Quantitatively the agreement is quite
good even at a value of x as low as 3. The central peak of the diffraction
pattern has a height S(0) = 32%, so that |S(0)|/z = }x. A thin line
indicates the further dlstrlbutlon in the diffraction pattern according to
the asymptotic formula for large x (secs. 8.31 and 12.32). The reflected
light is isotropically distributed according to the asymptotic formula
(secs. 8.42 and 12.44):
8,6) | = 84060) | = %2,

also in perfect agreement with the average run of the curves shown in
Fig. 29.

The fact that the asymptotic formulae give a fair representation of the
scattering diagram for values of x as low as 3 is exceptional. The situation
for refractive indices like m = 1.2, 1.33, or 1.5 is quite different. This can
be theoretically understood. The theory of chap. 11 shows that in the
latter case interference effects of the diffracted light and the refracted
light persist to large values of z. A similar interference between reflected
light and diffracted light occurs for m = 00, but it is confined to a small
range of angles (e.g., 8 = 20° to 60° for x = 10 in Fig. 29). In particular,
at 6 = 0 no such interference in the ordinary sense of the word occurs.
Instead, the grazing reflection that goes with the diffracted light in the
forward direction modifies the diffraction in a more subtle manner. This
effect will be described as the effect of the “optical edge” in chap. 17,
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A short bibliography of numerical computations by the Mie theory
Auziliary Tables

In sec. 10.4 reference is made to

A. N. Lowan, P. M. Morse, H. Feshbach, and M. Lax, Scattering and Radiation
from Circular Cylinders and Spheres, Tables of Amplitudes and Phase Angles
Washington, U.S. Navy, 1946,

They cover the arguments z = 0 (0.1) 10.0.4 Application to cylinders is
described in sec. 15.31. An abstract of these tables is contained in

P. M. Morse and H. Feshbach, Methods of Theoretical Physics, Vol. 2, pp. 1565,
1576, 1928-1933, New York, McGraw-Hill Book Co., (1953).
Some related functions for eylinders, used in sec. 15.52, are tabulated by
M. Lax and H. Feshbach, J. Acoust. Soc, Amer., 20, 108 {1948).

The most important direct table of Riccati-Bessel functions for real
arguments, obtained by electronic machine computation (ENIAC), is
R. O. Gumprecht and C. M. Sliepcevich, Tables of Riccati- Bessel Functions for

Large Arguments and Orders, Willow Run Research Center, Univ. of Michigan Press
1951.

It covers the arguments z = 1 (1) 10 (5) 100 (10) 200 (50) 400, and about
60 intermediate and larger values up to 640. The orders go up to n = 420.
Tables of the angular function =, and r, are
R. O. Gumprecht and C. M. Sliepcevich, Tables of Functions of First and Second

Partial Derivatives of Legendre Polynomials, Willow Run Research Center, Univ.
of Michigan Press, 1951,

i This notation indicates a table covering arguments with constant interval
0.1 between 0 and 19.
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with the range n = 1 (1) 420, 6 = 0° (1°) 10° (10°) 180°, and
F. T. Gucker and 8. H. Cohn, J. Colloid Sci., 8, 555 (1953),
with the range n =1 (1) 32, 6§ = 0° (2.5°) 180°.

Tables for Real Values of m

A list of the computations that have come to the author’s attention is
given below. Computations of minor interest before 1925 have been
omitted. It includes results for m = oo (totally reflecting spheres, sec.
10.62). For absorbing spheres see the list in sec. 14.22. For coated
spheres, i.e., concentric spheres of different material, see sec. 16.11. The
papers may give any or all of the following data.

(': Mie coefficients in one form or other.

A: Complex amplitude of scattered light for two polarizations.
I. Intensity of scattered light for two polarizations.

Q: Total scattering or extinction efficiency.

P: Efficiency factor for radiation pressure.

Minor differences in notation that necessitate simple multiplication in
order to make the numbers comparable are ignored in this list. If A4 is
given for 6 = 0, @ is implicitly given.
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11. SPHERES WITH REFRACTIVE INDEX
NEAR 1

11.1. Distinction of Limiting Cases

Scattering by a particle is dependent on the fact that its refractive
index m differs from the refractive index of the outer medium, which is put
equal to 1 in all our derivations. So for m = 1 there is no scattering, and
for m near 1 scattering is small. If m — 1 is very small, it makes no
difference in the scattering pattern whether m — 1 is <0 or >0. For
convenience we assume m > 1.

Earlier references to asymptotic formulae for m — 1 have been made in
sec. 6.22 and in all of chap. 7 (Rayleigh-Gans scattering). Yet the dis-
cussion in that chapter is by no means complete. The survey of the m-z
domain given in sec. 10.1 has shown that there are two important limiting
cases, both involving m — 1.  These two are the Rayleigh-Gans scattering
(treated for spheres in sec. 7.2) and the anomalous diffraction, discussed in
this chapter. The second possibility had escaped attention in all earlier
work on the problem, and the term ‘‘anomalous diffraction’ is proposed
here as a distinctive term for any theory based on the assumptions

m—1ZL1, > 1.

The reason for the existence of separate limiting cases is the following,
Let us write p = 2z(m — 1). Rayleigh gave z an arbitrary (fixed) value
and made the transition m — 1. This implies that p — 0, which was the
condition made in chap. 7. It also implies that @,,;— 0, so that the
theory of chap. 7 is restricted to relatively small efficiency factors.

However, for a fixed value of m there always is a value of * near which
Q,,; rises from near 0 to a value of the order of 2, its limiting value for
2 — o0 (sec. 8.22). This value of z shifts to higher values, the smaller we
make m, and it is found (Fig. 24) that the place of rise and the place of the
characteristic maxima and minima in the curve occur at a fixed value of p.
The theory of anomalous diffraction is based on keeping p fixed and making
the transition m — 1. This implies # — o0, gives a definite value of
Q,: (sec. 11.2), and the scattering pattern runs through a set of “homologous
diagrams” (sec. 11.3).

172
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In many applications only particles whose extinction efficiency is
relatively large are important. In such applications the anomalous-
diffraction theory is the relevant theory for m — 1.

Table 14 summarizes the possibilities. It may be regarded as a part of
the survey in sec. 10.1 (Fig. 20), and the five columns are denoted accord-
ingly. The proper physical description in the Rayleigh-Gans domain is:
interference of light scattered independently by all volume elements.
In the anomalous-diffraction domain it is: straight transmission and sub-
sequent diffraction according to Huygens’ principle. Throughout this
domain the scattered intensity is concentrated near the original direction
of propagation.

Table 14. Survey of Limiting Cases in which m — 1

(61) (1) (12) (2) (23)
x small x large z large
p small p small p large
(Rayleigh (intermediate (geometrical optics
scattering) case) plus diffraction}
Rayleigh-Gans Anomalous
scattering diffraction
(sec. 7.2) (secs. 11.2 and 11.3)

Although anomalous diffraction is itself a limiting case (m—1 and
z— o), it has again two limiting cases, namely, p — 0 and p— co. The
formulae for these two, which correspond to columns (12) and (23) in the
table, may be derived from other chapters and will serve as a check on the
formulae for arbitrary p.

Intermediate case! (p very small): For small 6, which angles alone are
important, sec. 7.21 gives

27\ 1/2
81(0) = 8,(6) = 12%(m — 1) (u—3) J32(u)

1z3(m — 1) G(u),

G D

where » = xf and G(u) is tabulated in sec. 7.4. The corresponding total
seattering, or extinetion, is found from sec. 7.22 as

Qsca - Qezt = 2(m —_ 1)25112 = %pz.

1The transition from Rayleigh-Gans scattering to anomalous diffraction for
eylinders and disks was briefly sketched in secs. 7.32 and 7.33. In particular it
was shown that, starting from these two disciplines, the same formulae for the
intermediate case were obtained.
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Geometrical optics plus diffraction (p very large): The complete formulae
for 8,(6) = 8,(0), that follow from the theory in chap. 12, are given in
sec. 11.31. In the forward direction they become
,ixze—ip

p

The first term arises from diffraction,
the second term from the centrally
transmitted light, i.e., from the beam
that goes through the sphere along
a diameter and is slightly refracted.
Since p>> 1, the first term is the
dominant term. The corresponding
extinction value is @,,, = 2. The oscil-
lating second term makes the actual
value of @,,, fluctuate around this limit.
At the same time the formulae for 8 40
(sec. 11.3) show that the pattern corre-
sponding to the second term is wider
than that corresponding to the first term.
' I T T ‘I T T T The energy scattered in both patterns

is equal; the diffracted and refracted
Fig. 30. Ray passing throughsphere. light are thus separable in the sense
described in sec. 8.1.

If p is gradually diminished, the refracted light becomes more and more
intense and at the same time more concentrated near 8 = 0 so that the two
patterns tend to become more nearly equal in strength and in width. The
interference effects become stronger, and finally the entire separation
breaks down. This will be demonstrated in sec. 11.32.

8,(0) = 8,(0) = }a? —

-
————

11.2. The Extinction Curve
11.21. General Formula

The assumption that x = 2ma/A is very large means that we can trace a
ray all through the sphere. The additional assumption that m is very
close to 1 means that the ray suffers hardly any deviation at the two
boundaries it crosses, so that it is virtually straight. Moreover, the
energy reflected at the boundaries is negligible because the Fresnel
reflection coefficients go to 0 when m — 1. Thus the field at a point ¢
beyond the sphere (Fig. 30) is not changed in amplitude by the presence of
the sphere, but only in phase. The path traveled in the medium with
refractive index m (instead of 1) is 2a sin 7. So the phase lag at @ is

2asin7-(m — 1) 27/4 = psin T,
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where p = 2x(m — 1). The physical meaning of p is the phase lag
suffered by the central ray that passes through the sphere along a full
diameter.

The field in the entire plane ¥V, that must be taken not too far beyond
the sphere, is now known. If we put it equal to 1 in all points outside the
geometrical shadow circle, it is ¢~ "®87 at & point that is at a distance
a cos 7 from the center of this circle, for a phase lag corresponds to a
negative imaginary exponent (compare secs. 3.12 and 4.1). A direct
application of Huygens' principle now gives both the extinction (this
section) and the scattering diagram (sec. 11.3).

The field of the original plane wave is 1 in the entire plane V. Inside
the geometrical shadow circle it is replaced by e~#®27.  So the field that
is added to the field of the original wave is e ~%®"" — 1 (only inside the
shadow circle). This added field determines the secattered wave. For
an opaque body only the term —1 is present and gives according to sec.
8.22

k2
S8(0) = . G
where
G = (f do dy = ma?;

¢ is the area of the geometrical shadow. The generalization in the
presence of the additional term due to rays penetrating the sphere is

S(O \J\f ""lp Slnr dx dy
P

This result may be derived along exactly the same lines as in sec. 8.21.

The integral can be expressed in terms of simple functions. We use
polar coordinates inside the shadow circle. The element of area then
becomes the area of a ring:

—2mra cos T d(a cos 7) = 27a? cos T sin T dr.

So:
/2 '
S(0) = k%ﬂf (L —e™% 8in 7y eos 1 sin T dr.
o y

By partial integration we find the definite integral
f (1 — e~%8n7) cos r sin T dr

e”¥ 1
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In terms of this function the result is
8(0) = 22K (ip)
and {compare sec. 9.32)

4 .
Qort = e Re {S(O)} =4Re {K(‘P)}
The derivation holds for complex as well as real values of m, provided

that
|m—1|<L1.
We shall discuss both possibilities below.

mnear 1

0.4

T 0.2

8

=

£ 8 m

= 0 l I ] [14 l i | | ]
0.2 , U 08 1.0

Re [A(0)] —
-02f 6

Fig. 31. Plot of 4(0) = x~*8(0) in the complex domain for refractive
indices very close to 1; running number = p.

11.22. Non-Absorbing Spheres (real m)
The curve described by
228(0) = K(ip)
in the complex domain is shown in Fig. 31. Four times the real part

of this function is

4 4
Qezt = 2 — —sin p + — (1 — cos p).
I P

This is one of the most useful formulae in the whole domain of the Mie
theory, because it describes the salient features of the extinction curve not



SPHERES WITH REFRACTIVE INDEX NEAR 1

177

only for m close to 1 but even for values of m as large as 2. This is brought
out in Fig. 32, where the extinction curvés for m — 1.5, m = 1.33,
m = 0.93, m = 0.80, and m —> 1 are plotted with a common scale of P

D —

N B B B BN S R L A A N B
—
X -
|
20
1+ -
X—
0 L e vy by v v byav o b by g
10 15 20 25 30
sk m=1lte _
/"’-.\\
-~ \ —_
2+ I// r} \\\ o - TN
// m=|°- NP m =093
i/
Il # x==10 =20 4
/
/4
Y- U T S N TN RO S N W U N N Y R N
10 15 20
p=2xm=1

Fig. 32. Extinction curves computed from Mie’s formulae for m = 1

.5,

1.33, 0.93, and 0.8. The scales of x have been chosen in such a manner
that the scale of p = 2z]m — 1| is common to these four curves and

to the extinction curve form = 1 + e,

The scale of p at the bottom holds for all five graphs. The corresponding
scales of z depend on m. For m = 1.05 or 0.95 the range shown in the
figure corresponds to the range of x from Q to 200.

The most striking feature is the existence of a sequence of maxima and

minima.

The maxima ocecur when the term —e—"#52 7 gnhances the term
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1 in the integral from which ¢,,, was computed. Since one term describes
the transmitted (= twice refracted) light and the other the diffracted
light (in the sense defined in sec. 8.1) we may also say: The maxima in
the extinction curve are due to a favorable interference of diffracted and
transmitted light; the minima are due to an unfavorable interference.
We can now understand why the extinction curve for totally reflecting
spheres (sec. 10.62, Fig. 28) does not show such maxima and minima. We
also see why for a water drop (m = 4/3), where 88 per cent of the incident
energy is transmitted without reflection (see sec. 13.11), the phenomenon
is still virtually the same as for m close to 1. It is not possible to explain
all finer features of the extinction curve in such a simple manner.

Table 15 gives the positions of the maxima and minima read from the
extinction curves, not counting the “ripple.” Values found by extra.
polation are given in parentheses. The abscissae p agree remarkably well.
For large p the maxima occur at p= (k - 3/4)27 and the minima at

Table 15, Maxima and Minima of the Extinction Curves

m 0.8 0.93 1 +¢ 1.33 1.5 2

® 10.6 29 6.2 4.2 2.2
Ist maximum Q 2.4 2.9 3.173 3.9 4.3 5.8

P 4.2 4.1 4.09 4.1 4.2 4.4

x - 183 b4 11.5 7.7 4.0
Q 1.4 1.4 1.542 1.6 1.8 1.7
p 7.3 7.6 7.63 7.6 7.7 8.0

1st minimum

x 77 16.4 10.9 5.4
2nd maximum 4 2.3 2.404 2.8 3.0 3.1
[

10.8 10.79 10.8 10.9 10.8

x 21.4 14.2 (7.0)
2nd minimum { Q 1.734 1.9 2.0 (2.0)
P

14.00 14.1 14.2  (14.0)

2 26.0 17.3  (8.6)
Q 2246 25 26  (2.7)
p 17.16  17.2 173 (17.9)

3rd maximum

x 30.5  20.3
Q 1814 2.0 20
p 20.33  20.3  20.3

3rd minimum

x (35.6) 23.5
Q 2178  (2.3) 2.5
p 23.52  (23.6) 23.5

4th maximum
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p= (k¥ + 1/4)2n, where k is an integer. The ordinates Q are systematic-
ally higher for larger m. This effect, due to grazing reflection, is discussed
in secs. 13.42 and 17.26.
Expansion of K(w) for small w gives
w  w Wl
80
Qe = 4 Re {K(@P)} = %Pa T+,

for the odd powers of w give a purely imaginary value. This expression
was also found as the asymptotic expression of Rayleigh-Gans scattering,

when z—- 00 (sec. 7.22). It constitutes the intermediate case referred
to in sec. 11.1.

11.23. Complex Values of m; Black Body

Let the refractive index be denoted by m = n — in’. The requirement
that |m — 1 | €1 means that both n — 1 and #’ have to be <1, In
order to obtain positive absorption, n’ has to be positive; » — 1 may have

either sign, but we shall assume it to be positive. We denote by tan g
the ratio

n'f(n — 1) = tan g;

this ratio may have any value from 0 to co. As before, we introduce the
real parameter

p = 2z(n — 1);
the phase shift of a ray passing through the center of the sphere then is
p* = 2z(m — 1) = p(1 — i tan B).

The real part denotes an actual phase shift, and the imaginary part a
decay of the amplitude.

The efficiency factor for extinction is
Qea:t = 4Re {K(@P + p tan ﬁ)}:
which after some reduction turns out to be

Co8

Q.= 2 — d4ertanf ﬁsin (p—p)

cos f3

—4e—rtenfp ( )2 cos (p — 28) + 4 (‘—mi"?)2 cos 28.
P

Numerical values computed by means of this equation are given in Table
16 for various values of 8. For # = 0 the expression reduces to the one
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Fig. 33; the values for one value of ff are given in Table 16. The argument
may also be written as
dan’ = 2p tan § = 2ay,

where a is the radius of the sphere and 3 the absorption coefficient of its
material per unit length (sec. 14.1).

The form of the curves in Fig. 33 is easily understood. The absorption
inside the sphere reduces the amplitude of the transmitted light. Thus
both the favorable and unfavorable interference with the diffracted light
becomes less striking: the maxima are reduced and the minima are filled
in. When hardly any light gets through the sphere at all, as is indicated
by the fact that ¢,,, approaches 1, nothing interferes with the ordinary
diffraction, and we have simply @,,, = 2, which holds for any large opaque
body (sec. 8.22).

It is also instructive to investigate the behavior of the curves for small
values of p. The series expansion of K(w) gives

Qemt = %P tan ‘B + %P2(1 — tan? B)a

Qubs = %P tan 06 - P2 tan? ﬁ!

and by subtraction

Quea = 3p%(1 + tan® §).

This agrees in all respects with what we know from earlier chapters. The
dominant term of the extinction is due to absorption. The expression as
given in sec. 7.12 reduces to

— 8 4 — 4
Qubs"— Snx_ip ta‘nﬁ_— 3a}’,

from which C,,, = yV, in agreement with sec. 6.22.

As was explained in sec. 7.12, this formula holds throughout the
Rayleigh-Gans region and therefore also in the intermediate case (in the
sense of sec. 11.1) for which we now have confirmed it. The main scatter-
ing term in the intermediate case may by a generalization (for complex m)

of sec. 7.22 be found to be
Qsca = % | P*| 2= %Pz(l + tan? ﬁ):

which also agrees with the result derived above.

The value reached by @, for an arbitrary non-zero value of tan f if
p—> o0 is 1. This means, physically, that here we have a body that is
large compared to the wavelength and that absorbs all the incident
radiation, i.e., a classical black body.
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Conversely, we may inquire what properties a homogeneous body must
have in order to be ‘‘black.” In order to talk of the ‘“geometrically
incident” radiation at all, its transverse dimensions must be much larger
than 4, i.e., x 3> 1. Further, in order to avoid reflection at the surface we
must have m — 1, including both » — 1 and ' — 0. Finally, in order to
make the body opaque, its dimension in the direction of the beam should
be sufficient to absorb all radiation, i.e., zn’ >> 1. This set of conditions is
exactly the one discussed above. So this set is the representation of a
classical black body in Maxwell’s theory. The argument is sufficiently
general to serve also for bodies of different shapes. An important con-
sequence is that the screen in diffraction theory can never be black and
very thin at the same time (cf. note on p. 329).

A black body as defined above has an ‘“‘albedo” }, as defined by the
ratio @,.,/@,,,- This is a consequence of our including the diffraction
pattern in the scattering pattern, as we are forced to do if we want to
preserve continuity from small to large particles. If the diffracted light
is neglected, the albedo is 0.

11.3. Anomalous Diffraction Patterns

The interference between diffracted and transmitted light affects not
only the amplitude function S(0) (sec. 11.2) but also the function 8(8) for
all other values of @ for which the diffracted light is appreciable. The
result is a set of queer scattering diagrams. They bear some resemblance
to the Fraunhofer diffraction coronae (sec. 8.31) in the successive bright
and dark rings for small values of 6, but differ from those in the intensity
distribution. For water drops (m = 1.33) these have been called the
anomalous-diffraction patterns. The theory for water drops is more
complicated (sec. 13.41). The present theory is confined to m — 1.

11.31. Homologous Scattering Diagrams

Again the parameter p = 2x(m — 1) is of prime importance. Let us
consider the example of a water droplet (m = 4/3) of diameter 3u
scattering orange light (4/27 = 0.1u). Then x == 15, and the phase shift
of the central ray is p = %4z = 10. This is not large enough to neglect
interference effects, as is clearly visible from the extinction curve (Fig. 32).
Next, we imagine a sphere with m = 7/6 and diameter 6y exposed to
light of the same wavelength. Here m — 1 has half the value and z has
twice the value of the preceding example, so that the phase shift p is the
same. This implies that the interference effects have a similar character.
The two examples are said to define homologous scaltering diagrams. The
diagram in the second example is two times as narrow and four times as
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intense as in the first one, but the anomalies in the pattern are (very
nearly) the same.

The mathematical formulation of this idea is as follows: When m — 1
and @ are varied proportionally to 1/, so that?

p = 2zx(m — 1) and z= z0
are constants, then the functions
%8, (x, m, 0) and x28,(z, m, )

approach for x — o0, m — 1, and 8 — 0, a common limit that is a function
of pand zonly. This function will be denoted by A( pz). Forz=0,i.e,
also § = 0, it must reduce to

Ap,0) = 8(0)* = Kl(ip),

where K(ip) is defined in sec. 11.21. For simplicity we confine the
computation to real values of m and p. Three methods of computing
A(p,2) may be suggested.

First method: We apply Huygens’ principle to a plane V just beyond
the sphere (Fig. 30). Let the [-axis be in the direction of propagation,
and let the direction in which the scattered light is sought be in the [0¢
plane, making a small angle § with the {-axis. Then, with a simple
additional factor to the formula in sec. 11.21 we have

k2 . )
S(B) — “ff(l _— e—tpsmr)e—zkfad§ d’?
27

Here the integral has to be taken over the area of a circle with radius q;
further, 7 is defined by a® cos® »r = £ 4 2. We change to polar co-
ordinates by & = a cos T cos ¢, 7= a cos 7 sin @, df dny = a? cos T dy
- d{cos 7). The integration over ¢ can be performed directly by means of

the integral:
1 2r
o | g THEBTCOY Jo — J (2 cos T),

where x = ka, z = 28. Thus we obtain
S(6 /2 X
A(pz) = % =f (1 — e~"5127) J (z cos 7) cos 7 sin 7 dr.
& 0

Second method: We may also start from Mie’s rigorous solution. In the
next chapter we shall derive the asymptotic formulae for o, and g, for

? It is strictly indifferent whether we write z0, x sin 0, or 2z sin 40, or any such
function. The theory of this section borders that of chap. 7, where 2z sin }8 is the
proper argument, and of chap. 8, where z sin 6 is the proper argument.
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¢ — c0. When m — 1, only the term with p = 1 (the transmitted light)
is retained in these formulae, and we find after some reduction

o, = B, = 4psin 7.

The further reduction is fully analogous to the usual derivation of the
diffraction pattern of a sphere (sec. 12.32). The spherical harmonics are
approximated by Bessel functions near § = 0 and the sum replaced by
an integral. The result is the same integral just derived.

Third method (approximate): It has been suggested that the simplest
method of arriving at A4(p,z) is to add the amplitude functions for the
diffracted light and for the transmitted light:

A(Piz) = Adiﬂ’(p!z) + Atm'ns(P’z)‘

The radiation diffracted by an opaque disk or sphere is under the
conditions of this section (large particles, small angles) given by the
formula derived in secs. 8.31 and 12.32:

81(8) = 8,(0) = 23] ,(z)/=
which gives

J 1(2)
Adif.f(PJz) = . :
The transmitted radiation has
_— -P i
Atroms =5 ¢ Y

where y = (p? | 2%)!/2. This expression follows from the one derived in
sec. 12.43:

2 sin? 7 L
S (6) =N (B) = — @'e-—2xm/smr,
1 2 o

by applying the relation § = 24 cot  and by making the substitutions

A= x128, p=2zu, z = x0,

from which also follows that y = p/sin 7.
This completes the computation of both terms 4,5 and 4,,,,,. How-
ever, the suggestion that their sum is the correct expression of 4(p,2) is not

confirmed by the computation from the exact formula, which we shall now
sketch.

11.32. Expansion of the Integral

The integral expression for 4(p,2) obtained by the first (or second)
method is exact for any complex value of m in the limit m — 1; therefore
pmay be complex. The following discussion is restricted to real values of
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m and p. Let Re 4 and Im 4 denote the real and imaginary parts of
A(p,z). By the substitution y = (7/2) — 7 we find

w2
ImAd = f sin (p cos y)J (2 sin ) sin y cos y dy,
0
which is Sonine’s second integral with n =}, m = 0. It is equal to

au\ 12
Im A4 = 55 (‘2‘3'/) Japly) = %%(y),
where y% == p% -1 2% as before and w,(y) is the Riccati-Bessel function
defined in sec. 9.22.

The real part can be expressed in known functions by means of series
expansions. We shall give two different expansions, which are useful for
small and large values of p, respectively. The first series is found by
expanding 1 — cos (p cos v} in powers of p cos . The separate terms are
integrated according to Sonine’s first integral, and the resulting series is

] 41 L |
Re d = p = J, (2) — l—’f—sz—a.f3(z) + I—f’ﬁ;h(z) doeee,
which converges for any combination of p and z.

This expansion permits us to discuss (and compute) the deviations from
Rayleigh-Gans scattering. If z has a fixed non-zero value and p is made
very small, y is approximately equal to z. The imaginary part is pro-
portional to p and the real part to p? so that the imaginary part prevails
and the combined result is in a first approximation

1/2
A(pz) = ip (i) J3/2(2),

223

which is the result of sec. 7.21, if we use the fact that 6 is small, so v a z.
The deviations from the Rayleigh-Gans formula if p is not very small are
seen to be the following: the argument u (or z) must be replaced by y and a
real part must be added.

The expansion of Re A for large values of p is less obvious. It is
suggested by the separation into diffracted and refracted light rather than
found by a straightforward asymptotic expansion. The diffraction term
results from the term 1 in the integrand, as is clearly seen by comparing
the integral in sec. 11.31 with that in 8.21. It will show up again in the
discussion of the asymptotic form of Mie’s formulae {sec. 12.32).

For the refracted part we expect a term in A(p,z) which has the asymp-
totic form ipy—2 exp (—iy) for large values of p and has the imaginary part
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derived above for all values of p. A simple expression satisfying these

conditions is p )\ 112 ;
’ P
Apyans(p:?) = x ('"é") H;’; (y) = :F gl(y)

o\ 1/2
yfé (?y) Ny () = — 3% x1(y)
is to be expected as a term in Re A. The notation {,(y) and y,(y) is taken
from sec. 9.22. The method of finding the further terms will not be
described in detail. The author simply made a doubly infinite expansion
in powers of p and z and then grouped all terms with the same power of p-
The result is, including the two postulated terms:

Its real part

AR
Re 4 = ;Jl(z) + —p§ (—2—) Nyply)

1.3 1-3:5
+= Jo(z)+ £ o)+ BT +

This series converges llke a geometrlcal series with the ratio —z%/p?, if
p > 2. Beyond its domain of convergence it is still useful as a semi-
convergent series. The formula for Im A was checked by a similar
expansion, which turns out to be much simpler as only even powers of
y = (p% + 22)1/2 oceur.

The results derived above show conclusively that we are not permitted
to add simply the diffraction and refraction terms. By replacing
Arans(ps2) (end of sec. 11.31) with the new expression A4,,,,(p,2) as
defined above, we can make the imaginary part of the sum exactly correct
for all p, but the real part still requires the addition of a ‘“remainder”
starting with (1/p%)J(z). This conclusion is not surprising. A precise
examination of the conditions on which the geometrical-optics approxima-
tion is based (sec. 12.3) shows that there is no reason at all to expect for
moderate values of p a simple addition of diffracted light and light
scattered according to the laws of geometrical optics.

Going to 2 = 0 we obtain the result for forward scattered radiation:

PO)—%”}‘ €1 +—’

the three terms are respectively due to dlﬂ'raction, the generalized refrac-
tion term, and the “remainder.” On expressing {,(p) in trigonometrical
functions this expression becomes

A(p,0) = 1o e~ | 12(1 — &™),
2 p p

which is identical to the function K(ip), as it should be (sec. 11.21).
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11.33. Numerical Results

The results of this section may now be summarized. Throughout this
section we have dealt with very large particles (x >> 1), of which the
refractive index is very close to 1 (m — 1<€1). All these particles have
scattering diagrams with high, non-polarized intensities concentrated
around the forward direction, and their scattering properties depend
apart from scale factors in angles and intensities, only on the parameter
p = 2x(m — 1). This is expressed by the function A(p,z), where z — z8.
For very small p the Rayleigh-Gans theory is correct, with a series of
minima at z = 4.49, 7.73, etc. (secs. 7.21 and 7.4). For very large p the
Fraunhofer diffraction theory is correct, with a series of minima at z = 3.83,
7.02, ete. (secs. 7.4 and 8.31). The present section provides the formulae
for computing the transitional forms, the anomalous-diffraction patterns
that occur for moderate values of p. The numerical results are presented
in the form of an altitude chart in Fig. 34. The coordinates are z (pro-
portional to the scattering angle) and p (proportional to size). The
distance of a point from the origin (upper left corner) is y. The function
whose absolute value is given by the contours is 10004(p,z). The
intensities are proportional to IA |2. Remembering that

8,(0) = 8,4(0) = #*4(p,z),

we find (compare secs. 4.22 or 9.4) that the intensity scattered by a single
particle (independently of the polarization of the incident light) is
k2t A 2
o= Belat

The figure was constructed by selecting a number of values of z and p
and by computing Im 4 and Re A4 separately from the formulae given
above. For instance,z = 2, p = 1/20, y = 4/24 gave Im 4 = —0.0694;
Re 4 = 0.4690 using 8 terms of the first expansion; Re 4 = 0.4691
using the two main terms plus 6 terms of the “remainder” in the second
expansion. These values give

| AP = (Im A2 + (Re 4)* = 0.225;  |4|= 0.474.

In constructing this chart special attention was given to the positions of
maxima, minima, saddle points, and zeros.

The chart may be read as follows: On a horizontal line the scattering
pattern of a single particle is found; the particle is characterized by the
phase shift p of the centrally transmitted ray. Vertical lines correspond
to fixed points in the classical diffraction pattern. A quarter circle
wround the center O joins all points with constant y. The rays arriving on
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Fig. 34. Altitude chart showing the values of the amplitude function
|A| == I.v—2;5'| in the region of anomalous diffraction; 2z = zf,
p = 2x(m — 1).

189
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the points of such a circle after two refractions according to Snell’s law
have suffered equal phase shifts.

The maxima and minima alternate in a regular way. They are
separated on the one hand by the vertical lines corresponding to the dark
rings in the asymptotic diffraction pattern (z = 3.8, 7.0, 10.2, 13.3) and
on the other hand by the circles on which the phase of the trans-
mitted light is perpendicular to the phase of the diffracted light
(y = 27, 37, 47, 6m, - - -).  The saddle points are situated near the points
of intersection of these circles and vertical lines.

In interpreting the relative heights of maxima and minima we must
distinguish three cases:

a. The diffracted light prevails. This applies to the central peak
(2 = 0) and, moreover, to all bright rings if p approaches very large values.

b. The transmitted light prevails. In the domain of Fig. 34 this
applies to the maxima and minima at the position of the second bright
ring (2 = 8.4) and of the third one (z = 11.6).

¢. At the position of the first diffraction ring (z = 5.1) we observe the
gradual transition from case b to case a. At p = 10 the transmitted light
is still somewhat stronger than the diffracted light, and their super-
position causes a deep minimum, but at p = 16 the situation is reversed.
Here the transmitted light does not outweigh the diffracted light at the
top of its first maximum but does so a little distance beside the top.
Therefore the altitude graph shows a saddle point flanked by two zeros.
A similar situation recurs at all further values of p where the amplitudes
of diffracted and transmitted light have opposite signs. The altitudes of
the saddle points approach the final value of 0.066 contributed by diffrac-
tion only, and the zeros diverge to the positions z = 3.83 and 7.02 of the
dark rings in the pure diffraction figure. A similar series of zeros runs
beside the central maximum. The first one is situated

p=172  2=29, y=7173.

The further zeros in this series approach more and more the line
z = 3.83.

The practical value of the diagram just explained is restricted by the
fact that the condition of a refractive index very close to 1 is seldom
fulfilled. However, the diagram gives a very good indication of the
peculiarities in the scattering pattern that are to be expected for values of
m even as high as 1.33 (water). This is illustrated by some detailed
examples in sec. 13.41. See in particular Figs. 51 and 52, where the full-
drawn lines have been constructed on the basis of Fig. 34 and further
symbols show the values for water drops.
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It thus is seen that the simple theory of this chapter is quite adequate for

an approximate treatment of the anomalous-diffraction phenomena
encountered in nature,

11.4. Extinction in the Region of a Spectral Line

Suppose that a spherical particle consists of a material that has a
nearly constant index of refraction through a wide wavelength region with
the exception of an absorption line or an absorption band.

The index of refraction m in this absorption line has an imaginary part,
and also the real part differs from the common value. It is not easy to
judge how these changes will affect the scattering properties of a particle
of any given size. Generally, the answer cannot be found without com-
plete computations according to the rigorous formulae for complex values
of m (chap. 14). However, the simple form of the equations for m close to
1 enables us to judge at least in two situations how the absorption line
affects the extinction by the particle. These are: 1. very small particles,
2. weak absorption lines in “‘soft”’ particles of a fairly large size.

Let the material follow the classical dispersion theory. Its refractivity
is given by
F:3(m2—1):4ﬂ62 N; f; ‘

m? 4+ 2 m, 4 w? — w? + iy; @

Here m is the complex refractive index; e and m, are charge and mass of
the electron, and w is the circular frequency. The summation has to be
extended over all absorption lines, each of them characterized by its
proper frequency w,, its damping constant y;, and its oscillator strength
f; N, denotes the number of molecules per cm? that can give rise to the
absorption line. This formulation applies also to materials in which
molecules of various kinds are mixed together.

11.41. Small Particles

A sphere with radius a <€ A has the cross section for absorption

4 2V
Capy = T0¥Qup, = mal - =z Im (—F) = —’-;- Im (—F),

where V is the volume of the absorbing sphere. This cross section has a
close relation to the atomic cross section for absorption:
_ = ¥ili :
05 = _ 2 22
mye (0 — ;) 4 (¥;/2)
The relation can be derived by writing /27 == ¢/w, where c is the velocity
of light, and by further making the usual assumption that the line extends
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over a region which is small in comparison with the proper frequency
itself. A simple reduction then gives

Cpe=V Z N, ;.
J

Here N,V is the total number of molecules in the sphere that can absorb
the line j; thus a particle which is small compared to the wavelength
absorbs exactly the same energy as its molecules would do together in the
gaseous state. Evidently the lattice frequencies, which the solid particle
possesses in excess of the frequencies of the separate molecules, are not
included in this statement.

The particles for which this rule holds have a very small scattering
cross section. Their extinetion cross section inside the spectral line is due
mainly to true absorption and exceeds the extinction outside the line by a
very large factor. Measuring the extinction in the usual way, by spectral
photometry of a continuous light source seen through a cloud of these
particles, one finds an “absorption” line that is indeed due to actual
absorption.

11.42. Large Particles with Refractive Index Near 1

Let the refractivity near the spectral line or band consist of two parts:
a constant real part F, due to remote proper frequencies and a changing
part due to the proper frequency w,. We may then replace the dispersion
formula by

F—=F, + F,jG —v),

where v = 2(w — wg)fy and F, and F, are real constants. This equation
18 a quite useful approximation to the actual refractive index for weak and
strong, wide or narrow absorption bands. Our further computation is
restricted to ¥, and F, both small compared to 1. Then this is true also
for |m — 1|, and we may write

2m —1) = F, + F.|(i — v).

The important parameter 2x(m — 1) has the value p = xF, outside

the line and
* — {1 + _Fa—}
P i Fc(?’ - ?J)

inside the line. Throughout the line the theory of sec. 11.23 is applicable.

The locus of 1/(i — v) in the complex domain is a circle having the
center —34 and the radius . Thus, starting at low frequencies (negative
v) we see first a gradual increase of the real part, corresponding to normal
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dispersion. At v = —1 the imaginary part equals the real part, and the
latter begins to decrease. This lasts until v = 41 (anomalous dispersion),
while the imaginary part passes its maximum at v = 0; finally, for large
positive values of v the real part increases again until it reaches its normal
value. The effect on'the extinction can be best illustrated by means of a
numerical example. Such an example is given in Fig. 35. The value
assumed for F',/F,is }. If, for instance p = 3, then Fig. 33 (or Table 16)
shows that @,,, = 2.70 outside the line (v = -+ o0). Inside the line, at
v=1 one obtains p* = 2.62 — 0.38¢ = 2.62(1 — i tan 8°). The cor-
responding @,,, found by interpolation from Table 16 is 2.23. In this way
the curves of Fig. 35 have been
constructed.

The results are certainly surprising
at first sight. They can be readily
understood, however, if one observes 3l p=4_]
that the extinction is affected by
changes both in » and =»’, the real
and imaginary parts of the refractive
index. The partial derivatives of @,,,

-

10 0 -10

I
k-]
[}
w
|
3
Apparent absorption

with respect to » and »’ may have 2r n
either sign (depending on the value 3

of p), so that various kinds of curves —\j p=2
may result. The familiar absorption- g
line contour is shown only by very 1+ 415
small particles (sec. 11.41). At p = 2, l';é,
Q. is virtually independent of #’, | ANr=11l"5
so that the curve resembles the dis- o <
persion curve. Finally, at p = 4 the o~ #=03
extinction inside the absorption line 0 Xiow m

is smaller than it is outside the line.
If this case were realized in inter- Fig. 35. Variation of the extinction
stellar space, an absorption line of the by spheres of various sizes across an
interstellar particles might be mis- absorption line. The absorption some-

o e times determines a decrease in the
taken for an emission line in the star. extinction by the sphere.

11.5. Mixtures of Particles with Different Sizes

The extinction coefficient 3 in a medium consisting of particles with
different sizes has been given in sec. 9.4. There is no reason to come
back to it in this chapter, more than in any other chapter, except for the
fact that the resulting expressions become very simple for various distribu-
tions of radii. This may be illustrated by the following examples. Let
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1 em?® contain N f(a/a,) d(a/a,) particles with radii between a and g + da.
The total geometrical cross section per em? then is

28}
G=N owaff flu)yu? du
0
and the total actual cross section for extinction is

0 = Nymat | “Qufu)ffupid .
0
The ratio
/G =Q

may be said to define the efficiency factor of the entire medium for
extinction. Using the expression for Q,, given at the beginning of sec.
11.22 we find

(a) If Juy=1/u (u<1) and 0 (u>1),
then Q=2+ 8p[%—1 + cos p, + C + log p, — Ci P

where Ci is the cosine integral and C = 0.577 is Euler’s constant.

(b) If J@)=1 (<1) and 0 (u>1),
then Q=2+ 12p7%(1 + cos p,) — 24p; 2 sin p,.
() If flu) = e,

then Q=2+ 2(1 + g}y — 4(1 4 g2,

In all these expressions

Perhaps the most appropriate way of defining the effective radius of the
mixture is

3 total volume

Qppp = — * .
““ ™ 4 total geometrical cross section

This effective radius is (2/3)a,, (3/4)a, and 3a,, in examples a, b, and ¢,
respectively. Figure 36 compares the extinction factors { for the
distributions a, b, and ¢ with that for uniform size, all plotted against

Peﬂ = 2ka’eﬁ (m - 1)

as the abscissa. As expected, the curves show how the typical features
are washed out if particles of a wide range of sizes are present.
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11.6. Extensions to Not Very Small Values of m — 1

The great attention given to the limiting case m — 1 in the literature and
in chaps. 7 and 11 does not arise from purely mathematical interest. The
more practical reason is that many applications deal with particles that
have real values of m between 1.1 and 1.5 (water drops in air, proteins in
water, etc.). Many investigators, beginning with Lord Rayleigh, hoped
that the rigorous solution of the limiting case m — 1 might be a first step
towards finding simple formulae valid for values of m — 1 that are not
infinitesimal.

3 T T 1 1
VRN
/l/,/’ e
/
4 -
2 — /'/
T /
Q /
A
1 -
(c) g
:/(1)
| | | | | ] |
0 2 4 6 8
Popf —>

Fig. 36. Sample extinction curves for mixtures of particles of various
gizes, all with m close to 1; (1) = uniform gize.

The systematic exploration of this possibility has been made only in
recent years, in the field of quantum mechanics. The approximation
denoted by us as Rayleigh-Gans scattering in optical problems is called the
Born approximation in quantum mechanics. This approximation is found
as the first term of the Born expansion if the scattering problem is formu-
lated by means of an integral equation and this equation solved by means of
the iteration-perturbation method. This expansion and its various modi-
fications are treated in detail by Morse and Feshbach (1953). Itis difficult
to go beyond the second approximation, either analytically or numerically.
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The striet distinction between the limiting cases treated in chap. 7
(Rayleigh-Gans scattering) and in chap. 11 (anomalous diffraction)
vanishes if higher orders of m — 1 are considered. However, the fact
remains that the latter theory is more useful in most optical applications.
Rayleigh-Gans scattering is confined to the region where @ << 1. It
occurs at small values of x so that a few terms of the Mie formulae suffice
for a rigorous solution. The region of anomalous diffraction, however,
includes the entire region of » in which the extinction shows its large
fluctuations. As the first maximum occurs near z — 2.0/(m — 1), fairly
high values of « are involved, and an approximate analytical answer would
be welcome. Such an answer might be found from an expansion in which
the anomalous-diffraction result would be the first term. So far, an
expansion of this type has not been given.

Intuitively, it would seem that one obvious extension is needed. The
derivation in the preceding sections has to be completed by the inclusion
of reflection and refraction effects. If this extension is made by means of
geometrical optics, the results are not very good. This problem is con.
sidered in secs. 13.41, 13.42, and 17.26.

A partially successful attempt based on the rigorous formulae has been
made in two papers by Hart and Montroll (1951). These authors con-
sider first the case of scalar waves. A good part of their first paper and all
of the second paper (which deals with cylinders, prolate spheroids, and thin
disks) are devoted to the scalar problem. Hart and Montroll start from
the rigorous solution in terms of the infinite series with the coefficients a,
and b, (our notation, sec. 9.22) for the scattered field and the coefficients
¢, and d, for the internal field. They replace the numerators by exactly
equivalent expressions, which are simple for the internal field (sec. 9.22),
but adopt an approximate expression for the denominators. This
approximation is based on an approximation which holds for < x and
thus might be called the “central-incidence approximation” (sec. 12.31).
However, they hope that the approximation may be useful for other n,
a8 in the limit of m — 1 it gives correct values for any ».

It is then found that the sum can be evaluated rigorously, giving (in the
scalar case and in our notation, sec. 4.1)

§*(0) = — im(m — 1)z8(2m)1/2 {ei(m_m J3/2(‘w) _ eiBm—1a Jy10(v)

1 — 12 —4imz w2 o2 |’
with r = (m — 1)/(m + 1) (Fresnel reflection coefficient, sec. 12.21),

x = ka, w = x(1 + m?® + 2m cos 6)1/2,

v = 2(1 4+ m? — 2m cos G)12,
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The asterisk means the complex conjugate; Hart and Montroll use a
different sign convention for .

Hart and Montroll then do not use 8(0) but find the total extinction by
integration over all angles. This is not possible in & closed form unless
further approximations are made. They neglect all terms with r, thus
approximating §*(6) by

. J
§4(8) = —im(m — 1jad(@myRein—ve 122
w32
This expression, properly squared and integrated, gives without further
approximations the result (our notation):
Q,,, = mxtm(m — 1)2{®(mz — ) — O(mz + 2)},
where

1 2 2sin 24 2(1 — cos 2u)
() = - (Thalw) + TEalw} = — e }

This is the final result for scalar waves. In the limit for m—1 if
p = 2z(m — 1) is fixed, the second term becomes negligible and the form is
reduced to the form derived in sec. 11.22. If, however, z is fixed and
m — 1, it does not give the correct total for the Rayleigh-Gans scattering
(for scalar waves). Nor does it give the limit @ = 2 for m fixed, z — 0.
The result for electromagnetic waves, which is similar, has the same defects.
Also, it gives a scattered intensity independent of polarization. All this is
easy to understand from the approximations made and remains far from a
successful theory for non-infinitesimal values of m — 1. Even the agree-
ment in the limit with the result of sec. 11.22 is somewhat puzzling, for, if
the central-incidence approximation should be made in our formulae,
ineorrect results would be obtained in this limit.

Perhaps the most valuable idea in the work of Montroll and Hart is in
their second paper. They observe that, quite rigorously for any kind of
particles, the field at a point outside the particle may be expressed by a
volume integral over the fields inside the particle. The proof is most
easily given for scalar waves and for a particle that does not have a
discrete boundary, but in which m is a continuous function of the space
coordinates and is 0 outside a certain volume V.

Let the total field be v = 1, + y,, Where 1y, is the incident plane wave
and y, the additional field, which, outside V, is the same as the field of the
scattered wave. Then we have

V3 -+ mPkty =0,

Vo + k=10,
and by subtraction
Vz% + kzws = (k2 - m2k2)1p,
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which has the solution

I LY
V’a(r)=—z;f'}—__—r—l—'— (I —m¥ypdV,

Evidently the integrand is zero outside V, and in the Yimit for a homo.
geneous particle the factor k%1 — m2) can be put outside the integral.
The y in the integrand is the total field at any point inside the particle.

This formula has a similar rigor as, e.g., the integral formula in Kirch.
hoff’s diffraction theory, but its usefulness is similarly restricted, for the
internal field never is given but first has to be found. Tt is quite possible,
however, that approximate assumptions for the internal field may be more
readily made than for the scattered field, and then the formula is useful,
Montroll and Hart demonstrate this by applications to soft cylinders
(infinite and finite, prolate spheroids, and thin disks), all in the scalar case.
They also show that their earlier approximations for a sphere are consistent,
with this formula.

A generalization to electromagnetic waves can easily be made, and
perhaps this formula may be a fruitful start for fresh attempts at solving
the problem of the not very soft spheres. Hart’s and Montroll’s attempt
itself cannot be called successful. The numerical examples show that the
extinction for m — 1 has to be increased by an amount that it is nearly
constant and does not vanish for x — c0. The resulting @ values are
reasonably accurate in the range

1<m<1.5, } <x <8

It is suggested in sec. 17.26 that the actual increase, illustrated by Fig,
32, has a clear physical explanation, namely, the influence of grazing
reflection at the sphere’s “edge.”
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12. VERY LARGE SPHERES

12.1. Survey of Problems

The laws of geometrical optics are asymptotic laws on electromagnetic
waves, valid in the limit of very small wavelength. It is evident for this
reason that the present chapter, which deals with the scattering by spheres
very large compared to the wavelength, will have as a subject the approach
to the laws of geometrical optics.

Yet it would be incorrect to expect that the scattering diagram of such
spheres is fully rendered by the laws of geometrical optics. First, a
necessary condition besides the large size (x> 1) is that the phase shift
p = 2z(m — 1) must be large, i.e., that the refractive index of the particle
must differ sufficiently from its surroundings (sec. 11.1). Second, it is
necessary to include the phases in order to compute the interference
effects between various emerging rays. Third, the geometrical-optics
approximation fails for arbitrarily large sizes at the angles of rainbows and
glory. Fourth, only half the total scattering is due to reflection and
refraction by the sphere. The other half arises from diffraction around
the sphere and forms the Fraunhofer diffraction pattern.

The separation of these two parts on the basis of Huygens’ principle was
discussed in sec. 8.1. It is found from the Mie solutions for spheres in
sec. 12.32. The main points of distinction may be summarized as follows.
The geometrical-opties pattern is wide and of moderate intensity; it
arises from reflection and refraction of the rays that hit the sphere. The
diffraction pattern is narrow, very intense, and concentrated near the for-
ward direction; it arises from the incompleteness of the wave front
passing the sphere. The total radiation contained in both patterns (for
non-absorbing spheres) equals the energy incident on the geometrical
cross section, ma?.

The inclusion of the diffraction pattern in the overall scattering pattern
is not an arbitrary decision. Starting from Rayleigh scattering, where no
such distinction is possible, and going to ever larger particles, we meet no
distinet size at which a separation becomes possible. In principle, the
separation remains always vague. The Mie theory gives the rigorous
pattern of both effects combined.

We shall now specify more completely what happens to the rays that
hit the sphere. From the part of the wave that hits the sphere we can

200
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isolate a narrow beam, the width of which is much larger than 4 and yet
small compared to the radius a of the sphere. Such a beam is called a
“ray,” as it is in geometrical optics. Figure 37 presents an example.
When the ray first hits the surface, it gives a reflected and refracted ray.
The direction of the refracted ray follows from Snell’s law. The intensity
and phase of both rays follow from the Fresnel coefficients, which will be
specified in the next section. A similar separation occurs when the
refracted ray reaches the surface again: part of it is refracted and leaves
the sphere whereas the other part is reflected internally. This goes on ad
infinitum. The final result is that the entire energy available in the
incident ray is distributed in a definite manner among the outgoing rays
(or partially absorbed on the track
inside the sphere). This distribution
may be computed. If the same com-
putation is made for all rays that hit
the sphere and the results added, we
obtain the scattering pattern accord-
ing to the laws of geometrical optics.
The computation is given in sec.
12.2.  As all emerging rays are co-
herent in phase, there is interference
between all rays emerging in the
same direction. This effect will be
included in the geometrical-optics
pattern.

This simple .scheme O.f ray--tra.cmg Fig. 37. Path of a light ray through
has one exception: The infensity inor 4, sphere according to geometrical
near a focal line (or a focus) s not ren- optics.
dered correctly by the laws of geometri-
cal optics. In fact, geometrical optics gives infinite intensity in a focal line,
so that we can simply say that these laws are not correct whenever the result
would be infinity (or very large). The reason why geometrical optics breaks
down in a focal line was explained in sec. 3.22. The high intensity close
to the focal line means that light has to be collected from so wide an area
of the initial wave front that the wave front in this area is not sufficiently
characterized by its two radii of curvature. Moreover, differences of
amplitude over this area may become serious.

Spheres exposed to a plane wave of incident light present two sets of
focal lines:

a. Any point of intersection of two adjacent rays in a meridional cross
section is a point of a focal curve, The full focal curve is a circle around
the axis in a plane perpendicular to the axis.
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b. Any point where a ray intersects the axis is a point of a focal line
because corresponding rays in other meridional sections have the same
point of intersection. The full focal line is the full axis, both before and
beyond the sphere.

All points close to these curves and line, both inside and outside the
sphere, are points at which the intensity is high and cannot be computed
from geometrical opties. As the main object of this book is to determine
the scattered waves at a very large distance from the particle, we have
to find the focal lines at infinity, i.e., the outgoing beams with a wave front
that has one infinite radius of curvature at some point. Two of the finest
natural scattering phenomena can be explained from this consideration.
Corresponding to sets a and b for finite distances we have

a. The outgoing beams that have a wave front with a point of inflexion.
These beams define the rainbows.

b. The outgoing beams that are parallel to, but not coincident with, the
axis. These beams define part of the scattering near the angles § = 0° and
180°. Near 0° the intense Fraunhofer diffraction drowns all other effects.
Near § = 180° the beams just described give rise to the glory.

The use of geometrical opties in order to find the scattering pattern for
large  may now be summarized as follows. Barring the exceptional
angles,! ray-tracing and intensity computations based on the laws of
geometrical optics give the correct scattering pattern (secs. 12.2 and 12.3).

The exceptional regions near focal lines or foci admit of a simple treat-
ment by means of the Huygens-Fresnel principle. A wave front far from
the focal line, on which the amplitude and phase may be computed by
means of the ray-optics method, serves as the given front. This method is
entirely adequate for very big spheres and gives correct expressions for the
scattering pattern, including the exceptional angles (secs. 13.2 and 13.3).

On the other hand we have the Mie formulae. They give the rigorous
scattering pattern for spheres of any size, including those for which the
parameter x = 2mafl is very large. These formulae may be called upon
as soon as any doubt of the validity of the ray-optics approximation arises.
Our task is thus fourfold:

1. Demonstrate that the Mie formulae, asymptotically for z — oo,
admit of a principle for localizing rays and of a fundamental separation
of diffracted, refracted and reflected light.

2. Prove that the rays incident on the sphere give a pattern identical
in intensity and phase with that found from geometrical optics.

! Mathematically, rainbows occur within an arbitrarily small angle df from any
angle 6. However, most of them are due to a very large number of internal
reflections and have negligible intensity. Only those with p =2 (1 internal
reflection) and p = 3 (2 internal reflections) are observed in practice.
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3. Estimate the size, i.e., the value of , beyond which these asymptotic
formulae give a fair approximation. Some features of the asymptotic
pattern will show up for much smaller values of x than others; values
of x = 3 (for the isotropic scattering by totally reflecting spheres, Fig. 29)
to # = 5000 (for the rainbow, Fig. 47) are found. It is foolish to look
for a rainbow in the results of rigorous computations for x = 30!

4. Investigate whether methods exist, other than a complete numerical
computation by Mie’s formulae, by which fairly accurate results may
be derived for values of a below these limits. This task is particularly
important and particularly difficult for § = 0, and includes the problem
of finding an adequate extinction formula.

12.2. Intensity and Phase from Ray-Optics

Our purpose in this section is to derive the scattering pattern for very
large spheres from ray-optics with proper account of the phases. In
sec. 12.3 we shall derive the same asymptotic formulae from the Mie
solution. Either way we find the complex amplitudes S,(6) and S,(6) as
defined in sec. 4.42. The index 1 refers to incident light and scattered light
with electric vibration perpendicular to the scattering plane. The index 2
refers to electric vibration in this plane. These cases are treated separately.

12.21. Intensity

Let the sphere have the real refractive index m. In Fig. 37 the
illumination comes from below. The place of incidence of a certain ray is
characterized by an azimuth angle @ and by its distance from the axis.
The latter is written as @ cos 7, where a is the radius of the sphere and 7 is
the angle between the incident ray and the surface; = 90° means central
incidence and r = 0° means grazing incidence. The choice of this angle
instead of its complement was first made by Debye and gives somewhat
simpler formulae.

A finite pencil of light is characterized by dg and dr. Let the light in
this pencil be plane-polarized in one of the two main directions, and let I,
denote its intensity. The flux of energy in this pencil is

1,02 cos 7 sin 7 dr de.

This energy is divided, by successive reflection or refraction, among the
single rays denoted by p = 0, 1, 2, etc., as shown by Fig. 37. The angle 7’
between the surface and the internal parts of the pathisgivenbySnell’slaw:

1

cos 7 = — €08 T;
m

all emerging rays make the angle = with the surface.
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The Fresnel reflection coefficients are

sin (1 — 7') tan (r — 7')
"= Te= ———"
sin (7 + 7') tan (7 -+ 7')

They are more useful in the forms:

gin T — msin v’ m sin + — sin 7’
le ) . 7’ Tﬁ—
sin T+ msin 7

" msinT —E—sinr"
to which they can be reduced by means of Snell’s law.

These coefficients express the ratio of the amplitude of the reflected
wave to the amplitude of the incident wave if a plane wave, plane-
polarized in one of the two principal directions, is incident from vacuum
on the plane surface of 2 medium with refractive index m.

The reflected fractions of the energy are 72 and rf. The same fractions
are reflected at an internal reflection, but the sign of r, and r, is then
reversed. The refracted parts of the energy are 1 — % and 1 — 2, both
at a refraction from inside and from outside. The total energy of an
incident pencil, with polarization 1 thus is divided in the parts r3 for the
ray p =0, (1 — r3)? for the ray p = 1, r3(1 — r2)2 for p = 2, ete. We
shall denote these parts by &2 and define

g, =7y for p =0
gy = (1 — 73)(—ry)?1 forp=—1,2,3,--"

The same definition with index 2 holds for the other polarization.

The pencil of light emerging in one of these directions is characterized by
a small range dff around the scattering angle . 'We may derive from Fig,
37 that the total deviation from the original direction is

0 = 27 — 2p7’,
which defines the scattering angle in the interval (0,7) by
0" =k 27 3 ¢0,

where k is an integer and ¢ = +1 or —1. Differentiation with use of
Snell’s law gives

d—a’ i 2 —_— 2]) tan 1; ’
dr tan
which defines
d !
df = —6 dr.
T
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The emergent pencil spreads into a solid angle sin 6 d0 de, i.e., over an
area 72 times this solid angle at a large distance r from the sphere.
Dividing the emergent flux by this area we obtain the intensity

ei1,a® cos 7sin 7 dr dp  a?
r2sin 0 d0 do e

Il(.'psf) == IOE?D,

where

sin 7 cos T

~ sin 0]d0’[dr]|

and similarly for I,(p,7). D is sometimes called the divergence.

It is possible to add a factor to take account of a small absorption
coefficient y of the material of the sphere. Since the track in the sphere
has a total length 2pa sin +', the extra factor is e ~2Pvasins’

Amplitude and phase of the scattered light may be expressed by means
of the “amplitude funections’” §,(f) and 8,(#), which are defined in sec.
4.42 and used throughout this book. Only the squares of the moduli

i(0)=|84(6)|2 and  iy(6) = |Sx(0)]?

follow from the intensities just derived. Comparison with the formulae
of secs. 4.42 or 9.4 shows that

1,(0) = 222D, 1,(0) = 2?2 D.

For the very large drops discussed in this chapter another concept will
also be found convenient. It is the ‘“‘gain” relative to an isotropic
scatterer. This “gain” is defined as the ratio of the scattered intensity to
the intensity that would be found in any direction if the drop scattered
the entire incident energy isotropically.

The average gain over the entire solid angle 4+ is 1:

4l§ @4(6) dQ = 4l§ 0,y(6) dQ = 1.

v

Isotropic scattering would mean the distribution of the radiation
I, - wa? over the surface of a sphere 47r2. So

I a® I a2
L0y = "2-Gy0), I,(00)= - Gy0),

e 472
and by comparison with the formulae above

41 43
G, = x_zl = 42D, G, = a:—: = 45:%1).
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The gain for incident natural light is the average (compare sec. 4.42 for
details):
G =36, + Gy).

We thus have completed the computation for a single ray, characterized
by (7, p). Many such rays emerge under the same angle. The common
procedure is to add their intensities

I, = 211(1’, 7), I,= 212(2’, 7),

or similarly to make sums of 7, and ¢, or G, and ;. It may be noted that
one value of p may give 0, 1, or more terms in these sums corresponding to
different angles of incidence 7 that give the same scattering angle.

12.22. Phase

Adding the intensities of the separate outgoing beams is not strictly
correct. All beams originate from the same incident wave and are
coherent in phase, so that their complex amplitudes have to be added and
the squared modulus of the combined amplitude is the correct intensity.
If the phase effects are averaged out, which may happen by a small
spread in sizes, the average result is indeed simple addition of intensities.
If they are not averaged out, the optical interference between different
outgoing beams gives rise to numerous maxima and minima in the scatter-
ing pattern with angles of the order of 180°/x ~ 30°4/a between maxima.
The rigorous Mie formulae render these maxima and minima correctly and
fully. We shall now compute the phases from ray optics.

Let us write

8,(8) = 4/1, €1 and 8y(0) = /1, €52

We have to find the phases ¢, and ¢,. Asdefined in sec. 4.1, ¢; and o, are
/2 plus the advance in phase of the actual ray with respect to a hypo-
thetical ray scattered without phase lag at the center of the sphere. Three
physical effects determine this phase.

1. Change of phase at reflection. By definition the phase of a wave
which changes its direction by reflection or refraction is referred to the
component perpendicular to both directions, i.e., to the E in polarization 1
and to the H in polarization 2. It turns out that refraction does not
change the phase but reflection may change the sign of the amplitude and
thereby introduce a phase shift 7. This is expressed by the Fresnel
coefficients (sec. 12.21). For instance, perpendicular incidence gives

l—m m — 1
E) Tz—
l1-+m

ry =




YERY LARGE SPHERES 207

both of which means that in external reflection (m > 1) E changes sign but
H keeps its sign. Beyond the Brewster angle, at which r, = 0, both
coefficients are negative; they approach —1 for grazing reflection. For
internal reflection the opposite signs hold. All these possible changes of
sign have already been taken into account in the definition of the factors
g, and &,.

2. Phase due to length of optical path. The reflected ray (p = 0) has a
shorter path than the reference ray; this gives a positive phase shift. The
refracted rays (p = 1, 2, 3, - - -) have a long path and therefore a negative
phase shift. Simple geometry, together with the fact that the internal
path has to be multiplied by 27m/4 instead of 27/4, gives the expression

d = 2xz(sin 7 — pm sin 1)

as a contfribution to 0. As a check we find by differentiation the formula
dd =z cos7df’. This can be shown to express the condition that
emerging rays have a perpendicular wave front.

3. Phase shifts due to focal lines. At the passage of any focal line the
phase advances by 7/2 (sec. 3.21); thus we must count the number of
focal lines encountered along the entire path. It is found that the rays
pass

p— 31 —s)

focal lines of type @ described in sec. 12.1 and

—2k + (1 —¢)

focal lines of type b. These expressions hold for any pencil characterized
by (p, 7). Theintegers p, k, ¢, are defined above, and s denotes +1 or —1,
equal to the sign of df’/dr. The total phase shift arising from focal lines is

ks

2(p—2k+%8—%q)-

Combined phase. Collecting the shifts due to these three effects we
obtain

(0, 0r gg) = — - (phaseof ¢, ore,) + 0 + g (p —2k+ is—1q),

rot 3

and with this phase the entire amplitude function becomes

8,(6) = x| &, | D2 eir
and similarly for 8,(8).
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12.3. Intensity and Phase from Mie’s Formulae

We now make a fresh start from the rigorous expressions for §,() and
8§,4(0) derived in sec. 9.31.

The aim is to obtain the same final formula as in the preceding section.
It is sufficient to give a formal solution based on asymptotic expansions of
the Bessel functions and spherical harmonics for large x and . It is
more gratifying, however, to show also the physical meaning of each step
in this solution. Our proof will be mathematically incomplete; we shall
make plausible on physical grounds that various terms may be omitted,
although this should be proved on the basis of the asymptotic expansions.
The reader is invited to consult original papers for those proofs.

12.31. The Localization Principle

The Mie results consist of series with z fixed and » integer ranging from
1 to 0. The experience with numerical computations is that the phase
angles a, and 8, are large for » <C z, drop sharply for n near z, and have
become virtually zero when n exceeds « by 2 or 3. This is confirmed by
the asymptotic expressions. The terms of order n derive from Bessel
functions with order n + 4. These have very different asymptotic
expressions according as n 4 } is smaller or larger thanz. Forn 4 } <=z
they have the character of oscillating functions, whereas for n 4} > =
the main property is an exponential decrease with increasing n — .

This behavior can be clarified by the localization principle, which states
that a term of the order n corresponds to a ray passing the origin at a distance
(n + 3)A[2w. For n + $ = x this distance is exactly the radius of the
sphere: the terms with n -+ } < = correspond to rays hitting the sphere,
whereas the other terms, which tend to zero, correspond to rays passing
the sphere.

This localization principle is implicit in Debye’s asymptotic formulae
developed in 1908, for the terms with a certain value of n give asymptotic
expressions containing the Fresnel reflection coefficients for a certain
angle of incidence, as we shall see below. It is understandable that Debye
himself did not comment on this correspondence between terms and
more or less localized rays. However, after the advent of quantum
mechanics it is very tempting to do so, as it shows the exact analogue of
well-known effects in wave mechanics. The wave equation of an electron
colliding with a center of disturbance is the Schroedinger equation. The
solution has the form of a series with integer values of [, the quantum num-
ber of angular momentum. The de Broglie wavelength is A = h/mw,
where m is the mass, v the velocity, and A Planck’s constant. If we think
of the electron as localized and passing the center at a distance d, the
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angular momentum /2/27 must be equal to mvd. This gives d = 14/2x.
Actually, no exact localization prevails, but the average value of d is
(¢ + 4)A/27. The meaning of this formula is vague, as are all models in
which the electron is thought to be localized. Yet it comes in handy as a
guide to practical computations. To the same extent the localization of
the Mie terms is not a strict law but a useful guiding principle.

12.32. The Diffraction Part
Each Mie coefficient

a,=$(1 —e %), b
consists of two terms: one independent
of the nature of the particle and another
dependent on it. This separation corre-
sponds to the separation of the scatter-
ing pattern explained in secs. 8.1 and
12.1. The term 1 gives the Fraunhofer
diffraction pattern, and the term e 2%
or ¢ ~%x the scattering by reflection and
refraction. This separation is useful
only if o, and §, are large and should,
therefore, be made only for the terms
with n 4 } << &, corresponding to rays
falling on the sphere.!

The Fraunhofer diffraction pattern is
found in the following way. The asymp-

totic formulae for the spherical har- Fig. 38. Ray and angle of incidence
monics if T attributed to the term of the order
o n according to the localization

w=(n+ )0 principle,

n

is fixed and » goes to oo are
ma(008 6) = dn(n + 1) {Jy(u) + Jo(u)},
To(cos 0) = dn(n + 1) {Jo(u) — Jy(u)}.
Writing
2forn + 3 <z
a, = b —
0 forn + } > =,

n

we find
84(8) = 8,(0) = Z(n + %)Jo{(n + 4})9},
1 If the angles «, and §, are small even for these terms, we are in the domain of

Rayleigh-Gans scattering; the separation then has no meaning, and no trace of
Fraunhofer diffraction is left.
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where the sum has to be extended from n = 1 to an integer close to z.
The sum may be replaced by an integral, and the result is
2 Jl(xe) ,
a0
This is identical with the result derived in sec. 8.31, apart from the

difference between the arguments z sin § and z0. This means a difference
in the higher orders of 0, which were neglected.

8,(8) = 8,(60) = J;) (n + 3) Jo{(n + $)0} dn = =

12.33. The Reflected and Refracted Light

The second part requires a longer reduction. Again only terms with
n 4+ } < z need be considered. We define = and g by

n-+3=uxcosT,
g = xsinrT,

Figure 38 shows the meaning of these symbols on the basis of the localiza-
tion principle. All lengths are expressed in terms of /27, The angle =,
defined here as a new variable substituted into Mie’s formulae, agrees with
the angle of incidence, defined in sec. 12.21. In the same way we define
7’ by

n+ $ =2 cos 7,
where ' = mx. We assume that m is real. This definition of v’ agrees
with the definition of the angle of refraction by Snell’s law.

Watson’s formula gives for large «

g

(2) S
EAR R NCRBOVE

e~ Up+n/6) Hg2) (z),

with
z = g3/3(n + })? and p=g—z—(n+ })r.

At present we shall confine our attention to 2 3> 1. By this assumption
we exclude the terms for which g is of the order of 223 and x — n — 4 of the
order of 2V and smaller. This means that we exclude rays of nearly
grazing incidence. For z = 1000 only 2 per cent of the incident radiation
is thus left out of consideration, and for x — co this edge region may be
omitted just as we have already omitted the terms corresponding to rays
beyond the edge. A further discussion of these edge terms is found in
sec. 17.2.

For 2> 1 Watson’s formula reduces to

it o () e
nti X 8in T ’

where f=sinT — 7cos T, d(fr)/dx = sin 1.
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The corresponding formula with argument z’ contains
f=sint — 7 cos 7.

On taking the real and imaginary parts and omitting the factor (2/mx)V?
we have in the notation of sec. 9.22

(sin 7)1y, (2) = —(sin 1)~V (x) = cos (af — n/4),
—(sin )}y, () = —(sin 1)~ Y2y, () = sin (xf — =[4),

and corresponding formulae with &', f*, 7.  Substitution for these functions
in the formula for «, in sec. 10.21 gives after some reduction

sin (xf — 2’f’) — ry cos (zf + 2’f')
—cos (#f — 2'f’) — rysin (af + @f')

where 7, is the Fresnel reflection coefficient, defined in sec. 12.21; the same
formula with r, gives tan §,. A further reduction gives

tan o

n

1 — gr g2/

g —2itn — 2iaf—2'[")
I . —2{1’}"
1 4 irge

and similarly for 8, with the coefficient 7,.

The nodes, where a, = f,, have been investigated for non-absorbing
spheres of arbitrary size in sec. 10.22. They still exist in the asymptotic
case. If

2f' = lm + =4,

where [ is an integer, the fraction in the formula just given is 1, and we find

o, = B, = lr & m/4 — af.

The upper sign corresponds to nodes of the second kind, the lower one to
nodes of the first kind. Near central incidence (n <€ z, T &~ 7/2) we have
f=/f"=1, so that in the nodes

The fraction occurring in the asymptotic formula may be split into a

geometrical series plus an extra term. Writing briefly
u = e~ S

we can expand as follows

oM = —ie® [ry + (1 — rdyu + (1 — r)(—rphud 4 - -],
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Again, replacing r, by r, the expression for §, is found. In these expan-
sions the coefficients &; and ¢, defined in the preceding section are
recognized. Evidently, the separate terms correspond to the separate
rays p = 0, 1, 2, etc., discussed in the preceding section.

Asymptotic formulae have to be inserted also for the spherical harmonies.
For a fixed 6 and n — oo we have

matoon 0) = (o) sim {in + 19 — 7).

7r 8in3 6
3 \1/2
T,(cos ) = ("?Zm 6) cos {(n + )0 — ;—I} .

For any large » these formulae are insufficient in a region close to the
forward direction (§ = 0) and back direction (6 = 7). In the forward
region they are complemented by the asymptotic formulae used in sec.
12.32. Similar formulae for the back region are used in sec. 13.32. More
precisely, the present formulae hold for sin 8> 1/n, and those used
previously hold for § <€ 1. The overlapping domain is

1/n < sin 0 <L 1.
Excepting the near-forward and the near-backward angles we find that
T, has an order of magnitude n sin 6 times that of =,; thus =, may be
neglected and we need retain only ..

This solves a serious question. The formula of §,(0) obtained from
geometrical optics (sec. 12.22) contains r;, whereas S,(0) contains
exclusively 7,. The Mie formulae for §, and S, contain both @, and b, and
therefore r; and r, together. It is now seen that this paradox is resolved
by the fact that the factor containing the “alien reflection coefficient” is
multiplied by =,, which is negligible with respect to 7, under ordinary
circumstances for very large spheres . In the exceptional range of angles
near 6 = 0° or 180° the presence of the alien coefficient can be understood
on the basis of Huygens’ principle, as will be shown in sec. 13.31.

The final step is the summation giving S,(6) and Sy(6). We have

2n +1 2izf 2iz'f'\p
ZZ n 1) . yie e (1™ )P

9p3 \12 -
( i B) cos{(n-{—%)ﬂ—;}-

7 811

The cosine will be written as

3 Z (qiln+ Do —gin/s
q
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where ¢ = —1 and +1. Then with some obvious substitutions
- xcosr \1/2 |
0= > > o (227)" .,
1(0) Z “1\27sing) °©
p ¢ n=1

Go=(p +1)5 +2af —px'f") + a0 + DI — g7 -

where

We shall calculate this sum by the method of “stationary phase.” The
underlying idea is that the complex terms nearly cancel each other unless
anumber of terms have approximately equal phase. Therefore, regarding
%, 0, p, and ¢ as fixed quantities, we try to find a value of » most nearly
satisfying the relation

G, —G,_1+k2r=0 (k = integer).
Replacing the difference by a derivative, and reducing it by
4_1 4 _ 1 e
dn xdcosrt xsin rdr
we find this condition to be
—27 4-2p7" + g0 + k27 =0, (1)

which corresponds to the condition for a ray in geometrical optics. The
intensity in this ray is found by summing the terms close to the value of »
for which this condition holds. §,(f) is not altered is we replace &, by
H, = G, 4+ nk2z. Stationary phase then occurs when dH, [dn = 0; let
ne be its root, which need not be an integer. We are now justified in
replacing the sum by an integral. Since only the vicinity of n, contributes
to this integral, all factors except the exponential are quasi-constants.
The exponential integral that is left is in the second approximation a
Fresnel integral. If it is extended from —o0 to 0, and s denotes -1,
it has the value

J‘eiHﬂ dn — j‘e'éH,,o-i—?;is(n-nu)z [ H g dm

— ollou(2m] | H],

)1/2 gbiml4
Dropping the index 0 we find by differentiating the left-hand member of

equation 1 with respect to » that

1 dy
H”_ 6‘

g

" wsinTdr
This shows that s has the sign of df’/dr and that a higher approximation
going to H,/ is needed in the rainbow theory.



214 SPECIAL TYPES OF PARTICLES

The amplitudes may now be collected, but the phase needs one further
reduction. On multiplying equation 1 by

n+ 4 ==xcosT =2z cosr’
and subtracting the product from H,, we obtain
H, =6+ (p+ )n/2 — qu[4 — k.
The final result is that with omission of the summation sign

sin 7 cos 1
sin 6 |d6’[d|
which is identical with the result derived in sec. 12.22. It should be
noted that this result holds only for one particular set of the integers
p,q,8 and k. The results of all possible sets of these integers, i.e., of all
possible rays emerging in the direction 0 should be added to give the total
amplitude funection.

It is gratifying to see how all parameters which had to be introduced in
the preceding section (sec. 12.22) also appear successively in the formal
derivation of this section. Also the restrictions made in the preceding
sections for obvious physical reasons were needed in this section for
mathematical reasons.

1/2
81(6) = w¢, { } . 6i8+i(1r/2){2'+1—§q+}s-—2k)’

12.34. Range of Validity of These Formulae; Possible Extensions

What is the minimum size for which the asymptotic formulae just
derived from a good approximation to the actual amplitude function?
Two serious requirements are: (1) the omission of further terms in the
Taylor expansion of H, should be permitted, and (2) the replacement of all
further factors by constants should be permitted. The number of terms
that effectively contributes to the sum is of the order of

2 o sin 7\ 172
An = (‘"_) .
|d9 /d‘rl
The angles and reflection coefficients may be considered as quasi-constant

in this interval if the corresponding range of = is small, let us say <<0.1
radian. This gives

’

T

> 16,

zsin T

So, in general, a reasonable approximation to the asymptotic pattern will
be obtained near x = 10 or 20, i.e., for diameters 3 to 6 times the wave-
length. Smaller values, as low as z = 3 or 5, are sufficient in the favorable
case of isotropic scattering, occurring for m = oo (Fig. 29, sec. 10.62).
However, rays incident close to the edge (with nearly grazing incidence)
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and those close to the rainbow angles will require much larger values of z.
This will be shown in greater detail for the rainbow in sec. 13.24.

A similar result may be derived from a consideration of the Fresnel
zones in a manner analogous to the considerations in sec. 3.21. A small
elliptical area perpendicular to the incident beam may be said to be the
effective area contributing to light scattered along any particular ray into
a particular direction. The center of this area corresponds to the
geometrical ray. Its axis in the radial direction has the length /27
times An, and its axis in the azimuth direction is something like

A (:c cos 7-) 12

27 \ sin @
This should be, say, smaller than one-fifth the radius of the sphere in
order to avoid cross-polarization effects, i.e.,

x sin 6/cos T > 25.

The cross-polarization effects are rigorously expressed by the terms with
m{cos ), which we have neglected (compare sec. 13.32).

Summarizing, we may state that the ray-optics approximation is
sufficient if the effective area is small both in the radial and in the
azimuthal direction. It becomes relatively large in the radial direction if
we approach the rainbow and relatively large in the azimuthal direction if
we approach the glory. At those particular angles the approximation fails
for any x, however large, and higher terms have to be used. They give in
the first case the rainbow and in the second case the glory.

12.35. More Powerful Approaches

We have now seen that it is possible, by means of asymptotical
expansions and the method of stationary phase, to derive from the Mie
solution a set of formulae identical to those following from ray optics.
Is it possible to do more and to find a set of formulae that is distinctly
more accurate than the ray-optics approximation, yet equally suitable for
very large sizes? This important challenge has been taken up by several
authors, notably by van der Pol and Bremmer, by Ljunggrén, and by
Franz.

The research of van der Pol and Bremmer (1937) has been mainly
directed to the problem of radio wave propagation from a vertical dipole
antenna around the spherical earth. In their paper they give expansions
for the potential functions in this problem in four different ways.

1. A “harmonic series” with terms of integer order », associated with
an expansion in spherical harmonics and thus analogous with the Mie
solution that is the basis of our discussions on the scattering problem.
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2. A ‘“‘residue series” with terms of integer order s, n, being the sth
(complex) value of n for which

N (z,y) =0.

Here N, (z,y) is the denominator appearing in the nth term of the
harmonic series, its definition being extended to non-integer, non-real
values of n. The # = ke and y = mka correspond to our x and y. The
residue series is obtained from the harmonic series by a transformation
which can only briefly be indicated here. First, the sum is replaced by a
contour integral of the same function with added factor 1/cos 7n; the
values n + 4, where n» — integer, are the poles of 1/cos 7n. Then the
contour is changed into an equivalent one in which these poles are avoided,
but the poles of the original function, i.e., the zeros of N (z, y) are enclosed.
These zeros are also the zeros of the denominator of our coefficients a, (sec.
9.22), if this coefficient is considered as a function of the complex variable n3,

3. A development of the coefficient 1/cos 7 in the residue series in the
form

o0
23’:”" Z eimn(2n+1)
m=0

It can be shown that the integer m corresponds to the number of times
the wave has traveled around the earth. In the radio case all terms
except the one with m = 0 may be neglected.

4. A development of the coefficients of the original harmonic series
with respect to an integer number KX, which corresponds to our p — 1, the
number of internal reflections against the sphere. The development in
two initial terms and a geometric series is entirely analogous to that given
in sec. 12.33. The important difference is that van der Pol and Bremmer
transform the rigorous coefficients in this manner. The Fresnel reflection
coefficients are replaced by the “spherical reflection coefficients.”

The great importance of this work of van der Pol and Bremmer is
evident, for in several respects it goes beyond the approach first suggested
by Debye and followed in sec. 12.33. Also, the method has proved to be
practical for obtaining numerical results in the radio case. Although
their method is potentially more powerful, van der Pol’s and Bremmer’s
direct contribution to the topic of this book does not go beyond a third-
order approximation of the Mie formulae, which after due approximations
gives Airy’s theory (sec. 13.23).

3 Qur y,(z), a notation copied from Debye (sec. 9.22), is the same as that adopted
by Ljunggrén, but van der Pol and Bremmer use the same symbol for j,(x) = y,(z)/z
fgimilarly for [,V (x) and {,'®(x)).
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Ljunggrén’s contribution (1948) is less important, as it does not solve
the real mathematical problems. He starts the transformation of the
exact solution by separating the Mie coefficients exactly in two initial
terms plus a geometrical series. This expansion is analogous to the one
under 4 on p. 216 and to the expansion made in sec. 12.33. It must
become identical to the latter if Debye’s asymptotic forms for the cylinder
functions for (n + 4)/z well below 1 are introduced. The only difference
with sec. 12.33 then is that the asymptotic forms are introduced before the
expansion and not after it. Upon summation, the first term gives the
diffracted light, the second term the externally reflected light, the third
term (the first term of the geometrical series) gives the twice refracted
light, ete., as was explained in sec. 12.31 and subsequently. Further, a
rainbow theory is presented, based upon a transformation of the sum into
an integral, but the result does not go beyond Airy’s approximaton
(sec. 13.23). 1In all these results the edge terms (n near z) and the terms
beyond the edge (n > x) have been neglected.

Ljunggrén’s second paper (1949) is aimed expressly at computing the
forward scattering, and an effort is made to include the edge terms cor-
rectly. This requires the use of the “exceptional series of Debye’ in
making the asymptotic expansions. Yet after many reductions and approxi-
mations the twice-refracted radiation appears to follow from a formula
that (at any rate for 6 near 0) is identical with the formula following from
geometrical optics (secs. 12.21 and 12.22) or from Debye’s approximation
to the Mie formulae (sec. 12.33). Ljunggrén remarks that the saddle-
point method cannot be applied for the reflected radiation. Instead, he
proposes to add the numerical sum of terms for (x — 2/3) < n < z to the
analytical sum of terms for smaller n, according to Debye’s approximation.
Unfortunately no numerical results are given. The objection may be
made that the terms with x << % <C (x 4 #1/3) are also in the exceptional
region and may be expected to give a contribution of the same order.
The problem of the forward, or nearly forward, scattered light owing to
grazing reflecting at the edge of the sphere is thus unsolved. This
problem will be reconsidered in sec. 17.26.

The final step of Ljunggrén’s work is to add the contributions of
diffracted, reflected, and refracted light at and near § = 0 and thus to
find theoretical intensity contours for the anomalous diffraction patterns.
This problem and its application to the determination of drop sizes are
relatively simple and are discussed in sec. 13.41.

The most important development is due to Franz (1954). His workis a
direct continuation of the work of van der Pol and Bremmer with one
major improvement. The integral over the order », which is obtained by
exact transformations from the series in integer », is not at once changed
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into a residue series but is first separated into two parts. One part is
left in the form of an integral over n and corresponds, asymptotically for
large z, to the value obtained by means of geometrical optics. The
second part is transformed in a residue series and is physically connected
with the surface waves discussed in secs. 17.3 to 17.5. The advantage of
this separation is not only that the agreement with the results derived from
geometrical optics is more readily seen but also that the remaining

1 , ] 1 1
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Fig. 39. Fresnel reflection coefficients r, and r, plotted against sin r for

external reflection against a body with refractive index 1.1, 1.333, 2, 4, or 10.

The right-hand scale (r?) gives the reflected fraction of the energy.

residue series are rapidly convergent. Franz’s paper of 1954 contains full
details of this method as applied to totally reflecting cylinders and spheres
in the acoustical case. Beckmann and Franz have tackled optical
diffraction by spheres and cylinders of arbitrary material. Full results are
awaited with interest.

12.4. Some Special Results

The formulae for large spheres derived in the preceding sections are
simple and straightforward. Yet the ray-tracing and the proper weighting
of each ray with the Fresnel reflection coefficients are a laborious process.
This is the reason why only for one refractive index, m = 4/3, computations
of the geometrical-optical pattern have been made that are anywhere
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near complete.* These results are reported in sec. 13.12, where a graphical
illustration of the meaning of the parameters %, g, p, and 3 is also given
(Fig. 41). Miscellaneous results for other values of m will be reported here.

12.41. Division of Energy among Rays

Numerical values of the Fresnel coefficients are given in Fig. 39 newly
computed. The presentation is unconventional but convenient for
interpolation. The coefficients for the two different directions of polariza-
tion are separately shown: the left half gives —r; and the right half gives
+74, both plotted against a scale of sin 7. Plotted this way the two curves
form together one smooth curve, The central part of the figure (sin v = 1)
corresponds with incidence at the center, i.e., perpendicular incidence;
here —r; =ry=(m — 1)/(m + 1). The sides correspond to incidence
at the edge, i.e., grazing incidence; here ry =ry = —1. Scales of the
angle of incidence, 7, and of the reflected fractions of the intensity 72 and
72 are added for convenience. The Brewster angle, where 7, = 0, can be
found from the equation tan + = 1/m.

It is of some interest to know just what fraction of the incident light is
reflected against the surface of the sphere, what fraction is refracted by the
sphere without an internal reflection, etc. In the formulae these
possibilities are denoted by the parameters p = 0,1, - - - (Fig. 37). The
fraction f is found by means of

1
Jie = j &2 5 d(cos? 7).
0

Here ¢? is the mentioned fraction for a narrow beam incident under the
angle 7 and d(cos? 7) is proportional to the exposed fraction of the pro-
jected surface. The integration has to be made separately for each
direction of polarization and the results averaged.:

f=14f1 + 1)
Table 17 shows the values of f found by numerical integration for three
values of m. Errors in the numerical results are probably smaller than
one-half per cent (= 5 units in the table).

Analytical integration is also possible, for substitution of the new
variable = sin 7/sin v’ leads to rational integrals. The result of the
integration of the first two terms for polarization 1 is
(3m + 1)(m — 1)

3(m + 1¢
8(5m2 + 4m + 1)
5(m + 1)f

{ A corresponding computation for a big air bubble in water {m = 0.750) has
since been made by G. E. Davis, J. Opt. Soc. Amer., 45, 572 (1955).

Forp=0: f, =

Forp=1: f, =
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Table 17. Distribution of the incident energy among light reflected
externally (p = 0), twice refracted (p = 1), one internal reflection (p = 2), etc.
(The table gives 1000 f.)

m = 4/3* m =2 m =4
Lo o F U H K F R
p=0 | 102 30 66|20 62 161 |520 212 366
p=1 822 046 884 | 574 882 728 | 248 632 440
p=2 62 20 41| 120 52 86| 118 118 118
p=3 10 2 6| 30 4 17| 56 28 42
p=4 2 1 2 8 4| 26 8 17
p >4 2 1 1 8 4 32 2 17

* More accurate values are given in Table 20 (sec. 13.11).

Numerical values based on these expressions agree satisfactorily with
the results of numerical integration; they have been used in the con-
struction of Table 17 and Table 20. Bucerius (1946) has given the same
expression for p = 0 but a wrong formula for p = 1; his computation
is also limited to polarization 1. Analytical integration for polarization
2 leads to complicated expressions.

Table 18. Distribution of the incident energy for refractive indices smaller
and larger than 1
(The table gives 1000 1)

m = 0 3 3 3 1 4/3 2 - 4 o0
Total
Reflection 1000 937 750 438
p =10 23 40 37 66 161 366 1000
p =1 27 182 447 1000 884 728 440
p =2 7 22 23 41 86 118
p =3 4 4 3 6 17 42
p =4 1 1 1 2 4 17
p >4 1 1 1 1 4 17

12.42. Values of m < 1
The derivation given in sec. 12.21 did not include the possibility of a

refractive index smaller than 1.

This occurs, e.g., if the obstacle is an air
bubble in water. The extension of the theory to this situation is relatively
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simple. The incident rays for which cos r > m give total reflection, for
Snell’s law gives an impossible value of cos 7. The fraction f of the
incident light that is totally reflected thus is 1 — m2  For the remaining
fraction we use the rule that (apart from sign) the Fresnel coefficients
remain the same if 7 and ' are interchanged and m replaced by 1/m. So
the fractions f for any p follow from the same integration as above; the
only difference is that cos? 7 is replaced by cos? 7/, which by Snell’s law is
m~2cos? r. As a result, the relative distribution among various values of p

i )

Water drop in air Air bubble in water

4 _3
m=-z m=7

Fig. 40. Equivalent geometrical rays in a sphere with m = 4/3 and one
with m = 3/4.

is the same as it was for the inverse value of m, but the values of f are all
scaled down by a factor m2. Table 18 gives the resultant values.

The angular distribution of the reflected and refracted light cannot be
found by adding a simple factor, for the angles 6’, defined in sec. 12.21,
become different if + and 7* are interchanged. The only exception is in
p =1, where §' = 27 — 27’. Here the angular intensity distribution is
exactly the same for refractive indices m and 1/m except for a scale factor
m? in the intensities. This is illustrated in Fig. 40.

12.43. Values of # Near 1

If m and 1/m closely approach 1, all light goes into p = 1. Then the
endire scattering pattern becomes identical for these two values of the
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refractive index. This is a particular illustration (for large sizes) of the
general rule that the scattering pattern for m =1+ pand m=1 — g
are the same when u —> 0 (compare secs. 7.12 and 11.1).

The entire scattering pattern in this limit is computed as follows. We
assume that m =1 4 4, where u is positive and very small. The
reflection coefficients tend to 0, and the terms with p = 1 remain and have
&y = g = 1. Neglecting higher orders of u/sin r we have

v — 1= pcotr.

This approximation is not permitted for small sin 7, i.e., for grazing
incidence, but the contribution of those rays is small. By further
substitution we have

—~0" = 4+ 0 =2y cot 7, k=0, g=—1,
do’ 2u

’ -S'=1,

dr sin?r

By the formulae in sec. 12.22 we then have

2
0 = — _x.lf 3_77
s T 2
and
8
81(0) = 8y(0) = — T T g —2euifsin y,
2u

Here ~ is known as a function of §; we can write
sin? 7 = (1 + 0%/4u2)~2.

The final intensity distribution is found by squaring the modulus of
S, and 8,;
o 4ute?
TN T
This result shows that the refracted light forms a forward-directed lobe,

which is narrower the smaller p is.  Further discussion of this case is
found in sec. 11.31.

12.44. Values of m Near co; Metals

A quite different case oceurs if m is so large that the reflection coefficients
are
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for all practical purposes and for all angles.5 Then only the reflected

light (» = 0) is important, and the further specifications in the formulae of
sec. 12.2 are

&

D

=E§=1,
k=0, qg=1, s =1,

0 = § = 2r, dbjdr =2, 0 = 2zxsin 7,
so that
—SI(B) 282(6) — %,ixe%zsinr.

The squares of the moduli are i, = 7, = }2?, so the gain is constant = 1.
This shows that the intensity of the reflected radiation is independent
of direction: a smooth totally reflecting sphere with radius large compared
to the wavelength scatters light by reflection isotropically. This rule holds
for m — o0 as well as for m — 0. It holds also for non-spherical particles
with random orientation, provided that they are convex (sec. 8.42).
In addition to the reflected light, however, we have the diffracted light
with a narrow pattern in the forward angles.

In this connection the extension to metal spheres may be noted. All
the derivations in this chapter were based on the assumption that m is
real. The extension to complex m is not difficult. Two possibilities exist:

a. The absorption inside the sphere is so weak that a ray still has a
measurable intensity after passing through the sphere. This means, in
view of the assumed large size, that the complex part of m is €1 (Type 3
in sec. 14.1). Ray-tracing and values of ¢ are then largely unaffected, but
each ray is attenuated in accordance with the distance it has traveled
through the sphere. The only change in the final formulae of secs. 12.2 or
12.3 is, therefore, the addition of a factor e ~2772527" o the formulae for
8,(6) and S,(6).

b. The other possibility is that the absorption is sufficiently large to
absorb any refracted ray completely. This occurs if the sphere is
metallic. Then only the reflected light (p = 0) remains, as it does for a
totally reflecting sphere, but the amplitude and phase of the reflected
light are functions of 7, i.e., of . They are found from Fresnel’s formulae
for r, and r, using the complex values of m. Perpendicular incidence
gives partial reflection, but grazing incidence always gives reflection with
r, = —1, ry=1. The pattern of reflected light is therefore somewhat
stronger in the forward direction but not nearly in such a pronounced
way as the diffracted light.

5 There still is a Brewster angle, for which r, = 0, but it occurs so close to grazing
incidence that it is in a region where deviations from geometrical optics occur
anyhow.
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12.45. Forward Scattering
Mainly in view of the extinction formula, it is important to derive the
formula for 8(0), complete with phase. This is made up of the following

terms:

(a) Diffraction: }x® (secs. 8.31, 11.21, 12.32).

(b} Grazing reflection: —}ix (sec. 12.44 with r, = ry = —1). How-
ever, this formula is incorrect, as it is not permitted to extend the ray-optics
formulae to this case. See secs. 17.24 to 17.26 for better formulae.

(¢) Nearly central rays: Here ry = —r; = iT'nTz Let 7 =90° — y,

7" = 90° — 9', where ¥ and ¢’ are very small. Then
6" = (1 — p)m + 2y(—1 + pfm),
from which
k= ¥(1 — p), ¢ has the sign of (—1 + p/m), s = —q,
. I
4|— 1+ p/m|?
This gives for p = 1 (no internal reflection) and m > 1 a term of §(0)
equal to

D

— 2m2 ie—2ir(m—1)’
(m + 1)(m? — 1)

which reduces to the form
2
gt
P
for m — 1 (sec. 11.32). For p = 3 (two internal reflections) and m <3

it gives

1 .
+ari(l — ) —3— je—2izBm—1)
2(— — 1)

m

(d) Finally, a number of contributions to § = 0 may come from non-
central and non-grazing rays, which requires at least two internal
reflections, p = 3. These are the glory-like contributions (compare sec.
13.31), which are of small importance.

12.5. Radiation Pressure

Finally, the radiation pressure on large, dielectric spheres may be dis-
cussed. The theory in sec. 2.3 shows that computation of the radiation
pressure requires the knowledge of the average value of cos 6.
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For large spheres we may separate the effects of geometrical optics
(reflection and refraction) and the effect of diffraction. The efficiency
factors (cross section/a?), including the possibility of absorbing spheres,
may be written as indicated in the table. This table defines g and w; wis

Reflected
Diffracted and
Light Refracted Together
Light
Efficiency factor for extinction 1 1 2
Efficiency factor for scattering 1 w 1 +w
1

Average of cos 0 for scattered light 1 g i —:'wg
w

the whiteness or albedo, if diffraction is omitted. These values should be
put into the general relation

Qpr = @oar — €08 6 Q-
It is seen that the diffracted light gives a zero contribution. This is
correet: virtually no momentum is transferred to the sphere (or particle
of other form) by the diffraction process. The scattered light, however,
gives

Qg}f =1— wg,
i.e., for a non-absorbing sphere
Q.’W‘ =1-—g.

The numerical value of ¢ may be computed on the basis of the intensity
distribution derived in sec. 13.2. An obvious but lengthy way would be
to derive first the complete intensity distribution, then multiply by cos 0,
and integrate. A shorter method is to consider that any individual ray
characterized by 7, p, and its direction of polarization, say 1, carries the
amount of incident energy

I,a? cos 7 sin T drdg - &
to a direction for which
cos § = cos 6’ = Re (%7227,

The product of these two expressions has to be integrated over = and g,
and to be summed over p. On writing £ in terms of r, we find that the
summation from p = 1 to 00 can be made in the form of a geometrical
geries. The term with p = 0 remains separate. After a number of
reductions (not reproduced) we obtain the expression

[ 2rt(1 — cos 27') cos 21 + (1 — r3) cos (27 — 27')
"=l 1 — 2/2 cos 27 + 1}

and the same expression for g, with r, instead of ry.

d(cos? 1)
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For incident natural light
_ g1t gs
=73
The only published numerical results are in a small graph in Debye’s
thesis. From this graph we read

m= 1 11 1333 1.5 2 3 4 00

1—-Q,=g= 100 092 074 064 040 0.10 0.04 0.00
cos@=4%-+3g= 100 096 087 082 070 055 052 0.50

More accurate values may be computed from the formulae given above, if
needed. Generalization of these formulae to include any absorption
inside the sphere is also quite simple. If the refracted rays are not
completely absorbed the ratio between the terms in the geometrical series
is changed by a known factor. If the refracted rays are completely
absorbed, only the reflected light gives a contribution to g, and we have
for one direction of polarization, e.g., direction 1,

1
wy; = fo | ry |2 d(cos® 7),

1
g Wy = [ | 7, |2 cos 27 d(cos? 1),
- O

and for the two combined, i.e., for incident natural light,
w = }(w; + wy), gw = }{g10, + gaWs),

from which @_, may be computed as above.
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13. OPTICS OF A RAINDROP

Fog, rain, mist, and haze are a few examples of scattering media con-
sisting of small spherical particles. The particles are water drops. Water
has a refractive index ranging in the visual region from m = 1.330 (red,
A=0.7 u) to m = 1342 (violet, A = 0.4 u). This is why so many
computations have been made that refer to the particular values m = 1.33,
or m = 4(3. Some numerical results are compiled in sec. 13.1. Further
problems, most often associated with water drops but with wider theoretical
implications, are discussed in secs. 13.2, 13.3, and 13.4.

13.1. Some Numerical Results
13.11. Scattering Diagram from Geometrical Optics

In this subsection the results of a computation based on the formulae
of the preceding chapter are presented. The computation was made for
m = 4(3. It gives the scattering diagram of a large water drop. The
refinements needed near the angles for which the simple theory gives
infinite intensity (rainbow, glory) will be discussed separately.

The first task is to compute the Fresnel coefficients for m — 4/3 for
various angles of incidence 7. They may be taken from Fig. 39 (sec.
12.41). The numerical values are given in Table 19. The squares 77 and

Table 19. Squares of Fresnel Reflection Coefficients for m — 4/3

2 2 2 2 2 2
T ’?‘1 ’)"2 T 7‘1 ?‘2 T 7‘1 1"2

0° 1.0000 1.0000 { 10° 0.4572 0.2388 |40° 0.0669 0.0005
1° 0.9239 0.8689 | 15° 0.3143 0.1107 |[50° 0.0433 0.0059
2° 0.8536 0.7545 | 20° 0.2200 0.0473 |60° 0.0310 0.0120
3° 0.7888 0.6552 | 25° 0.1573 0.0172 |70° 0.0245 0.0166
4° 0.7290 0.5687 | 30° 0.1153 0.0043 [80° 0.0214 0.0195
5° 0.6740 0.4933 | 35° 0.0865 0.0001 |90° 0.0204 0.0204

73 are the reflected fractions of the intensity of the incident light. This
fraction is 0.0204 for perpendicular incidence and 1 for grazing incidence,

The Brewster angle, where a wave with polarization 2 is not reflected, is
at v = 36.9°.

228
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The next step is to find the direction in which a ray leaves the sphere.
This direction follows from the equation

f = 2r — 2p7’

of sec. 13.21. Figure 41 gives the values of §' as ordinate plotted against
T as abscissa for various values of p.
This figure also serves to specify Py

. q ms= % o
the parameters k, g, and s defined in T T g——————— 180°
secs. 12.21 and 12.22. Forany p > 2
a maximum of §’ is present, which 1 p=0 -

is sometimes a maximum and some-
times a minimum of 8. These points,
where the deflection of the ray is 09
stationary with respect to small
changes in 7, define the rainbows.

o.

-1 a0°
By solution of the equation df'/dr
= 0 we find that these extremes of
6 are reached when S 180°
e m2 — 1
sin?r = 1 . . 900
For m = 4/3 this formula gives the
specification for the two main 1< 0°
rainbows:
p = 2, = 30.60, -1 aQ°
6 = 138.0° (minimum);
p =3, T = 18.2°, L___

180°
6 = 128.7° (maximum). 0°
We now have to collect all rays
that emerge in the same direction, Fig: 41. Angle of emergence 6" versus
spe.cif‘ied by the sca.f,tering angle 6. :zfle;i;n c;dinlce i:ltfe(;;:l gerzrﬁr:?;f:;
This is maue convenient by Fig. 42, ,asging through a drop with m = 4/3.
where the data of Fig. 41 are re- The maxima define the rainbows.
arranged to show what angles 0 occur
for each set of parameters. The angle of incidence 7 needed to give this 6
must be read from the preceding figure. Values of 6 for some points of
special interest are written in the figure; ¢ means a central ray (per-
pendicular incidence, r — 90°) ¢ means an edge ray (grazing incidence,
+ = 0°), and r denotes a rainbow.
In order to obtain a survey of the distribution of energy among these
rays, the author has divided the 6 domain in 6 intervals of 30° and has
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computed for each interval the total scattered energy in any p. These
energies are given in Table 20 as fractions of the total incident energy, for
both polarizations separately. They were found by computing numerically
§&* d(cos? 1) between the proper limits of integration. For instance, for
2 = 1, the 0° to 30° scattering comes from the interval 90° to 39° 50’ of =
For p = 2 and p = 3 one interval of 6 corresponds to different intervals

g —

p s k g0 30° 60° 90° 120° 150° 180°
H ! I T I I
|
L
01 0 1:e 2
-1 L | 1
11 0-13 e, 82.8° |
|
2 -1 0—1} . —-—c:
1 138.0°} b
¢ 10 1} € 165.6°]
- L.
3-1 1 1k l_J . :
i 128.7°
311 1{ e, 111.6° !
]
4 -1 1 -1 3
4~1 1 1 }
r |
4 1 1 1] LJas
e, 28.8°
5—1 2 1'c
5 -1 1 —1 ! :
el |
_ 43.7° |
S 11 ;540"
| 1 l i ] i

Fig. 42. Data from Fig. 41 in a diagrammatic form:
¢ = central ray, r = rainbow, ¢ = edge ray.

of 7; the integrals for those intervals are presented separately. The sums
of the integrals for a given p correspond to the entire integration interval
of 7 from 0° to 90°. These sums are identical to those already given with
less accuracy in Table 17 of sec. 12.41. Although it is simple to specify
the computations needed for constructing a table like Table 20, it takes
considerable time to perform them. The accuracy is 1 or 2 units in the
last figure given.

The data contained in Table 20 show in a clear manner how the energy
scattered by a water drop is distributed. Isotropic scattering would give
a distribution proportional to the fractions of the total solid angle 47 that
are contained in each interval of 6: these fractions are 0.067, 0.183,
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0.250, 0.250, 0.183, and 0.067, respectively. Division of the totals in
Table 20 by these numbers thus gives the average “gain” in each interval
with respect to an isotropic scatterer. This average “gain’ is about 9 in
the first interval, less than 2 in the second interval, and 0.04 and 0.01
(for polarizations 1 and 2, respectively) in the interval from 90° to 120°.
The enormous range of intensity in the scattered light makes it futile to
illustrate the distribution by a polar scattering diagram. The best form
is a plot of log i, and log i, against 6 (compare Fig. 44 in sec. 13.12).

Table 20. Fractions of the Incident Energy Scattered by a Large Water Drop in Given
Intervals of 0 by Different Rays*

Interval of § 0°-30° 30°-60° 60°-90° 90°-120° 120°-130° 150°-180° Al 4

p=20 321 184 342 62 194 2 101 18 48 28 14 13 1020 307

p=1 5469 5776 2618 3429 130 251 8217 90456
523 122 172 45}
p=2 { o2 g1 617 198
9
=3 [ 0 o 1 1 2 0 1; (2) 82 20} o8 23
p=4 26 10 26 10
p>5 15 4 72 22 6

Allp 5790 5960 3002 3506 326 253 114 20 660 172 108 89 10000 10000

* In each column the first number refers to polarization 1 and the second to
polarization 2.

We further want to know the scattered intensity, or “‘gain” with respect
to an isotropic scatterer at each particular value of . For this purpose
we should make the intervals Af in Table 20 ever narrower and find the
limiting gain for A6 — 0. It is doubtful whether this limit exists
mathematically, for the intensity scattered by an infinitely large sphere
has points of infinity at every rainbow, and it is likely that such points le
in any interval, however narrow. This objection, however, is not a
practical one, for the infinities are removed by the finite size of a raindrop
and, more important, only the first and second rainbows (with p = 2 and
3) contain appreciable energy. Table 20 shows that all further rainbows
together contain less than one-half per cent of the incident energy, and the
two strongest of those (p = 4 and p = 5) are located at angles in which
the scattering by p = 1 is strong.

The narrowing of the intervals of § and the division by the correspon-
ding fraction of the solid angle were performed analytically in sec. 12.21.
Table 21 was computed from the formulae @) = 4¢?D and G, = 462D, given
in sec. 12.21. We thus find the entire scattering diagram for both
directions of polarization. The intensities in the two ‘“‘branches’” that
coincide for p = 2 and p = 3, and at the turning point of which the
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rainbows occur, have been added in the table. In those regions we have
to be particularly wary for interference effects; see sec. 13.22 for details.

Table 21. Scattering Pattern of a Very Large Water Drop, m — 4/3*

— _ p =23
/] p=0 p=1 p =2
0° 1.000 1.000% 15.35 15.35
5° 0.822 0.701 14.54 14.60
10° 0.674 0.493 13.27 13.49
15° 0.553 0.352 10.75 11.12
20° 0.457 0.239 8.09 8.61
25° 0.381 0.156 5.85 6.44
30° 0.314 0.111 4.15 4.77 Very weak
40° 0.220 0.047 1.951 2.501
50° 0.157 0.017 0.838 1.257
60° 0.115 0.004 0.270 0.482
70° 0.086 0.000 0.051 0.112
80° 0.067 0.000 0.000 0.001 0.001 0.000
90° 0.053 0.003 0.001 0.000
100° 0.043 0.006 0.002 0.000
110° 0.036 0.009 0.005 0.000}
120° 0.031 0.012 0.026 0.016%
130° 0.027 0.015 Empty Empty$
140° 0.025 0.017 1.000 0.090%
150° 0.023 0.018 0.264 0.183%
160° 0.021 0.020 0.111 0.093
170° 0.021 0.020 0.082 0.075
180° 0.020 0.020 0.078 0.078

* The numbers give the “‘gain’ relative to isotropic scattering, separately for
polarization 1 and polarization 2.

+ Affected by diffracticn and not separable from it.

* In region of first and second rainbows; these intensities are more strongly
dependent on size than the others.

For all other angles it is in practice permitted to add simply the various
mtensities, e.g., for 6 = 60°:

G, = 0.115 + 0.270 = 0.385,
Gy = 0.004 + 0.482 — 0.486.

The values for the central rays (r = 90°) follow a simple formula found
as a limiting case of the general equation in sec. 12.45, namely,

G = Gy = (1 — p/m)2.
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The edge rays give zero gain, except for p = 0, where we obtain
Gy = G, =1 as for a totally reflecting sphere. Unlike the main contri-
bution for 6 = 0, arising from p = 1, this value cannot be separated, in
principle, from the diffracted light, as will be shown later (secs. 17.22 and
17.26).

Table 21 shows the same general features of the intensity distribution
that appeared in Table 20. Interpolation between the tabulated values
will give the intensity at any angle with an accuracy of a few per cent,
except in the region of the rainbows. The work described in this section,
and in particular the construction of Table 21, duplicates the work of
Wiener. Both Wiener’s computations and those of the writer were made
mainly by slide rule. Comparison with Wiener’s table, which gives the
values 1/8 Gy and 1/8 G,, shows differences up to 8 per cent. Table 21
would seem to be more accurate. Wiener has smoothed out the rainbows
by a theory about size effects, which has no good theoretical ground.
Hence his results for p = 2 and p = 3 have no value.

13.12. Scattering Diagram from Mie’s Formulae; Interpolation
Problems

There is now an impressive body of tabulated numerical results based
on the rigorous Mie formulae. A bibliography is given at the end of
chap. 10. A selection of these data is presented in graphic form in Fig. 25,
sec. 10.4. The tables by Lowan and associates and by Gumprecht and
his coworkers are the most complete ones to date. They also are the most
accurate. The bulk of the computations for the latter tables, terminating
in the automatic printing of all Mie coefficients, was made by the elec-
tronic ENIAC machine. The Legendre functions #,(f) and +,(6) were
computed with an IBM punched-card machine. The final multipli-
cations and additions giving the scattering diagram, first complex ampli-
tude, then intensity, were also made on a punched-card machine.

What can we do with these results and what do we want to do with them?

First, it is important to observe that the Mie formulae give the exact
solution to the scattering problem; e.g., the values of ¢; and ¢, for m = 1.33,
x =35, 6 = 130° give the intensities scattered by a perfectly smooth
sphere of exactly that size at exactly that angle. They include all
minute interference effects of rays penetrating or not penetrating into the
sphere; in short, they are exact. Any approximate theory which claims
to come close to the exact answer may be checked against them. So,
where the approximate theory is incomplete, or has doubtful points, it may
be possible to complete it by referring to the exact results. This will be
done in particular with the extinction formula (sec. 13.42).

Second, these exact results are always incomplete because they have been
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tabulated for certain intervals of  (size) and certain intervals of 6 (angle).
Undoubtedly, the authors of the tables have hoped that the tabulated
values would be representative, i.e., that similar intensities would hold for
the non-tabulated values of z and . This is not always true, however,
and therefore a careful interpolation is needed.

This is a problem of great practical value. Intensities and degrees of
polarization computed. from Mie’s formulae have been quoted in the
tentative interpretations of the zodiacal light and of the light scattered
from the Venus and Mars atmospheres. 1iv is clear that the interest in
such cases is not centered on certain precise sizes but on wide ranges of z.
In order to compute the scattering diagram from a cloud of particles with
a given distribution of sizes an interpolation giving reliable values for all
intermediate values of  must be performed first, and then an integration
giving the required answer.

The qualitative effect of the interpolation is that the numerous maxima
and minime shift in position with changing z. The net effect of the
integration then is that these maxima and minima are washed out to a
large extent. Only some of them, which are in a sense “bound to position”
like the first diffraction rings and the main rainbow peak, may still be
visible.

The preceding paragraph describes a quite familiar phenomenon,
Interference fringes are lost unless the utmost care is taken to maintain
the precise dimensions of the interferometer plate and precisely mono-
chromatic light. The Mie formulae give something comparable to the
exact interference pattern. The practical user of these formulae wishes to
do away with most of this interference and wishes to see something like
a true average.

We shall now investigate to what extent a reliable interpolation in the
published tables is possible.

Interpolation in 8. The intervals in the Lowan and Gumprecht tables
are 10° (except for the range close to 0°). The angular distance between
successive maxima or between successive minima in the complete scattering
diagram (i, or ¢, considered separately) is about 180°/x. 'This means that
the entire diagram from 0° to 180° contains approximately x maxima and 2
minima in the i; curve and similarly in the 4, curve. This is a direct
consequence of the number of minima and maxima in the functions
m,(cos ) and 7, (cos ).

For z = 5 or lower, the tabulated values define the complete diagram
sufficiently, for 19 points suffice for drawing a eurve with about 5 maxima.
The curves shown in Fig. 25 (sec. 10.4) may serve as an illustration.

For z = 10 a free-hand curve drawn through a plot of 1, (or i,) against
6 at 10° intervals already gives completely erroneous results. A more
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precise interpolation is obtained by making use of the complex amplitudes.
In the tables of Gumprecht and Lowan the notation

i, = | i,* [ = (Re 4,*)2 4+ (Im 4, *)
is used, and the real and imaginary parts are tabulated separately. We

may plot both of them together in & diagram in the complex domain, or
we may plot both separately against 6. Either method gives a more

pa—
—

! 8 [

]
Imaginary part
S
{

-2 90° 0 2
. Real part

| =2 | | | | | | |

Fig. 43. Example of interpolation curves for the amplitudes of scattered
light in the complex domain.

reliable interpolation; preferably they should be combined. The
resulting curves in the complex domain are not very fit for illustrative
purposes. Figure 43 shows, therefore, a set of curves for a smaller value
of z, with fewer turns. One full turn, in which two maxima and two
minima usually occur, takes an interval of # of the order of 360°/x.

The final scattering diagram for m = 1.33, # = 10, constructed by
means of this method on the basis of Gumprecht’s data, is shown in
Fig. 44. The values were given at intervals of 10°; it is clear that a direct
interpolation would not suffice.
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For x = 20 and larger it is likely that this method also fails to reveal all
details of the scattering pattern. The only correct method seems to be to
repeat the last part of the rigorous computation for more values of 8,
choosing an interval of, e.g., 2.5°. Gumprecht and associates have
plotted as an illustration the scattering diagram for m = 1.33, 2 = 40, but
it is quite certain that more than half the maxima and minima are not
shown in this diagram. And it is entirely uncertain whether the points
that happened to be computed coincide fairly well with the average curve
between maxima and minima.

10,000

1000

100

10

ol —o 1 0 0 1oy b Ly g
e 30° 60° a0° 120° 150° 180*

Fig. 44, Scattering diagram for m = 1.33, z = 10, based on inter-
polation between Gumprecht’s data.

This makes it hard to draw practical conclusions directly from these
data.

Interpolation in z. The interpolation in size is more important but also
more difficult. Let us start by the translation equations of Lowan and
Gumprecht’s notation into the notation of this book. If the notations of
Lowan and Gumprecht are temporarily marked by a dagger we have the
Mie coefficients:

At — 2n +1 P
" an +1) "
P =22t oy
"= e+ 1) n

Amplitude functions:
it = RN +IGHT = —iSy(0),
i3t = BT + (i)t = 4-48,(6).
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And our amplitude functions are expressed in terms of the tabulated
quantities by means of

81(6) = —IEHT +iBEDT,
84(6) = +I6H)t — iR
Further, the angle used in those tables is the supplement of 6:

yt = 180° — 0.

We have seen in secs. 12.21 and 12.33 that S,(0)/x and Sy(6)/x approach
fixed values if x — oo, apart from phase effects and interference. So it
is wise to make the interpolation between various values of z in terms of
these functions.

As a test case the author has taken the light scattered at ¢ = 60° in the
range « = 3 to 40 (m = 1.33). This range of z seems adequately covered
in Lowan’s and Gumprecht’s tables. Figure 45 tells the whole story.
Each section gives a plot of the amplitude function divided by z in the
complex domain. Sections 4, €, and E represent S,(60°)/x; sections B,
D, and F represent S,(60°)/x. The scale is the same for each section;
one small division is 0.1.

Sections 4 and B show the results taken from Lowan’s and Gumprecht’s
tables in the range z = 3 to 10. Up to x = 6 it is quite easy to connect
the given points by a smooth curve. The curves are considerably more
uncertain between x = 6 and 10, but the general character of the curve,
e.g., the number of loops, is beyond doubt.

Sections € and "D show the data from z = 10 to 40 by intervals of 5,
as tabulated by Gumprecht and associates. They seem to define a
fairly smooth curve, and a naive interpolation would, undoubtedly, give
smooth curves as shown. However, these curves are incorrect, as appears
from two lines of reasoning. First, an extrapolation from sections 4 and
B indicates that the curves, in both sections C' and D, have to make
approximately a full turn between x = 10 and 15. Second, the results
must resemble the result that may be obtained from ray-optics. A
clearer idea of the character of the curve may, therefore, be obtained by
using the formulae for ray optics. Referring to Table 21 of the preceding
section we find that only the rays with p = 0 and p = 1 are important.
The specifications for m = 1.33, taken from the formulae in sec. 12.2, are

p = 0 (external reflection): = =30°, sin 7= 0.500, cos 7= 0.866,
g, = —0.338, g, = —0.066, D = 0.250, 0 =x.
p = 1 (refracted ray): r=12.9° 7" = 42.9°,
sin 7 = 0.223, cos » = 0.975,
6, = 0.633, £, = 0.848, D = 0.157, § = —1.366x.
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The final formulae, with proper phase, thus become

5,(60°) = —0.1697¢%® — (.252i¢ —1.368iz
5,(60°) = —0.0337e** — (0.3381¢ —1.366iz
x

The separate terms represent points in the complex domain moving along
separate circles with different speeds and in opposite sense. The full
curve can easily be constructed and is shown in sections E and F of
Fig. 45 for the range x = 15 to 25.

What do these figures show? They show first of all that in this range
the ray-optics approximation does not yet give a fully correct result, but
that the phases are in fair agreement (when comparing € with E, or D with
F we find all points in the proper quadrant). They further show that the
correct interpolation curves between the points shown in € and D make a,
full swing around the origin between each two points plotted. They
finally indicate that the initial impression that S;(60°)/x is relatively small
throughout the range » = 20 to 30 is entirely incorrect. It just happens
that in this range the multiples of 5 are at the low part of the swing, i.e.,
give an unfavorable interference of the reflected and refracted rays. But
in this same range of x favorable interferences occur too, just as well as
they are seen near x =8, 10, and 40. This is a clear example of a
situation in which even a complete inspection of the values tabulated by
Gumprecht might still give a wrong impression of the overall orders of
magnitude. We believe that this case is not exceptional. The steps of
5in « are just too big to be sure of the interpolation curves. Generally,
a reference to the ray-optics formulae, as sketched here, may be
advisable.

The curve shown in section F' is more typical for an angle with one
dominant ray in the scattering pattern. Virtually all the radiation comes
from p = 1 (the refracted ray), as is also seen in Table 21 of the preceding
section. This means that interference effects are small (not quite absent)
and that the value of 8,(60°)/z is relatively stable. This gives us a
chance to. make a closer comparison of the correct amplitudes (section D)
and the ray-optics amplitudes (section F'). The first ones are seen to be
approximately 1.4 times the last ones; this means that the true intensities
are still 2 times the intensities computed from ray optics. A divergence
of this amount is not surprising, for the value cos + = 0.975 indicates that
the geometrical ray is incident very close to the edge and is, for x = 40,
still in the region where the approximations of sec. 12.33 break down.
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13.2. The Rainbow

The rainbow is one of the most beautiful phenomena in nature. It has
inspired art and mythology in all peoples, and it has been a pleasure and
challenge to the mathematical physicists of four centuries. A person
browsing through the old literature receives the impression that a certain
affection for this problem pervades even the driest computations. The
writer hopes that the following report, though it has to be concise and
must leave out most of the history, will to some extent demonstrate this
mathematical beauty

13.21. Description; Theory of Descartes

The correct explanation of the rainbow was given by De Dominis (1611).
It was developed and experimentally confirmed by Descartes, and Spinoza
first computed the position of the rainbow by analytical geometry. The
deviation of the once internally reflected ray passes through a minimum
when the angle of incidence is varied. Much of the light contained in an
incident, parallel beam emerges quite close to this angle of minimum
deviation and thus gives a very high intensity near that angle. The
beauty of the rainbow is enhanced by the fact that this angle is slightly
different for different colors because of the different refractive indices.
Thus white sunlight gives a rainbow of intensely colored bands side by side.
The refractive index m = 4/3 (orange light), to which our further com-
putations refer, gives 6§ = 138.0° for the minimum scattering angle. So
the rainbow is 42° from the antisolar point.

The maximum of red light is 1.5° further from the antisolar point than
the maximum of violet light. We shall see that the maxima are widened
for smaller drops. For drops with radii & << 50 p their width is several
degrees, so that the colors largely overlap. This gives rise to the “white
rainbow.”” For drops of any size a ray that is not the ray of minimum
deviation emerges at larger 0, i.e., closer to the antisolar point, than this
ray. Therefore, the inner side (violet side) of the rainbow is always bright.

The explanation of the second rainbow is similar. It is due to rays with
two internal reflections. Its geometrical position is at 6 = 128.7°, i.e.,
51.3° from the antisolar point. Here the bright side is towards smaller §;
the colors are wider apart and in inverted order. The region between the
two rainbows is relatively dark. This is also clear from the schematic
presentation in Fig. 42.

13.22. Interference; Mascart’s Formula

Our further discussion is confined to the main rainbow (rays with p = 2).
In the bright light adjoining the rainbow at the side of large 6 one can
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often distinguish colored bands, known (by an odd term) as supernumerary
bows. They are due to subsequent maxima and minima in the mono-
chromatic intensity distribution. Two geometrical rays coincide at any
angle in this bright part, with angles of incidence smaller and larger than
the angle giving the minimum deviation. The supernumerary bows are
an effect of optical interference of these two. It is not surprising that this
explanation was first proposed by Young, who discovered the principle
of interference of which this is the finest natural example.

As soon as interference effects come in we leave the domain of geo-
metrical opties. The position of the maxima including the first one,
which is the main rainbow, depends on the size of the droplet. Inter-
ference maxima and minima occur at any angle where Fig. 42 shows that
several rays coincide. Usually, however, they are so close together and
shift so rapidly with changing size or wavelength that they are not
observed in nature. In the exceptional case of the rainbow they are
wider apart and shift less rapidly. We shall illustrate this fact with a
numerical example.

A. Not near the rainbow. The two rays giving together the intensity
for polarization 1 scattered at 6 = 60° are: p =0, 7 =30.0°, and p =1,
7 =13.0°. Their intensities (expressed as the gains with respect to
isotropic scattering), taken from Table 21, are a2 = 0.115 and 52 = 0.270.
If @ is the phase difference, the total intensity, found as the square of the
absolute value of the sum of the complex amplitudes, will be a? + b% -+ 2ab
cos ¢.1 This varies between the maximum (a 4 b)2 =0.738 and the
minimum {a — b)2 = 0.032. So there is a contrast of a factor 23 between
the intensities in maximum and minimum. Applying the formulae given
in sec. 13.12 we further find

o

o

= 2.47, e 1.84z.
The first equation means that a change Ax = 1.3 is sufficient to shift the
phase by =, i.e., to convert a maximum into a minimum. Drops with
radius @ =100 u have = 1000. The result just found shows that less
than a per cent dispersion in drop sizes or wavelengths obliterates these
maxima and minima completely. The observed intensity is the average
of maximum and minimum: a? 4-5% =0.385. The second formula
shows that the maxima are apart by Af = 360°/1.84x = 196°/z, i.e.,
by only a fraction of a degree.

B. Near the rainbow. The interference maxima of the rainbow are

wider apart than ordinary fringes and far less sensitive to changes in the

! Mdbius refers to this expression as Mascart’s formula (1892). This formula
must have been known from the time of Fresnel.
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size. We may anticipate from Fig. 47 that at x = 1000 the main rainbow
differs by 2.5° from the next maximum and that the size has to be changed
by 40 per cent in order to shift the second maximum by 1°; see Fig. 47.
The main rainbow shifts less, the higher-order maxima more rapidly.
The number of supernumerary bows visible gives a rough estimate of the
dispersion of drop sizes.

A

12

Fig. 46. Drawing in correct proportion of five equidistant rays which
contribute to the first rainbow (m = 4/3). Insert: schematic drawing
of ecubic wave front at O.

345

We may now compute when the phase difference @ between the two rays
that emerge at the same 0 is 27K and thus find the position of the maxima.
Here K = 0 for the main rainbow, K =1, 2, etc., for the further maxima.
The part of the phase difference that is due to the difference in optical path
length is

Ad =46, — 6,

where a refers to the ray incident closer to the center, b refers to the ray
incident closer to the edge, and either ¢ is found from sec. 12.22:

6 = 2x(sin 7 — pm sin 7).

This part corresponds to the path difference RQ in Fig. 46. Yet, this is
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not the entire story (as Young in his 1804 paper assumed it to be), for we
see from the figure intuitively that the phase difference between the
“surroundings of §” and the “surroundings of P” is smaller than AJ.
This is indeed true. By the theory of see. 3.21 there is an additional
difference {4 in the effective path, i.e., a difference 3= in the phase. In the
formal representation of sec. 12.22 this additional term arises from the fact
that s has a different sign for the two rays. The same section shows that
a further reason for the phase difference may be a different sign of the
Fresnel reflection coefficients of the two rays. This effect, which occurs
only for polarization 2, is rarely important and is discussed in sec. 13.24.
We now discuss only the distribution of light in the rainbow in polarization
1, which has by far the stronger intensity.

A maximum occurs in those directions for which the complete phase
difference A¢ — (7/2) is an integer number, say K times 27. So

Ad = (K + }) 2m.

The same formula with K =1/2, 3/2, etc., gives the minima. The
position of the maxima and minima for various # has been computed
numerically from this formula and is shown in Fig. 47. Beyond 6 = 165°
evidently no interference exists because ray b is non-existent.

13.23. Cubic wave front; Airy’s theory

So far we have used ray-optics. This means that we have assumed
that the wave fronts near any point are sufficiently characterized by their
normals and by their local radii of curvature. The approximation breaks
down near the rainbow; the next higher approximation is a cubic wave
front. The drawing in Fig. 46 shows five rays on scale, the middle one of
which is the ray of minimum deflection. We have to apply Huygens’
principle to a wave front at B just after these rays emerge. It is con-
venient but not essential, to replace it by a virtual wave front at O,
where the tangent to the point of inflection goes through the center of the
sphere. In this front the rays have virtually the same mutual distances
as in the incident front at A. We use rectangular coordinates: v along
this tangent and % backward along the normal (see inset of Fig. 46).

The equation of the wave front is

ho3

U = =
3a?

where a is the radius of the drop and 4 is a constant; A = 4.89 for the first
rainbow (and & = 27.86 for the rainbow of two internal reflections). We
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may derive k as follows. Let 6 be the rainbow angle and 7, the angle of
incidence belonging to it. Then for 7 = 7, we have
6 = 8,, dbfdr =0
and by further differentiation
d20 3

- =,

so for neighboring angles

3
6 — 0, = — 7¢)2
® " 4tan T, (r =)
We further have dujdv =0 — 6,
and
¥V =@ CO8 T — @ €08 Ty A —a(T — 7y) sin 7;
this gives

du 302
dv  4a®sin® 7 tan 7,

which by integration gives the postulated expression with
3

== n 2
4 sin® 7, tan 7

h

(=4.89 for m = 4/3).

Airy’s theory further assumes a constant amplitude along the effective
part of this front. The amplitude function for scattered light at any
angle 6 is then proportional to

©
f o —tkv(6—6,) +ikhv3[3a® dv,
— 0

where k = 2nfA. Airy has defined and numerically computed the
“rainbow integral’’:

f(z) = [wcos (2t — £3) di.
JO

Table 22. Maxima and Minima of the Rainbow Integral

: fA) K 3K + HB (4310

Main rainbow 1.08 1.005 0O 1.19 1.11
2.50 0

First subsidiary maximum 3.47 0.615 1 3.47 0.620
4.36 0

Second subsidiary maximum 5.15 0.510 2 5.15 0.510
5.89 0

Third subsidiary maximum 8.58 0.450 3 6.58 0.450
7.24 0

Fourth subsidiary maximum 7.87 0.412 4 7.87 0.412
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The amplitude just found can be brought in this form by combining the
integrands for positive and negative v and by the substitutions

| = (3Aa?/4h)1/3, t =ofl,
2 =410 — Og)fA = (12/hn?)M322/3(9 — 0,).

The geometrical meaning of [ is the distance along the tangent from the
point of inflection to the point where the front deviates by A/4 from this
tangent. The intensity in the rainbow is proportional to f2(z). The
heights of the maxima and the values of z for which the maxima and
minima are reached are given in Table 22.

To the wave front approximated by a cubic equation we may apply the
same principle of interference applied in sec. 13.22 to the precise wave
front. The result is that the direction of the normal is 6 — 6, = hv?(a?
and the path difference (Fig. 46)

RQ = 4u = 4hv3[3a2.
By the same method as in sec. 13.22 this leads to the formula

z = 3(K + %)2/3,
ie.,
60— 0, = hlfa{g,,( K+ /2}2/31:—2’3

for the position of the maxima. The comparison in Table 22 shows that
this approximation formula is almost exactly correct for all maxima but
the main one.

Airy’s rainbow integral further gives the following information. The
intensity at the geometrical position (f = 138.0°, z = 0) is about 45 per
cent of the intensity in the main maximum. At the same distance in the
other direction (z = —1.0) it has dropped to 5 per cent. The rainbow
widens in the same proportion as it is displaced.

The factor in front of the f%(z) may be found in an unambiguous way by
comparing the result from ordinary ray-optics (sec. 13.11) with the mean
value of f2(z) for large z. We confine the argument to polarization 1.
Developing near the rainbow ray we find
dg’

= 2.54(1 — Ty) = 2.26(0 — 0,)1/2.
dr

By taking for the other factors in ; the constant values for the rainbow
ray and doubling this amount, since two rays are superposed (without
interference), we find the gain with respect to an isotropic scatterer:

G =2 X 462D = 0.208(6 — 6,)1/2.
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On the other hand the rainbow integral may be computed in the second
approximation at each of its points of stationary phase, t = +(2/3)2,
The sum of the squares of these integrals is
(32)~12 = 0.732x~1/3( - )~ 12

and corresponds again to the intensity of the two rays added without
interference. The value of f2(z) in the maxima (Table 22) is twice this
amount.

Comparing the two expressions found we have as the final formula of
the complete Airy theory

G, = 2.85z1/3f2(z).
The corresponding value for polarization 2 is smaller by a factor 25
because & is so much smaller than &2,

13.24. Derivation from Mie’s Formulae; Limitations of Existing
Rainbow Theories

The limits of validity of the various theories are not given in the
literature. Yet it is clear that oll theories discussed so far are approxi-
mate. Only the Mie solution (chap. 9) is rigorous. Attempts have been
made from time to time to give a more exact rainbow theory by deriving
an asymptotic expression from Mie’s formulae. These attempts have been
successful in giving a result identical to the Airy approximation but have
not gone beyond. The derivations differ from the derivation in sec. 12.33
(the quadratic approximation) only in going to one further term, i.e., to
the cubic term in the Taylor expansion. The resulting formulae are
complicated but confirm the Airy approximation in every respect. Also
the results of van der Pol and Bremmer (1937) and of Ljunggrén (1948),
who apply more exact methods of transformation (sec. 12.35) are reduced
by various approximations to the same form. Bucerius (1946) has made
an interesting attempt to include fifth-order terms.

In the more conventional way of attack, which was followed in the
preceding pages, no drastic improvements have been made or suggested.
An exception may be made for the numerical integration carried out by
Mébius (1910, 1913), who applied Huygens’ principle to the unapproxi-
mated wave front by numerical integration. The results of Mobius’s
computations for glass cylinders show that at least the positions of the
maxima are not very different than in the simple interference theory.
Thie holds even to some extent for the results for water drops in the range
x =3 to 30. Mabius made his integrations in this range of very small z
by an unfortunate misconception of the limits of validity of his theory.
Many years later one of his students, Rosenberg (1922}, completed these
computations by adding (for the same range of z) the second rainbow and



OPTICS OF A RAINDROP 247

the externally reflected light. Both authors proudly quote the huge
numbers of numerical integrations that were performed, but the results
must be regarded as useless.

Let us now review the various rainbow theories (simplified formulae or
methods of approximate computation) and estimate their limits of
application. This is perhaps the most useful contribution to further
research and the only point that is new in this section.

First, let us look at the rays. Figure 46 is a scale drawing with rays
incident at distances from the axis given by cos » = 0.78, 0.82, 0.86, 0.90,
and 0.94. Ray 3 is the ray of minimum deviation; rays 2 and 4 deviate
by 24’ and 30°, rays 1 and 5 by 1°20" and 2°50°, respectively. The
differences shown indicate that rays 1 and 5 are far beyond the range of the
symmetric cubic approximation. The same follows from the difference of
the coefficients ¢%, which are 0,134 and 0.062 for rays 1 and 5. We may
fairly say that Airy’s approximation is useful as a quantitative rainbow
theory only if no rays with a deflection of more than about half a degree
from the geometrical rainbow are involved. This again means that its
use is restricted to those values of 2 for which the main maximum is
shifted by less than say 20’ from the geometrical position.

The validi*y of Airy’s theory is thus limited to > 5000, or with light
of /2w = 0.1 u to drops with radii >} mm. The domain of validity of
Airy’s theory is indicated by a black rectangle in Fig. 47. We may add
that raindrops usually are sufficiently large and that also the experimental
verifications (e.g., Mobius) were made with big spheres or eylinders.?

Outside the rectangle of Airy’s theory we may still apply Huygens’
principle; the basic assumption is that the Jaws of geometrical optics are
correct from the incident front 4 to the emerging front B (in Fig. 46).
This is expressed, among other things, by assuming that at incidence and
emergence the reflection loss is the same. However, the light arriving
at or near B originates from a length on the front 4 of the order of
(24e)12.  The five rays shown, with their different values of the reflection
coefficients, etec., are fairly independent if (24a)12 <C 0.08a, which gives

a>3001 or x=2ma/d> 2000.

Also this is a very severe limitation. Only for z this large and larger can
we find the intensity distribution in the main rainbow maximum by
numerical integration along wave front B (Mobius) and the intensities and
positions of further maxima and minima by the interference method
(Mascart). In all likelihood, however, nearly correct positions of the
maxima may be derived for values of x far below this limit.

* Mobius further worried about a possible ellipticity and computed the geometrical

position of the rainbow for an ellipsoid with arbitrary ratio of the axes and arbitrary
direction of incidence.
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Further limitations of the preceding theories are the following. The
externally reflected light (» = 0) becomes stronger than the one branch
of the rainbow light for § > 158°. Here the interference theory breaks
down, or rather it has to be completed with the externally reflected light.
The outer branch of the rainbow rays ends at 6 = 165°, but not abruptly.
The asymptotic formulae for the cylinder functions that have to be used

30.6° o0 0.05 0.10 0.1%
138 . T T l Ll T ) 1 I 1 1 i3 T
0°l 40° 140°F ]
450 1450 é; """
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\Edge rays _~~ Cross-polarization effects
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Center dope 180°L__p><T7 Glory, | | L |
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a=1i00u 0. 4u 2

- X
Fig. 47. Diagram for distinguishing the limits of validity of various
rainbow theories. Ordinates: scattering angle (linear scale) and angle

of incidence + (reversing non-linear scale). Abscissae: x—2/® (linear
scele) and x = 27afA (non-linear scale).

in order to transform the Mie coefficients into expressions containing the
angle of incidence 7 (sec. 12.33) break down near the edge. The excep-
tional region is given roughly by = << 13, and its border in Fig. 47 is
indicated by a parabola. There is good reason to extend this parabola
also downward, as we have done in the figure. Inside the lower half of
this parabola “edge rays” may have some importance although by
geometrical optics they do not penetrate there.

A final effect is the appearance of cross polarization owing to the fact
that 7, (cos /) cannot be neglected with respect to 7,(cos 6) in the Mie
formulae (compare again sec. 13.3). Taking » of the order of = we find
that m, (cos 0) is of the order of 10 per cent of r,(cos 8) if § =10x~2. This
limit is also indicated in the figure. Below it cross-polarization effects
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appear. The region where edge rays and cross polarization are important
may be interpreted as the region of the glory (sec. 13.32).

The conclusion is as follows. For x < 30 (and some points up to
z = 400) exact computations from Mie’s theory are feasible, and for
x> 2000 Huygens’ principle gives reliable results. A quantitative
theory of the rainbow for the entire gap 30 < « <C 2000 islacking, although
the position of maxima and minima may be read from Fig. 47, and the
distribution of intensity may roughly follow Airy’s theory. So far only
a guess can be made at the exact scattering pattern for both polarizations
in the rainbow region near x = 100. A theory for the “gap’” might
possibly be made by judicious manipulation of further approximations to
Mie’s formulae. It might be checked by means of data from the tables by
Gumprecht and associates.

After this somewhat disappointing conclusion an interesting pheno-
menon may be mentioned. So far we have only considered polarization
1. In the Airy approximation the intensity in polarization 2 is 0.04 times
the intensity in polarization 1 and has the same intensity distribution.
However, the sharp variation of r, with r restricts the validity of Airy’s
approximation for this polarization even more than for the other one. As
may be computed from Tables 20 and 21, the ratio of intensities between
polarizations 2 and 1 has already climbed to 0.10 at § = 140 and to 0.23
for the total radiation in the range from 138° to 150°. Beyond 6 = 150°
the values of = are so far from the Brewster angle that both branches have
considerable intensity, so that interference maxima in polarization 2 are
expected. However, the sign of the reflection coefficient is different for
the two interfering rays. So, a maximum in polarization 2 occurs at the
angle where we have a minimum in polarization 1, and inversely. This
phenomenon was observed by Bricard (1940) in monochromatic light from
a searchlight beam scattered by fog. Unfortunately, no precise data are
given. He used drops of the order of 2a = 104, hence x = 50, and found
the shifted maxima between angles § = 150° and 160°, i.e., exactly in
the domain of Fig. 47 where they are expected.

It is evident that a theory in which the polarization is entirely neglected
and the reflection coefficients for natural light are used cannot give
quantitatively correct results. Such theories are found in the work of
Wiener (1909) and of Malkus, Bishop, and Briggs (1948).

13.3. The Glory

The diffraction coronae, or colored rings, which surround the sun or
moon when covered by a thin veil of cloud, are well known. Their theory
has been discussed in secs. 8.31 and 12.32 of this book.

A similar phenomenon can occasionally be observed in the opposite
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direction. A person standing on a high point observes his shadow
projected on low clouds or on a layer of mist. He observes a gradual
increase of the intensity of the reflected light towards the shadow’s head,
and if conditions are favorable some colored rings appear around the head.
This phenomenon is called the glory. It is often seen in the mist on
mountain tops and also frequently from aircraft. According to the
position of the observer in the plane,
the center of the rings shifts from the
shadow of the head of the plane on the
clouds to the shadow of its tail. Once
or twice the glory has been studied in
laboratory experiments.

An old explanation of the glory is that
it is due to ordinary diffraction of some-
how reflected light around the foremost
drops of the cloud. This explanation
is incorrect, for (a) the geometry is
unsound, (b) the relative diameters of
the rings do not agree with ordinary
Ll b i 1lla diffraction theory, (¢) the rings are

strongly polarized. The correct expla-
Fig. 48. Schematic diagram of a nation is that these peculiar fluctu-
glory ray. The entire figure has to  4tiong in intensity of nearly backward

be rotated around the axis cs. . .

scattered light are already present in

the scattering diagram of a single drop.
The full theory, then, has to be based on Mie’s formulae, but we shall see
that the main features can be understood quite simply on the basis of
Huygens’ principle.
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13.31. Radiation from a Torodial Wave Front

We have seen in sec. 12.1 that the ray-optics approximation gives
infinite intensity (D = o0) in one circumstance besides the rainbows,
namely, for rays which have

sin @ =0 and sin 27 £ 0.

The infinity can be removed by considering the actual form of the wave
front. The condition just given implies the possibilities of § = 0° and
6 =180°. All peculiarities in the direction near 6 = 0° (forward scatter-
ing) are blended by the much stronger coronae caused by diffraction of
light around the sphere. Therefore, we shall confine our attention to the
region near § = 180°, i.e., to the glory.

Figure 48 shows the simplest example of a light ray abede satisfying the
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condition required. Two adjacent rays, which emerge at slightly different
angles, are also drawn. The linear front of the incident plane wave thus is
transformed into the circular front of the emergent wave, which has a
virtual focus at . The whole figure must be rotated around the axis cs,
and all outgoing rays, thus defined, interfere with each other. They define
a toroidal wave front, which seems to emerge from the focal circle described
by F. The corresponding inter-
ference pattern may be found from
Huygens’ principle.

The most interesting feature of the
present problem .is that the two
directions of polarization cannot be
treated separately. Let the incident
wave be plane-polarized with its
electric vector vibrating in the plane
of Fig. 48. Then, for the rays drawn,
it possesses a parallel vibration and
emerges with an amplitude containing
the factor &,. In the perpendicular Fig. 49. Decomposition of the electrie
plane, however, the same wave vectors in the elementary glory theory.
appears as a perpendicularly vibrating wave so that it is transmitted with
an amplitude proportional to ¢,. Both transmitted waves are still vibrating
in equal directions and are capable of interference. The interference of
rays in different azimuthal planes thus simulates an interference of rays
with different directions of polarization.

Figure 49 explains the symbols in our analysis. The circle represents
the focal circle from which the toroidal wave seems to emerge; let its
radius be . We compute the intensity radiated in a direction which
makes a small angle y with the axis, and the projection of which on the
plane of Fig. 49 is directed towards the right, as shown by the arrow e.
The components of the light vector A of the emergent wave which vibrate
parallel to and perpendicularly to the plane through the axis and e are
denoted by 4, and 4,, respectively.

Let the incident light first be linearly polarized in a direction a making
an angle y with the fixed direction mentioned. The light emerging from
an arbitrary point of the focal circle, as specified by the angle g, consists of
two components which enter with the amplitudes cos (¢ — ¢) in the out-
ward radial direction and sin (y — @) in the counterclockwise tangential
direction. The amplitudes with which these components emerge are

Radial: C, cos (y — ¢),
Tangential: Oy sin (p — @),
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where the constants C; and C, are proportional to &, and &,, respectively.
To derive the amplitude vectors of the total emergent light wave, we must
decompose the emerging vector at each point of the circle into components
with directions parallel to 4, and 4,. These are

ay(p) = (C, cos® @ + O sin? @) sin  — (€} — C,) sin @ cos @ cos y,
ag(@) = (C1 — C,) sin @ cos @ sin y — (O, sin2 ¢ -+ C, cos? ) cos .

Writing 7' sin y ~ 7'y =wu, we now find the total amplitudes of the

emergent light to be
1 29

A1,2 — . g iucosg “1,2(99) de.
7 Jo

The definite integrals needed to reduce this expression,

1 f2= |

77 ), €T cost p dp = H{Jo(u) — Ty(u)}
1 2

o ) e %Y sin? @ dp = HJy(u) + Jo(u)},
1 2w

— | e ™% gin ¢ cos p dp =0,

27 0

are related to Sommerfeld’s integral defining the Bessel funections.
Incident natural light can be considered as a superposition of non-

coherent, linearly polarized waves with randomly distributed directions

of vibration. Averaging, therefore, the intensities in respect to P, we

find a factor sin? ¢ = cos?y = 4} both in 4% and in 42. With omission of
the factor 1/8, the final intensities are

Iy =[O {Jo(w) — Jy(w)} + Co{d o(w) + Jo(w)}1,

Iy = [Cz{Jo(u) - Jz(u)} =+ 01{Jo(u) + Jy(w)}1R,
and in hoth directions of polarization together

I =2(Cy + Op)%T5(u) + 2(Cy — Cp)2T5(w).
These formulae show the full implications of the interference effect
described. If no interference between rays in different azimuthal planes
took place, the intensities I, , would contain only the coefficients €' , with
the same index. This holds for large angles in the present theory, for the
factor Jo(u) + J4(u) decreases like 4~3/2, leaving
Jo(u) — Jo(u) = (8/mu)'/? cos (u — =/4)

as the dominant term, so that I, contains C, and I, contains C,. In fact,
with fairly large angles o the “effective area” of the wave front shrinks
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to two patches on the toroidal surface around the two points at which the
normal to this surface has the required direction. A simple theory of the
interference of two rays in the same vein as Mascart’s theory of the rainbow
(sec. 13.22) will then suffice. It would also be possible in this way to
find the common intensity factor in front of the expressions just derived.

13.32. Theory Based on Mie’s Formulae

The theory of the glory from Mie’s formulae is outlined below. Let
y == — 0 be small. The asymptotic forms of the Legendre functions
then are (compare the corresponding expressions for small 0 in sec. 12.32)

ma(cos 0) = (—1)"n(n + 1) {J(2) + J4(2)},
T(cos 0) = (—1)"n(n + 1) {Jo(z) — J4(2)},

with 2 = (n -+ 4)y. The amplitude functions 8,(6) and S,(f) (sec. 9.31)
in the exact backward direction have the form:
81(180°) = —84(180°) = > §(2n + 1)(—1)*(—a, + b,).
n=1
When we are dealing with large values of z, of the order of 100 or 200,
most terms in this sum will nearly cancel each other, but we may suppose
that near some value N the terms of the order

N —3,N—2,N—1,NN4+1,N+2,N43,:--

have nearly equal phases, so that an appreciable total amplitude results.
This “stationary phase” defines a ray in geometrical optics; hence we
have just (although not very precisely) translated the basic idea of Fig. 48
into the Mie theory.

With this supposition made, let us define

¢, = Z @n + 1)(—1)%, and ¢, — Z (2n + 1)(—1)~1gn,

where the sums are taken only over the terms in the immediate neighbor-
hood of n» =N and further terms are neglected. The total amplitude
functions for any small value of p then become

S1(180° — v) = Jeo{Jy(u) + Jo(u)} + 3o {Ty(u) — Jo(u)}
—8,5(180° — y) = %Cx{'jo(u) + Jz(u)} + %02{‘]0(“) - J2(u)},

where 4 = Ny. The intensities in both directions of polarization are
proportional to the squares of the absolute values of these functions. The
result thus found is in perfect agreement with the formula derived in the
preceding section. In particular we can now see that the appearance of a
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term with the ““alien” Fresnel coefficients in the rigorous formulae near
6 = 0% and 180° is due to a quite simple interference effect. This solves a
question which was first met in sec. 12.33.

It would be possible to work out more precisely the coefficients ¢, and ¢,
in this section and €, and C, in the preceding section and thus to prove the
exact correspondence in the limiting case of very large spheres. This
derivation will be omitted (there is no reason to expect any difficulties) for
we have to face a more severe problem. A ray like that drawn in Fig. 48
does not exist for m = 1.33! This ray exists only for m between /2 and 2,
as indicated by Table 23. - The simplest ray satisfying the conditions for

Table 23. Angles of Incidence Needed for Backscatter after a Single
Internal Reflection

m T cos T
2.0 90° 0

1.9 54° 0.59
1.8 38° 0.78
1.7 26° 0.90
1.6 16° 0.96
1.5 7° 0.999
1.41 0° 1.00
1.33 — —

m = 4/3 is the ray specified by r = 56°, P =5 (4 internal reflections). Tt
is certain that this ray has nothing to do with the glory observed in nature,
for an estimate of the total intensity available in » = 5 (compare Table 20)
shows that this is very unlikely to give anything observable at all.

A much more probable explanation is that Fig. 48 is still closest to the
truth. Although in the limit z— oo (ray optics) a ray like this is
impossible for m — 1.33, its influence may be felt for smaller values of z.
The edge region in which ray opties breaks down (secs. 12.33 and 17.2) may
be defined by

sinr & 7 < 2713, 1 — cos 7 as 472 < 32203,

Thegloryray form — 1.5 (see Table 23)fallsin this edge region for z < 350.
It is quite likely that for similar values of «, say from 100 to 300, the edge
rays for m = 1.33 also define a glory. The analysis in sec. 17.42 suggests
that in this case we may visualize the light path by a ray, as in Fig. 48, but
connected with one or more small pieces of a surface wave, as shown by
Fig. 86. The status of the theory may be summarized as follows. The
Parameters in the theory of sec. 13.31 are »’ and 0,/Cy. Since very
probably rays close to the edge are involved, # is nearly equal to a, and
the argument u of the Bessel functions is defined in the same manner as for
ordinary diffraction, viz.:
% =xy = 2ray/i,
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where @ = the radius of drop. The value of C,/C, is quite uncertain.
The classical theory with the Fresnel coefficients is of no use at all. The
Mie formulae may help us out only so far as it would be possible to judge
from numerical computations in this range of z what the values of C, and
Cyare. Dr. F. Volz wrote the author that the results of Gumprecht agreed
with C,/Cy = 0.1 to 0.3 for x =10 to 30 and with C}/C, =0 for x = 40.
The theory of the surface wave also gives a definitely stronger intensity for
polarization 2; in fact, C,/C, = 1/n? = 0.55 under conditions that are not
directly applicable in the present problem.

13.33. Numerical Results and Comparison with Observation®

In the absence of a reliable theoretical determination of the ratio of
C, to C,, we may try to estimate this ratio from the observations. The
computed results for a few ratios are:

1. €, =0, The glory is wholly unpolarized. The central field is
very luminous, and dark rings appear at w =—=2.5, 5.6, 8.7, 11.8, - - -,

2. €, = —C,. Thegloryisagain unpolarized. The antisolar point is
dark and is surrounded by a luminous ring at # = 3.1. Dark rings are
situated at w = 5.2, 8.5, 11.6, - - -.  Only this ratio was considered in the
paper by Bucerius.

3. C; =0. The intensities for this case are shown by Fig. 50. . In the
central field the “alien’’ polarization, index 1, is preponderant, except at
the antisolar point itself. At u ==2.3 we find a fairly dark ring in which
the polarization changes its sign. The bright ring at ¥ = 3.5 and all
further rings are nearly completely polarized in the “proper” direction,
index 2. They are separated by dark rings at v =— 5.4, 8.6, 11.7, - - -,

Data concerning glories on natural clouds have been collected by
Pernter and Exner (1910). Measurements on artificial mist, together with
qualitative observations of the polarization, have been published by
Mierdel (1919). These data, though not obtained with modern observa-
tional techniques, indicate clearly that case 3 (C; =0) is close to the actual
value (see also sec. 20.3).

The glory shows distinet differences from comimon coronae, all of which
can be explained on the basis of the present theory.

1. Their variability: It is obvious that the interference of rays which
are refracted by opposite sides of a water drop will be much more sensitive
to slight deformations of the droplets than are the rainbows in which only
adjacent rays interfere, or the coronae in which non-refracted rays
interfere.

2. The outer rings of the glory are much more pronounced than are the
outer rings of common coronae. On one occasion as many as 5 minima

3 Bee also sec. 20.3.
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could be observed. The explanation is that the intensity in the glory
decreases proportionally to 9!, whereas common coronae follow a -2
law.

3. A final striking feature is the haziness of the first dark ring (which
for normal sunlight is observed as the first red ring). Mierdel calls it a
slight depression separating the inner and outer parts of the central
field. This haziness can be understood if the intensity distribution of
Fig. 50 is approximately correct. A further increase of the first bright

2

———— I, = (Jy () + Iy (u)}?
........ Iy = (Jy(u) = Iy (1) }2

Fig. 50. Intensity and polarization in the glory on the assumption that
01 = O.

ring is obtained if we approach case 2, where C; and C, have opposite
signs. Estimating from Mierdel’s description that

brightness of first ring
0.30 <

brightness of central field < 080,
we find the value of either ,/C; or C,/C, to lie between 0 and —0.25.
Further information is obtained from Mierdel’s observations of the
polarization. From the fact that the picture rotates with the analyzing
Nicol we infer that circular symmetry existed, so that the glass plates in
Mierdel’s experiment cannot have had a serious effect. The comple-
mentary colors of the central field and the rings indicate different planes of
polarization, in agreement with Fig. 50. The preponderant polarization
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in all bright rings is the one in which the electric vector vibrates in the
radial direction. This shows that C, > C,, disregarding signs. Still, the
tangential component is also visible. Estimating its intensity to exceed 4
per cent of the total intensity of the rings, we find C%/0% > 0.04. Together
with the former data this indicates that C';/C, must be about —} or —4%,
This estimate is based on laboratory data. No observations of the
polarization of natural glories seem to have been published. Incidental
observations from aircraft, kindly reported to the writer by Dr. O. Struve
and Dr. M. Minnaert, confirm this state of polarization. A systematic
investigation might give valuable additions.

Finally, the radii of the rings may be examined. As is true for common
coronae, the radii of the rings are inversely proportional to the sizes of the
droplets. However, it was noticed long ago that the rings of the glory do
not give consistent sizes when interpreted with the older theory. Let us
denote the radii of the dark rings by v,, ¥, 73 etc. For €; =0, the
present theory gives

Y1:V2:Vg:Ys=23:54:86:11.7=043:1.00:1.60:2.17.

For other values of C,/C, the ratios are not very different. Table 24 shows
the observed and computed ratios.

Table 24, Ratios of the Radii of the Dark Rings

Observer Light Cloud Y1{vs Yal¥a
White Artificial  0.34 + 0.05 1.66 4 0.03
Mierdel {Red Artificial 1.68 + 0.04
Photographic  Artificial 1.59
Average of
several ] ‘White Natural 0.46 4 0.05 1.67 + 0.06
observations
Wegener Photographic =~ Natural 0.41 (L74)*
C, =0 0.43 1.60
Theory {01/02 =—0.25 0.35 1.61
C,/Cy = —1 0.61 1.37

* Uncertain.

The agreement between theory and observations is as good as can be
expected. No correction has been applied for the size of the sun, and it
was assumed that the edges of the red rings, which were measured by the
observers, indicate the positions of the dark rings in the monochromatic
picture for yellow light.* This introduces considerable uncertainty, but
the ratio 0,/0, = 1.80, valid for the commeon diffraction coronae, differs
strongly enough from the tabulated values to indicate again that that
theory does not apply to the glory.

1 See Pernter-Exner, p, 460,
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On the basis of the present theory, measurements of the various dark
rings give consistent sizes for the droplets. From the average diameters,
which are about 2y, =1° 30’, 2y, =3° 50’, 2y, =6° 30’, we find z =160
for yellow light, i.e., 0.028 mm for the average diameter of the water
drops in the clouds on which the glory has been observed.

13.4. Diffraction and Extinction

The scattered amplitude at and near § = 0 requires special attention
and is discussed in this section.

13.41, Anomalous Diffraction by Water Drops

Mecke (1920) was the first to call attention to the fact that there is a
range of drop sizes for which the refracted and reflected light in the diree-
tions around 6 = 0 and the diffracted light have amplitudes of comparable
magnitude. He also suggested that the interference of these three
components would give rise to the effects of anomalous diffraction.

Since then, a precise discussion of this problem has been given in the
limit of m near 1. The externally reflected ray may then be neglected,
and only two components, the diffracted and refracted light, interfere.
In addition, polarization effects vanish in this case. Full numerical
results are given in sec. 11.33. It will be shown below that those results
are quite reliable even for m = 1.33, if the approximate displacement of
maxima and minima or a gualitative idea of their change in amplitude are
sought. Having obtained this much, however, it is natural to ask for
more and to see whether a graph corresponding to Fig. 34 can be con-
structed accurately for m = 1.33 and for both polarizations.

The simplest way to approach the problem is by Mecke’s assumptions.
The answer is then ready in sec. 12.2, where amplitudes and phases of the
three components are given. Numerical values of the intensities for
refraction and reflection have been compiled in Table 21 (sec. 13.11), and
those for the amplitude of the diffracted light may be found in Table 6
(sec. 7.4). 'We just have to put the proper factor in front, add the correct
phase, and make the summation.

When Mecke first did this, he made a phase error in neglecting the
change of phase at the passage of a focus. Later computations on the
same principle but with correct phases were made by Bricard (1946) and
by Ljunggrén (1949). Numerical computations in the range z = 19 to 30
were made by Ramachandran (1943), but the author has not had the
occasion for a detailed comparison.

Bricard (1946) starts his paper with the simple addition of intensities,
but in later sections he also computes the phases and adds the three
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components with the proper phases without considering the two polariza-
tions separately. Table I of his paper gives the resultant intensity without
phase effects and Table IT with phase effects; both tables cover the range of
x = 2maf from 10 to 37 and of z sin 6 from 0 to 10.4.

Ljunggrén (1949) has been more ambitious and has not, a priori, been
content with the approximations that may be obtained from geometrical
optics. But after a number of manipulations with the Mie formulae the
refracted component appears to come to precisely this approximation
again with the correct phase (see also sec. 12.35). Ljunggrén states
correctly that a similar transformation of the reflected light is not possible,
a8 the Debye approximations are different for terms with # near z (nearly
grazing rays). This point had not been made by Mecke or Bricard.
Ljunggrén’s own solution for the reflection component is incomplete, and
was unfortunately published without details. This problem is really
quite difficult, as will be shown in chap. 17. Fortunately, the reflection is
numerically insignificant, except in the main diffraction peak, which is
made noticeably higher by it than would follow from the simplistic theory
(secs. 13.42 and 17.26). The even more ambitious approach by Hart and
Montroll has been reviewed in sec. 11.6.

The more recent computations based on the Mie formulae for x =15,
20, 25, 30, 35, 40 can be compared directly with the approximate theories;
this will be done in two figures. They are too widely spaced, both in z and
in 8, to provide, in themselves, sufficient numerical material.

Figure 51 shows the diffraction pattern for three sizes, x = 30, 35, 40
(which corresponds to drop radii of 3 4, 3.6 4, 4 uif 2 =0.63 u). They
are given as plots of amplitude vs. z sin 6, and the actual values of 0 are
alsoindicated. The square of the ordinates is proportional to the intensity,
so that the real contrasts are much stronger than suggested. The ordinates
are

Points and curves for the separate polarizations have not been drawn, as
their difference was invariably smaller than could be represented in the
figure: |4; — A,| < 0.01. Each section of Fig. 51 shows three curves:

a. The curves connecting the rigorously computed points from the
paper by Gumprecht and co-authors. The points are at 1° intervals from
f =0 to 10°.

b. The curves of 4 for m — 1 at the values of p = 2x(m — 1} = 2z/3.
These amplitudes were defined and computed in sec. 11.3, and the thin
curves in Fig. 51 have been drawn by reading the values directly from the
altitude chart (Fig. 34).
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Fig. 51. Intensity distribution in the anomalous-diffraction patterns
for water drops with x = 30, 35 and 40. The average intensity of both
polarizations is given. Thick line and dots: rigorous data for m = 4/3.
Crosses: approximation formula of Ljunggrén for m — 4/3. Thin
line: curves for m near 1. Dotted line: Fraunhofer diffraction formula.
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¢. The curve that represents the scattering pattern of an opaque disk.
This is the diffraction component alone, for which, according to sec. 8.31,

S; 8, Jy(xsin b) ,
F T3 = gamp —1TEsn)
the function F(u) is tabulated in sec. 7.4.

d. In addition a few data read from Ljunggrén’s graphs and converted
to the present units are shown by crosses.

By comparing these curves we see that the central maximum shifts up
and down a little (see sec. 13.42 for a more precise discussion), that the
second maximum (first bright ring) shows very striking differences, and
that the third and further maxima do not yet resemble the classical
diffraction pattern for these values of z.

Figure 51 also shows that the theory for m -— 1 comes quite close to
rendering the peculiarities in the exact pattern correctly. Yet Ljunggrén’s
values are even closer to the correct ones.

The values x = 30, 35, 40 happen to show extreme cases. This can be
seen directly from Fig. 52. This figure gives the positions of the minima
in the diffraction pattern without showing the intensities of maxima or
minima, The abscissa is z sin 0, but a few straight lines make it possible
to read the actual angles. Four sets of data are represented.

a. Some data from Mie’s formulae. These were estimated from the
tables of Gumprecht and co-authors, and from Fig. 51 in whole degrees as
follows.

x=25 30 35 40
First minimum at zsin § =10° 6° 7° 5°
The tables were not helpful for angles > 10°.

b. The minima read from Bricard’s table and connected by dotted
curves. The corresponding graph in Bricard’s paper is not reliable.

¢. The values read from Ljunggrén’s graphs.

d. The minima read from the altitude chart (Fig. 34), for m — 1. This
chart shows conclusively that the separate minima do not preserve their
identity as the drops grow in size. At a certain size the second maximum
may become so weak that it vanishes, and the two minima that were at
either side become one. This happens at x =13, x = 25, and again (or
very nearly) at # = 35. For still larger values of x than shown in the
figure the curve indicating the position of the first minimum oscillates with
decreasing amplitude about the asymptotic position z sin 6 = 3.83.

All these data are again in very satisfactory agreement. The values for
m = 4/3 seem to be shifted slightly to the left compared with those for
m— 1. The rigorous data agree quite well both with the theory for
m — 1 and with Bricard’s or Ljunggrén’s theories for m = 4/3.
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It has been pointed out by Naik (1954) from less complete material than
that used here that the data from the Mie theory also explain why the
meagurements of diffraction rings of drops with radii <5 u, when
interpreted by means of the conventional theory, always give slightly
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Fig. 52. Positions of intensity minima in anomalous-diffraction
patterns: x = 2xaf, 0 = scattering angle. Full.-drawn curves give
positions for m —» 1 with ordinate p = 2x(m — 1) at right. Dotted
curves give positions computed by Bricard for water drops, m = 4/3
with ordinate z at left. Diamonds give positions from rigorous Mie
formulae, and crosses from Ljunggrén’s approximation. The positions
for diffraction only (large particles) ~ve indicated at the bottom..

higher values of a than the correct values (which may be found from the
velocity of fall). This is well illustrated by Fig. 52: If we avoid the
sizes for which the first minimum becomes fuzzy we see that it usually Hes
between z sin § = 3.0 and 3.5 instead of the classical value 3.83. Also
Paranjpe and Patel (1954) conclude that Ramachandran’s theory is
better than the uniform-disk formula.
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We may finally inquire if it would be possible to construct successfully
a complete “altitude chart” for m = 4/3, such as Fig. 34 has given for
m—>1. At present the direct and reliable way to make such a chart
would be to extend the computations of Gumprecht and associates and
thus to base the chart directly on Mie’s formulae (for two polarizations
separately). The other way, by means of approximate theories, as in
Bricard’s and Ljunggrén’s work, can hardly be expected to give a much
better approximation than the theory for m — 1 gives already. If,
however, an attempt at a more complete theory of the Mecke type were
to be made, the following points should be kept in mind:

1. For small p there is a “remainder” even in the limit of m — 1
(cf. sec. 11.32).

2. For small z the refraction component cannot follow the laws of
geometrical optics, as the amplitude (reflection coefficient, etc.) changes
over the area over which the integration is taken. (This point is closely
related to 1.)

3. For any z the reflection component does not follow the laws of
geometrical optics if 6 is small. The condition for correctness of the
geometrical-optics formula is (compare sec. 17.11)

0213 1.

If £ = 30 this means 6 > 20°, which shows that this effect has to be
considered.

4. The “ripple” observed in the numerical results for § = 0 (sec. 13.42)
has probably a quite different cause and may be interpreted as a kind of
forward glory (sec. 17.52). This phenomenon will give an additional
term for any 6 which is within the range of the classical diffraction
pattern.

13.42. Forward Radiation; the Extinction Curve

Numerical results for § =0 are much more complete than those for
other 0. They are available either in the form of the forward scattered
amplitude S(z, 0) or in the form of the extinction factor (e.g., see. 9.32):

4
Qx) == Re{S(z, 0)).

Figure 53 shows the result for m = 1.33. Tt gives the plot of 48(0)/2? in
the complex domain for x = 0 to 15 according to computations by Lowan
and by Gucker. Most of the dots are based on exact computations;
the remaining ones have been put in by interpolation and make the graph
complete for intervals of 0.1 in x.
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Figure 32, middle curve (sec. 11.22), shows the graph of the real parts.
It is the extinetion curve computed by Goldberg for x =0 to 30. Both
figures may be compared with the corresponding ones for m — 1 (Figs. 31
and 32, lower curve). The striking similarity of the main features has
already been brought out in Fig. 32. The question that has intrigued a
number of authors is to find a simple and approximate formula which will
give nearly correct values for the extinction for various values of m (say

45(0)
=7 35
25
_-A5
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15
5.0
55
v i
8 ~1.0
g 6.0~
£ 130 140
g -—0.5 145
= 135 15.0 6.5—
0 112.
1 20\ 1152 4
105 *20.0
11.0 10.0
9.0
95
iy Lgss 20y
Real part

Fig. 53. Plot of 45(0)/=2 for m = 1.33 as a function of z in the complex
domain. The real part is the extinction factor Q.

1.20 0 1.60) and for all x larger than about 5, where the rigorous computa-
tions start to become cumbersome.
The best formula that may be suggested on the basis of the studies made
in this book is
2m?

— 1.2 —2iz(m—1)
S(z,0) =42 — z m F O — 1) e

+(0.46 — 0.80i)z4/3 + “ripple.”
For m = 1.33 this becomes
8(z, 0) = }a? — 1.975z(sin 0.66x -I- i cos 0.66x)
+(0.46 — 0.80¢)x4/® + “‘ripple.”
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And the corresponding extinction formula is
Q(x) =2 — 7.90x1 gin 0.66z + 1.842~2/3 4 “ripple.”

The terms are given in order of importance. The following differences
with sec. 12.45, where the formulae for z — o0 on the basis of the ray-
optics approximation were summarized, may be noted.

First term: diffraction, unchanged.

Second term: refracted ray (p = 1), unchanged. The corresponding
terms due to central rays that cover the diameter 3, 5, or more times have
been omitted, as they are numerically insignificant in the range of m
considered.

Third term: grazing reflection, drastically changed. The form given is
derived theoretically and checked by numerical results in sec. 17.26; the
precise value of the coefficient is somewhat uncertain. It is important
that, unlike the ray approximation of the reflection term in sec. 12.45, this
term has a real part. This shifts the extinetion curve up so that the
average curve lies above @ = 2. This term decreases less rapidly with
growing x than does the refraction term. So, for very large sizes (z > 100)
it is the more important one.

Fourth term: the ripple in the extinction curve is characterized by small
fluctuations with a period of about 0.8 in z. In the S(0) graph it is shown
by akind of epicycles. The writer has not found an empirical or theoretical
formula, but sec. 17.52 gives a tentative explanation as a glory-like
phenomenon connected with surface waves.
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14. ABSORBING SPHERES

This is the final chapter devoted to a discussion of numerical results of
the Mie theory (chap. 9) and to approximation methods and their physical
interpretation. It deals with complex values of m. Statements on the
formulae for complex m have already been made wherever they could be
considered as a simple extension of the formulae for real m. Such state-
ments are found in secs. 6.13, 6.4, 7.12, 8.42, 11.23, 12.21, 12.44, and 12.5.

14.1. The Complex Refractive Index

The propagation of electromagnetic waves of circular frequency w in a
homogeneous medium with conductivity o, dielectric constant &, and
diamagnetic constant 1 can be characterized by the complex refractive
index

m = /(e — 4mic/w).

This well-known formula was derived in sec. 9.12. The units are non-
rationalized electrostatic units, time factor exp (+iwt). For conversion
into practical units of conductivity see sec. 14.41. On writing

m=mn—n,

we find n? — 2’2 = ¢, 2nn’ = 47o/w, from which we may express n and »n’
in terms of ¢, ¢, and w.

The electric and magnetic fields (briefly, the amplitudes) of a wave
traveling in the z-direction are proportional to

el'k(ct —mz) eiwt - imkz’

where k = 27fA = w/c and A is the vacuum wavelength. So the Poynting
vector determining the intensity of the waves is proportional to
e—hkn'z _ ,—vz

The quantity y =2kn’ =4mn’[A is the absorption coefficient; its
dimension is cm~1.

The constants ¢ and ¢ depend strongly on w and approach their static
values only for very low frequencies. Measurements at each frequency
have to be made in order to find the correct values. Absorption measure-
ments in a very thin sheet or measurements of the intensity and polariza-
tion of a wave reflected against a plane surface have been made to this

267
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end. Such measurements have yielded reliable values of #n and #’ for
numerous materials at a variety of wavelengths. As expected, the
measurements in the far infrared region, started by Hagen and Rubens,
have shown a gradual transition of ¢ and ¢ to their static values. In this
limiting case the penetration depth 41 is related to the skin depth (sec.
14.41).

There is a wide variety of absorbing materials and a corresponding
variety in approximation formulae to the rigorous Mie formulae. Five
typical examples are mentioned below, together with the section where
details of the Mie computations may be found.

Type 1. m =1.27 — 1.37¢ (cf. sec. 14.2).

This is the refractive index of iron at 4 = 0.420 u. For all metals at
optical frequencies both n and n’ are of the order of unity. They vary
considerably with the wavelength, as can be inferred at once from the
colors of various metals. Big metal spheres absorb an amount of energy
that is of the order of half the radiation striking their surfaces. Very
small spheres absorb proportionally to their volumes, and this absorption
exceeds the total scattering.

Type 2. m =37 — 41i (cf. sec. 14.4).

This is the refractive index of platinum at 1 = 10 g (infrared). For all
metals at low frequencies » and »n’ are very large and almost equal. The
material is nearly totally reflecting. Only a small part, which is 4 per cent
of the perpendicularly incident radiation in the present example, is
refracted into the metal and absorbed.

Type 3. m =1.5 — 0.0001: (cf. sec. 14.5).

Such a refractive index might be ascribed to black glass. A slide 1 mm
thick having this value of m would transmit only 8 per cent of the incident
intensity. A dielectric called strongly absorbing by ordinary standards
has a value of n’ that is still very small. For spheres of such a material the
absorption need not be considered, except for very large values of .
Every dielectric, however, will absorb if the frequency approaches the
proper frequencies. Near the proper frequencies themselves the refractive
index has the type 1 (metallic absorption). Between the extreme types
1 and 3 there is a gradual change.

Type 4. m =8.90 — 0.697 (cf. sec. 14.3).

The refractive index of water at frequency 3000 Mec/sec, A = 10 cm.
The value is close to the statical value; m =+/e =9. The scattering
properties of a raindrop at this frequency resemble closely those of a
totally reflecting sphere. The large value of », combined with the small
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value of n’, results in noticeable resonance peaks. The transition between
types 1 and 4 is gradual.

Type 5. m =1.01 — 0.017 (cf. secs. 11.23 and 14.5).

A sphere having this hypothetical refractive index would behave like an
almost black body, provided that « were far greater than 100. A perfectly
black body does not exist in the theory of Maxwell. It can only be
approached by satisfying two conditions:

a. A negligible fraction is reflected, so |m — 1| << 1.

b. The sphere is not transparent, so n'z> 1.

Since condition a implies that n’ <€ 1, a black body can only be realized in
the limit of 2 — co.

Of course the multitude of absorbing media is not exhausted by these
five types. Very often the description by a complex refractive index is
not at all correct, on account of an inhomogeneous structure of the sub-
stance. Yet, as a working outline the division will be useful.

14.2. General Methods of Computation; Metallic Spheres

Let us recall the rule laid down in sec. 9.4: If the sphere is embedded in
a transparent medium with a real refractive index =,, different from 1, the
value of m to be used in all formulae is the actual refractive index of the
scattering sphere divided by n, and the wavelength in the medium, not in
air, should be used in computing x = 2ma/A.

Ezample: Gold particles (m = 0.57 — 2.45¢ at 4 = 0.550 u) in water
(ng = 1.333). When yellow light (A = 0.550 ) is used in the experiments
the refractive index 0.43 — 1.84¢ and wavelength 0.412 yu should be used
in the computations.

14.21. Series Expansion

The numerical computation for complex values of m presents a new
problem, since no tables of the Riccati-Bessel functions y, for complex
arguments are available. Nor is the method of phase angles, which proved
so successful for real m, a great help, for these angles are themselves
complex quantities, When n or n/, or both, have either particularly
large or particularly small values, special approximation methods may be
devised; they are discussed in subsequent sections.

For ordinary refractive indices (e.g., type 1 and type 4, above) no other
method seems available than to start from the definitions and the rigorous
formulae. Such a computation involves the following steps (see chap. 9):

x] — {w” and derivatives } — {a”} - {81(6) and ‘_g2(6) .
m ., b @ valucs

n
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A number of variations in the actual procedure are possible:

(4) Compute y,(mz) and y,(mz), or any combination needed, from
their series expansions or by recurrence formulae. The other functions
have real arguments and may be obtained from a table. Proceed from
there by numerical substitution. Suitable forms of the recurrence
relations have been worked out, e.g., in Aden’s method of “logarithmic
derivatives” and by Gucker and Cohn.

(B) Express all Bessel functions in power series of z, and thus find the
Mie coefficients a,, and b, as power series of z. The coefficients in these
power series are functions of m. Find numerical values of a,, and b, from
these series.

(C) Go even further and express Q,,, and Q,,, as a power series of z, and
find their values from these series. This is simple after B has been
accomplished.

For small  (approximately x < 0.6) method C has the decided advantage
that it gives the results in an analytical form which leaves no doubt about
possible irregularities. For larger values of  methods B and C are more
tedious than method 4. With any method a great number of points have
to be computed before a certain curve, e.g., of Q,,, as a function of z, can
be drawn.

The series expansions have for a large part already been given. Let us
define the functions s, t, u, and w of m as in sec. 10.3; these quantities now
have complex values. The main terms of the expansion of a,, b, and a,
are then as given in sec. 10.3, and the amplitude function for 6 =0 is

8(0) = }{bisx® 4 ds(6t + 6u + 10w)a® - 6228 + - - -},

entirely as it was for real m. However, in taking the real part, according
to the formula (sec. 9.32),

4
Qu =  Re{S(O)},

the first terms, which dropped out for real m, stay in, with the result that

m2 — 1 4 m2 — 1\2 m* 4 27m2 4 38
_ .3
ot = Im{4xm2+2+15 (m2+2) 2m2 4 3
e (Y]
T e e 3 \m? 42

The first term is recognized as the main absorption term, derived in sec,
6.31 from the theory for small particles of arbitrary shape. The scattering
i8, derived in secs. 6.31 and 10.3:

8

=l
Qsca x 3

me— 12

m2 + 2 +
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Although this formula is identical with the formula for Rayleigh scatter-
ing, it does not necessarily mean that the scattered intensity is pro-
portional to A4, for the refractive index of most metals depends very
strongly on A. This is the reason why colloidal metal solutions give
colors different from sky blue, even if the particles are very small. This
was brought out quite clearly in Mie’s original memoir.

Some examples of the coefficients of the main terms and the approximate
range of z in which only the first term is needed, are giver. in Table 25.

Table 25. Main Terms of Absorption and Scattering for Selected Values of m

Gold in Water Iron Water Water Perfoct
Material Agir =060y A=044py A= 3mm A=3cm Conductor
Awutsr = 0'45,”'
m 0.28-2.22¢ 1.27-1.37¢ 3.41-1.94¢ 8.18-1.962 o0
m2 —4.84-1.26¢ —0.26-3.481 7.87-13.234 63.1-32.1¢ o o}
m:— 1
- 1.887-0.393¢ 0.655-0.690¢ 0.891-0.146¢ 0.960-0.018: i
m* - 2
Quts 1.57x 2.76z 0.58x 0.07x 0
L/ 9.85z% 2.41x% 2.18z% 2,444 3.33z4%
One term
suﬂ‘ices} x < 0.3 x < 0.3 xz << 0.12 x <2 0.06 x < 0.6
for

* In this result the contribution of the magnetic dipole radiation is included (sec. 10.61).

These series expansions, which form the basis for any computation by
means of method C, have been derived by Schoenberg and Jung (1934,
1937) and have also been used by Schalén (see below) as a check on the
results computed by methods 4 and B. In their first paper Schoenberg
and Jung give the factors occurring in the main terms of absorption and
scattering for over 100 values of m, which correspond to the refractive
indices (relative to vacuum) of the metals Pt, Fe, Cu, Ni, Ag, Au, Zn, Mg,
Al, Na, K at a number of wavelengths in the visual range. In their
second paper they extend the series expansion of §,,, to include a term in
z° and compute the coefficients of the four terms then needed for 28 values
of m. Neglecting higher terms they compute the values of Q,,, for values
of z ranging to x = 0.9. This, however, is stretching method € too far;
results with a fair accuracy can be obtained by means of these expansions
only for x < 0.5 or 0.6.

14.22. Survey of Numerical Results

We shall now describe the results obtained by a numerical summation of
the Mie series (method A of the preceding section).

Full computations of the Mie functions for complex values of m have
been made by several authors. For those readers who wish to compare
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their experimental or theoretical data with the available data in the
literature a full list of the m values and of the ranges of x is given in Table
26. Thereliability of these values of m for the particular metals and wave-
lengths cannot be discussed in this book. Readers should be warned that
some of these values were based on old measurements and that the
constants may be different for metals in thin layers and certainly in
collnidal solutions that are not strictly lyophobic.

For all values of m mentioned in Table 26 and a number of selected
values of x the authors cited give numerical values of numbers equivalent
to the coefficients @, and b, and to the efficiency factors Q,,, and Q,,,.
Some results from Mie’s paper are reproduced in sec. 19.21, Fig. 90. The
coefficients of Schalén have been further employed by Schalén and
Wernberg (1941) for the computation of @,,.; unfortunately, an error of

sign was made so that the tabulated and plotted values are (1 + cos 6)Q,,,

instead of @, = (1 — cos 6)@,;,. Schalén (1945) computed the scattering
diagram for the iron particles and approximated the phase function by a
formula of the type

1
f(6) = m (1 4 p cos 6 -+ ¢ cos? §).
Kerker’s computations refer to 0 = 30° to 6 = 150° with 10° intervals.
Aden has only considered backscatter (§ = 180°).

A key to the notations used by these authors is given in Table 27. Full
results of the efficiency factors for one particular value of m, viz., m = 1.27
—1.37¢, are shown in Fig. 54. It was constructed from Schalén’s data
with the exception of the points for m = o0 that were computed by the
method explained in sec. 14.23.

A check on the individual coefficients, as easy as the checks on the phase
angles explained in chap. 10, does not exist. However, when the values of
a, or b, are plotted as points in the complex domain, a smooth curve
results. Figure 55 shows for m =1.27 — 1.37¢ the locus of a; and b,.
The arrowheads correspond to x = 3.93. See also sec. 14.23.

It is important to know how many terms have to be computed in order
to obtain an accurate result with the series expansion. Suppose we
wish to compute the value of @,,,. The tables of Schalén show that the
contribution of a, is preponderant for x << 1.0. Atz = 1.0 the terms with
a, and b; each contribute 5 to 10 per cent of the total extinction. The
contribution to the scattering is smaller, so that @,,, may be computed for
z as high as 1.4 from a, only. Near # = 2 the contributions of a, and b,
to the extinction have become of the order of 10 per cent.

Lowan’s tables refer to much larger values of m. Here a, and b, are
about equally important, a, and b, come in near x = 1.0; a, and b, come
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Table 26. Complex Values of /. for which Computations have been made

A. Aerosols, visual range

Author m Metal . A Upper Limit O.f
{micron) x 2a (micron)
S 1.16-1.27¢ Iron 0.395 3.98 0.50
1.27-1.374 Iron 0.440 3.57 0.50
1.34-1.45¢ Iron 0.468 3.57 0.53
1.38-1.50¢ Iron 0.508 3.18 0.51
1.51-1.63: Iron 0.589 2.78 0.52
1.70-1.843 Tron 0.668 2.50 0.53
S 1.36-2.30¢ Nickel 0.395 2.39 0.30
1.46-2.68¢ Nickel 0.440 2.14 0.30
1.44-2.88¢ Nickel 0.468 1.00 0.15
1.50-3.10¢ Nickel 0.508 1,00 0.16
1.54-3.26¢ Nickel 0.550 1.71 0.30
1.58-3.42¢ Nickel 0.589 1.00 0.19
1.74-3.80¢ Nickel 0.668 1.00 0.21
S 0.84-2.91¢ Zine 0.395 2.39 0.30
0.93-3.182 Zinc 0.440 3.57 0.50
1.05-4.49¢ Zine 0.468 3.57 0.53
1.41-4.10¢ Zine 0.508 1.99 0.32
1.93-4.66¢ Zinc 0.589 2.78 0.52
2.62-5.08¢ Zine 0.668 1.71 0.36
S 1.17-1.76¢ Copper 0.395 2.39 0.30
1.14-2.05¢ Copper 0.440 2.14 0.30
1.10-2.34¢ Copper 0.500 1.00 0.16
1.00-2.28¢ Copper  0.535 1.00 0.17
0.89-2,234¢ Copper 0.550 1.00 0.18
0.65-2.43¢ Copper 0.575 1.00 0.18
0.62-2.63¢ Copper 0.589 1.00 0.19
0.56-3.01¢ Copper 0.630 1.00 0.20
S 0.06-1.84% Sodium 0.435 2.14 0.30
0.05-2.217 Sodium 0.546 1.71 0.30
SB 1.59-0.66¢ Carbon 0.491 1.12 0.18
K 1.46-4.30¢ Mercury  0.546 5.0 0.87
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B. Hydrosols, visual range

A (micron) Upper Limit of
Author m Metal in in x 2a
Air Water (mieron)
M 1.27-1.27: Gold in water 0.420 0.313 1.58 0.16
1.30-1.29; | Gold in water 0.450 0.336 1.41 0.15
0.83-1.51¢ | Gold in water 0.500 0.374 1.41 0.17
0.59-1.67¢ | Gold in water 0.525 0.393 1.41 0.18
0.43-1.84¢ Gold in water 0.550 (0.412 1.41 0.19
0.28-2.22¢ | Gold in water 0.600 0.450 1.41 0.20
0.31-2.65¢ | Gold in water 0.650 0.488 1.41 0.22
F 0.16-1.70: | Silver in water 0.420 0.313 2.00 0.20
0.21-2.62¢ | Silver in water 0.525 0.393 1.58 0.20
0.30-3.66¢ | Silver in water 0.650 0.488 1.58 0.25
0.33-4.42¢ | Silver in water 0.750 0.564 1.58 0.28
F 0.72-2.46¢ | Mercury in water 0.420 0.313 2.83 0.28
0.96-2.90¢ | Mercury in water 0.500 0.374 2.00 0.24
1.10-3.122 | Mercury in water 0.550 0.412 2.00 0.26
1.27-3.47¢ | Mercury in water 0.650 0.488 1.73 0.27
C. Water Drops, infrared
m Upper m Upper
Author (practicing Limit A (micron) Limit
(water)
example) of of x
JET 1.29-0.064: 18.0 1.14-0.1144 11.0 17.5
1.29-0.129¢ 7.0 1.17-0.2102 11.9 17.5
1.29-0.322¢ 25.0 1.22--0.0612 10.0 17.56
1.29-0.645¢ 6.6 1.28-0.051¢ 8.5 17.5
1.28-0.2941 12.6 17.5
1.29-1.161: 1.0 1.33-0.013¢ 4.6 17.5
1.29-1.290¢ 6.0 1.33-0.040¢ 7.0 17.5
1.29-1.419¢ 1.0 1.33-0.3989¢ 13.5 17.5
1.29-2.2344¢ 6.0 1.42-0.0144 3.6 17.5
1.29-2.580: 2.0
1.29-2.902¢ 2.0
1.29-5.160¢ 2.0
1.20-129: 2.0
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D. Water Drops, microwaves

m Upper limit of
Author {water at 18°C) A{mm) x 2a(mm)
L 3.41-1.94¢ 3 5.00 4.78
4.21--2.51¢ 5 3.00 4,78
5.55-2.85¢ 9 2.00 5.73
6.41-2.862 12.5
7.20-2.65¢ 17 1.30 7.03
8.18-1.962 30 1.00 9.56
8.90-0.69: 100 0.60 19.1
A 9.01-0.43¢ 162 6.0 310
References

S: C. Schalén, Uppsala astron. Obs. Ann. 1, No. 2, 1939; C. Schalén and G.
Wernberg, Meddelande Uppsala astron. Obs., No. 83, 1941; C. Schalén, Uppsala
astron. Obs. Ann., 1, No. 9, 1945,

SB: H. Senftleben and E. Benedict, Ann. Physik, 60, 297 (1919).

K: M. Kerker, Tech. Rept. 1, Division of Research and Industrial Service, Clarkson
College of Technology, Potsdam, N. Y., 1953; also J. Opt. Soc. Amer., 45, 1081
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JET: J. C. Johnson, R. G. Eldridge, and J. R. Terrell, Sci. Rept. 4, 1954. M.LT.
Dept. of Meteorology.
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Bur. Standards (U.8.), Appl. Math. Series 4, 1949, Washington, D. C., Govt. Printing
Office.

A: A L. Aden, J. Appl. Phys., 22, 601 (1951).

Table 27, Comparison of Notations

Schalén This Book Lowan This Book
(M) o x o T
(M) v n CcL a,
(M) 7 180°-6 c2 b,
(M) Ay _%'ixu_3 (2n + I)Gn K(m*; ‘x) Qea:t
M) | + 3iz73(2n + 1)b, K(m*; ) Qoca
Im; i‘ Qemtx—l
vi | L Quu(2ma)t
XA % Queal2ma)™ (M) = notation also used by Mie.
(D) V(e) | Quus(l + cos 6) (D) = notation also used by Debye.
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in near r =1.8; a, and b, come in near x = 2.6, etc. Near these values
the real and imaginary parts of the coefficients are of the order of 0.01.

oy var Qe e
3 m=127 1.371’( 2 345 o
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Fig. 54. Efficiency factors for extinction, radiation pressure, absorption,

and scattering for m = 1.27-1.37i. A tentative interpolation between

the computed values and the limiting values for # = co is given in the
right half of the figure,

A characteristic difference in the
relative importance of the terms is thus
seen, Schalén’s finding that «, and

\ b, (describing the electric quadrupole
o and magnetic dipole radiation) are of
the same order agrees with what is
usually found for dielectric spheres (and
also in atomic physics). It is explained
by the fact that the first terms in the
series expansions of these coefficients
have the degree 25 (see sec. 10.3). How-
Fig. 56. Locus of the coefficients @;  ever, these expansions depend on the

and b, for m = 1.27 — 1.37i. expansion of Bessel functions, both with
arguments x and with arguments mx. The few terms given suffice only
for |m| « < 0.6, say. Lowan’s computations, in which | m | ranges from
about 2 to about 9, can therefore be compared with these series expansions
up to x = 0.3 at the most.

C/

-4
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The behavior of the coefficients for larger values of « (Lowan) can best
be compared with that for m = co (sec. 10.62). For m = 0, a, and b,
are of the same order, and the values of x at which they become important
agree well with those mentioned above. The correspondence is also
illustrated by Table 28, where some detailed results of the computation for
one value of x and several values of m are given as an example. The
maximum extinction is reached near x = 1.5 for the Schalén values and
near x = 1.0 or 1.1 for the Lowan values.

Table 28. Example of Computation

m = 3.41 — 1,947 m = 7.20 — 2.85: m= 0
z = 1.3 xz = 1.3 x = 1.3
a, 0.5538 + 0.2475: 0.5153 4+ 0.3563: 0.474 + 0.499¢
by 0.1780 — 0.21537 0.1730 — 0.2792¢ 0.141 — 0.348:
ag 0.0468 + 0.10507 0.0305 + 0.10552 0.011 4+ 0.166¢
by 0.0270 — 0.0228: 0.0201 — 0.0415¢ 0.003 — 0.053:
ag 0.0008 + 0.0044: 0.0004 4+ 0.00457 0.000 + 0.005:
by 0.0013 — 0.0003: 0.0014 — 0.0019¢ 0.000 — 0.003:
S(0%) 1.290 + 0.268: 1.165 + 0.2854 0.957 + 0.366¢
S,;(180°) 0.512 + 0.3912 0.484 4 0.6082 0.478 + 0.903z
Qpri 3.053 2,758 2.266
Qeca 1.669 1,860 2.266
abs 1.384 0.898 0.0

#{0°) 1.734 1.439 1.050
%(180°) 0.416 0.604 1.044
cos 6 0.30 0.31 —0.05

An important addition to the available numerical data is depicted in
Fig. 56. It represents the extinction cross sections computed by Johnson,
Eldridge, and Terrell (1954) for a set of refractive indices, of which the real
part remains constant, = 1.29, and the imaginary part varies from 0 to co.
In the first limit the extinction curve is closely similar to the curves in
Figs. 24 (sec. 10.4) and 32 (sec. 11.22). In the second limit it is the curve
shown in Fig. 28 (sec. 10.62). The refractive index is written in the form
m = 1.29(1 — +k). All points were computed with the high-speed digital
computer at M.IT. Although it is clear from & comparison with Fig, 32
that the number of points were insufficient to show all minor wiggles, the
gradual change in the character of the curves is very well illustrated. For
k < 0.5 they may be compared to the curves shown in Fig. 33 (sec. 11.23).
For k > 1 the peak value is reached between x = 1 and 2, as was illus-
trated for k ~ 1.1 in more detail in Fig. 54. The precise behavior for
k > 2 is not entirely clear. The author has added an enlarged graph for
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the part 0 <<« << 1; the linear approximations (see sec. 14.21) have the
coefficients

0 030 075 1.50 265 1.50 0.23
fork=0 01 025 05 1 2 4

The maximum coefficient, 2.72, is reached for & = 1.23.

14.23. Asymptotic Formulae for Large Values of =

The form of the scattering pattern and the values of @,_,, @,,., Qss cos 6,
and ¢, all approach definite limits if the size of the sphere increases. Of
these, only @,,, follows at once from the general theory, for it is equal to 2
(sec. 8.22). The asymptotic behavior of the Mie coefficients is also simple,
e.g., the coefficients in Fig. 55 approach a circle with radius 0.26, which is
half the absolute value of the Fresnel reflection coefficient for per-
pendicular incidence.

The scattering pattern of a large metallic sphere consists, like that for a
totally reflecting sphere, of one part due to diffraction and one due to
reflection. The only difference is that the reflected light contains the
factors | vy |2 and | 7, |2 in the two directions of polarization, respectively;
here 7, and r, are the Fresnel reflection coefficients. These are the only
components following from the theory of sec. 12.44, which is based on
geometrical optics. The additional component due to “spray’” of the
surface wave (secs. 17.32 and 17.41) will be neglected. The non-reflected
part of the incident light is absorbed and gives Q..

By putting the reflection coefficients into the formulae for m = oo
(sec. 12.44) we obtain

Sl(e) — éixrlem sin $0
and similarly S,(f), from which, for incident natural light (sec. 4.42):

]_ 2
| B,

=§r2

where a is the radius of the sphere. This formula, with 6 = 180°, was
applied by Haddock in computing the asymptotic value of the radar cross-
section (sec. 14.32). The definitions in secs. 2.1 to 2.4 now give

w2
Qe =1 + f %(| r |2 + | 7o [} d(cos? r) =1 | w,
0
Qabs =1—w,
—_— w2
Qyec0s 0 =1 + j 3| ri|P + | re|?) cos 27 d(cos® 1) = 1 + wyg.
0

The term 1 is added because of the diffraction part, as explained in sec.
12.5, where the notations w and g are introduced.
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Finally, the efficiency factor for radiation pressure is (sec. 12.5)
Q_'pr =1-— wg.

The formulae for 7, and r, are in sec. 12.21. A numerical example,
computed for m = 1.27 — 1.57¢, is shown in Fig. 57, where only the square
of the absolute value, not the phase of the complex numbers r, and r,, is

shown; B = §(|r; [ + |7, [2). Tt is easily

1 seen that in this figure w is the area

below the curve R, and the abscissa

of the center of gravity of this area is
31 +9).

An approximate formula for Q.. found
by analytical integration and useful if
| m| > 2 is given at the end of sec. 14.42,

The results for m = 1.27 — 1.37: are

m=127-137i

w=0.34, wg=0.05, g = 0.14,
0 % 1 Qxca = 1'34’ Qabs = 0'66’ Qpr = 0'95-

cos? 1 — They have been plotted in Fig. 54. The

Fig. 57. Squares of the absolute _plOt a'ga'ir.lSt 1/z shows tl_la't & smooth

values of the Fresnel reflection interpolation between the rigorously com-

coefficients form = 1.27 — 1.37:. puted points (x é 3.5) and the limiting
points at # = o0 is possible.

It is, of course, unsatisfactory to leave it at such a conjectured inter-
polation. Therefore, several authors have attempted to compute not
only the limiting value for = co but an asymptotic formula, i.e., a piece
of curve for the very large values of . Debye in his thesis suggested the
problem but did not discuss it. The most complete and basically correct
attempt of this kind has been made by Jébst, who actually derived a
(complicated) formula for the function @, (r). As a numerical example
he computed the curves for gold particles and connected them with the
rigorous curves for # <C 1.4 computed by Mie. The agymptotic curves
would hold for any = > 2.5. It is certain that the assumption that the
asymptotic curve would be joined already at x = 2.5 is far too optimistic,
and it is doubtful whether Jébst’s formula is correct, as in the simpler
case of m = o0 it seems definitely incorrect (secs. 10.62, 17.22).

It seems fairly certain, in analogy with the empirical results for m =
00, sec. 10.62, that the scattering diagram for all angles, except near the
forward and backward direction, will closely follow the theory for very
large spheres for any x larger than about 3 or 5. But it is quite certain
that fairly strong changes in the value of 8(0), and therefore in the value




ABSORBING SPHERES 281

of @,,; and the form of the diffraction pattern, occur to values of  as high as
10 or 20. This is connected with the fact that the value of §(0) is strongly
influenced by the grazing reflection (edge rays). A typical difference with
m = o0 is that the reflection coefficients r, and r, have equal phase for
grazing reflection so that the interference effects do not terd to cancel out,
asthey do form = o0. Further a sharp turn of the phase of r, is seen near
the angle for which | r, | has a minimum (comparable to the Brewster angle
for real m). This determines a queer twist in the extinetion curve at the
high values of m mentioned. This problem is discussed in sec. 17.25.

14.3. Water at Microwave Frequencies
14.31. Resonance Effects

Saxton has given a survey of the complex refractive indices of liquid
water at a range of frequencies and temperatures. The values quoted in
Table 26 have been selected for numerical computation of the Mie
coefficients. They form the transition between the real values m = 1.33
in the visual region and m = 0.9 for very low frequencies.

The rather large value of | m | opens possibilities of optical resonance
(compare sec. 10.5). This resonance is strongly damped, so that the
results do not closely resemble those for pure dielectrics. We shall
investigate to what extent this damped resonance shows in scattering
characteristics.

It was noted in sec. 10.5 that strong resonance effects oceur when m is
large and real or nearly so. The strongest resonance peak is the peak of
b, (magnetic dipole radiation), which occurs near nz — 7. Figure 58
shows the locus of a, and b, in the complex domain, plotted from the
tables of Lowan for m = 8.90 — 0.695. The graph of b, shows the typical
swing in a full circle described in sec. 10.5 for real values of m. The
circle is described between « = 0.30 and z = 0.40, so the peak is fairly
sharp. The diameter of the circle is small; the largest real part of b,,
reached at « = 7/8.90 = 0.35 in this example, is 0.050, whereas for any
real m it is 1. This is a direct consequence of the imaginary part of m,
which causes the standing waves to be damped. The electric dipole
resonance near « = 0.50 is visible in the curve of a,.

Figure 59 shows the corresponding graphs for m = 8.18 — 1.96:. The
stronger damping term has erased the resonance in a, and greatly weakened
that in b,.

In the circumstances where the resonance effect is well visible, namely,
m = n — in’, n large, n’ small, its magnitude may be estimated from the
formulae as follows. Let §; be defined as in sec. 10.21; it is now a
complex function of ' and m. Near the resonance point z is small but
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¥ = mz is not, so the functions of z may be approximated by their first
terms:

i) =23,  y'(x) = 223,
X&) = 1/, x'1(x) = —1/a2

0.1 3
50 50
s | a1
45
45
0.05 - —
40 0
35 35
30 30
t 25 25
a '/ 30 20,30
> o | 35 |
g
'g‘ 35
E by
45 60
30 85 40
-0-05 — — o -~
m =890 - 0.69; m =818 - 1.96;
=0.1 ! i
0 0.05 0 0.05
Real part Real part
Fig. 58. Resonance circle ex- Fig. 59. Resonance effect in
hibited by the magnetic dipole  the case of stronger damping
coefficient b; for m — 8,90 — 0.69. than in Fig. 58,
This makes
223 — dyp.’ 23 3 cot
tanﬂlz_wl(y) 23@03(?/):__ —3 4o Doty
3 i) +uw'ly) 3 ¥ 2y

which may be approximated by

3
tanﬁlz—%—{l—}- irm—}
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near the resonance point. From this value of tan 8, the value of b, and
any further quantities may be computed
Numerical example: m = 8.90 — 0.69:. The y is closest to = at
z= 0352, y =314 — 0.254i. The approximation formula gives for
this y:
tan f; = —0.0145(0.40 + 3.76¢) = —0.006 — 0.0544.

ST T T T 1T T TTT T T T T
l/ .
i /m=8.18-1.96:
1m=8.90—0.69i ,
2
¥
@
1~ —
0 ]
0 15

Fig. 60. Extinction curves for three values of the refractive index,
showing resonance peaks.

This value is small enough to write
b, ~ if; =~ i tan B, = 0.054 — 0.0061.

The exact value (interpolated in Lowan’s table) is 0.050 — 0.008¢. The
value of @, is not negligible compared to this value, so the scattering
diagram is not the simple magnetic dipole pattern, as it is when the
resonance is more fully developed. The effect on the extinction curves is
clearly shown in Fig. 60.

We may conclude that a rather small value of »’ is sufficient to reduce
the resonance peak greatly in importance. Generally, the computation by
means of the rigorous formulae (sec. 14.21) is safer and less cumbersome
than a special theory for the resonance effect.



284 SPECIAL TYPES OF PARTICLES

Experiments with decimeter waves were made by Schifer and Wilmsen
{(1924). Spheres of thin glass (1 or 2 mm) with diameters from 8 to 19 em
were filled with distilled water and the diffraction measured with the
source and receiver at a finite distance. The imaginary part of the
refractive index is much smaller for these wavelengths. Six resonance
values could be demonstrated in the range of  from 0.3 to 0.7 in exact
agreement with the theory for m = 9. These values may also be read
approximately from Fig. 26 (sec. 10.52). Similar spheres of metal, or
covered with tin foil, showed no pronounced resonance.

14.32. Backscatter

The efficiency of an object for scattering radiation back to the source
(6 = 180°) is conveniently expressed by the radar cross section ¢ of the
object. This cross section may be defined as 47 times the power scattered
back per steradian divided by the power incident on a unit area.

In the notations of this book (e.g., sec. 4.42) this is expressed by

o = 4=ril(r, 180°)/1,.
When reduced by means of the relations

(7, ) = Dol Z)k:; 40)

and
1,(180°) = i,(180°) = | §,(180°) [?
this becomes.

4
0= — | 8,(180°) ]

and divided by the geometrical cross section G — ma? we obtain (with
x = ka)
g 4]8,(180° |2
G &
As
—m,(180°) = +7,(180°) = (—1)" - {n(n + 1),

we have from sec. 9.31
[+ a]

—8,(180°) = §,(180°) = > (n + $)(—1)"(a, — b).
n=1
If a particle scatters the light incident on its geometrical cross section
isotropically, its radar cross section equals its geometrical cross section:
o/G = 1. This follows from the definition and also from substitution of
the formula | 8,(0) | = }« derived in sec. 12.44 for big totally reflecting
spheres.
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As an example we may compute ¢ for the data in the first column of
Table 28. Here A =3 mm, m = 3.41 — 1.944, = = 1.30, | S(180°) |2 =
0.416. These values give ¢ = 0.62 mm, ¢ = ma? = 1.21 mm?, ¢ = 1.19
mm?2, g/47r = 0.094 mm?, and ¢/G = 0.983. TFigure 61 gives a full plot
of the values of ¢/G computed by Haddock for A = 3mm. The curves for
the other wavelengths are closely similar, all showing a first maximum near
& =1, a very deep minimum near z = 1.65, etc. This clearly indicates

3 —_
2l m =341 — 194
-~
2
A3
1)
1 ——— 100
——041
0
0 1 2 3

Fig. 61. Radar cross section ¢ computed for backscattering by water
drops at A = 3 mm (Haddock) and for totally reflecting spheres.

that these fluctuations are not due to a resonance effect of the kind
described in sec. 14.31. Quite the same fluctuations occur also in the
curve for totally reflecting spheres (m — o0), which was newly computed
for this purpose. Figure 61 and Table 29 show the results. Also given
are the values for x = o0, which are simply proportional to the square
of the Fresnel reflection coefficients for perpendicular incidence (sec.
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12.44). The phase of the backscattered wave was also computed. The
angle y, defined by

—18,(180°) = 1S,(180°) = | S |e®,

- gQ°

Fig. 62. Phase of the wave scattered back
from a totally reflecting sphere (see
definition in text).

] j
A
x

—

is given in Table 29 and Fig. 62.
The asymptotic formula

Y =2x —m,

which is easily found from sec.
12.44, is represented by a straight
line.

Aden (1951) has made measure-
ments of the backscatter by water
spheres at a wavelength of 16.23
cm. The measurements, which
were actually carried out with
hemispherical styrofoam shells
filled with water and lying against
a metal plane, ranged from =z
= 0.74 to 5.90 (diameters 3.7 cm

to 30 cm). They give excellent agreement with Aden’s own computations of
o/G, which in turn agree with those of Haddock. Also the measured phase

Table 29, Radar Cross Sections of Water Drops at A = 3 mm and 18°C
and for Totally Reflecting Spheres

. o/@ y oG {7
Water m= wo m=— o Water m = o0 m=—

0.1 0.0003 0.0009 0° 1.6 0.044 0.575 3°

0.2 0.0053 0.014 0° 1.7  0.087

0.3 0.028 0.072 ~1° 1.8 0.223 0.327 57°

0.4 0.087 0.222 —2° 1.9 0.443

0.5 0.223 0.528 —3° 2.0 0.610 1.007 89°

0.6 0.490 1.076 —8° 2.5  0.5]11 1.720 107°

0.7 0.935 1.744 —9° 3.0 0.302 0.517 178°

0.8 1.523 2.622 —14° 3.5 0.659

0.9 1.875 3.315 —18° 4.0 0.248

1.0 1.956 3.614 —23° 4.5 0.594

1.1 1.755 3.627 —28° 50 0.328

1.2 1.398 3.154 —27° w 0.416 1.000 0

1.3  0.983 2.465 —28°

1.4 0.582 1.780 —26°

1.5 0.267 1.103 - 20°
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follows the curve of Fig. 62 very nicely, if due account is taken of the
different definition.

Theory and experiment thus check very well, but this does not yet mean
that we have an explanation of the extremely strong fluctuations. The
correct explanation, discussed in some detail in sec. 17.41, is that a
surface wave excited by the grazing incidence near the edge travels
around the sphere 3, 1}, 2} times, ete., and gives off radiation all the time.
The radiation in the back direction is then strongly enhanced by a kind
of glory effect (sec. 13.31) and has an amplitude which is, for small values
of z, comparable to the amplitude reflected back from the center of the
exposed surface.

14.4. Metals in the Infrared Region
14.41. The Refractive Index; Law of Hagen-Rubens

The complex refractive index m = n — in’ of a metal is much more
strongly dependent on the wavelength than the refractive index »n of a
dielectric substance. In the ultraviolet and visual regions its course is
irregular, but beyond the wavelength 2 y it shows a common behavior for
all metals: both » and »’ increase with increasing wavelength, and mean-
while they become more and more equal.

The explanation is found from the definition of m? (secs. 9.12 and 14.1).
We may write this in the form

m? = g — iy,
where 7) is a real number, expressed in the classical notation of theoretical
physics (gaussian units) as
n = 4molw. (1)
Let the subscript pr denote quantity expressed in practical units (m.k.s.

units, Giorgi system), as are now used generally in electricity. Then the
conversion formulae

o(sec™) = 9 X 10° (ohm meter sec™!) X o, (mho/meter)
and
w(sec ) = 2mc/l = 27 X 3 X 108(meter sec™!)/A(meter)
give
N = o ,(mho/meter) X 4, (meter) X 60 ohm. (2)

A third system of units has been customary in infrared optics. Here w
is the specific resistance in ohm mm?2 meter—1, and A the wavelength in
microns. The formula then is

n = 60A/w. (3)



288 SPECIAL TYPES OF PARTICLES

The number 7 itself is independent of the units used and increases with
increasing wavelength. So the imaginary part of m? becomes more and
more preponderant. The asymptotical approximations, therefore, are

m?=—in, m=2H—1). (@>1)

This formula has been experimentally confirmed by measurements of
reflection coefficients. If a beam of light strikes a plane metal surface,
a part R of the energy is reflected and the other part 1 — R is absorbed.
The absorbed part for perpendicular incidence is (sec. 12.21)

()"
T \p

This is known as the law of Hagen-Rubens. Beyond the wavelength 5 W
the observations are in good agreement with the law. This formula
contains no arbitrary constant.

In sec. 14.1 we have derived and in other secs. (4.3, 11.23, 12.21, 12.44)
we have used the absorption coefficient . Its inverse value y~1 is the
length that a wave can travel through the medium before being reduced to
1/e of its initial intensity.

In the asymptotic approximation of the present section (> 1) the
length 371 equals half the “skin depth” & used in electricity theory, for
this is the length that a wave travels before its amplitude is reduced to 1/e.

Since
_ A A (2)”2
Yy = m ’

we have in practical units

Vpr (meter) = o (G 7 3Oy E O 5 G—,,, .
The formula 16 = (2wu,0,,)"" (Stratton, p. 504) can be reduced to the
same expression by the substitutions w = 27 X 3 X 108071, pu, = u, =
47 X 1077, for throughout this book we have assumed that the magnetic
permeability u of the materials is equal to that of vacuum.

Numerical example: Silver at room temperature has ¢ = 5.55 x 107,
0, =614 X 10°. At A=30u =3 X 1075 meter we obtain o=
6.3 X 1013 sec™™. So either by formula 1 or 2 we have 5 = 1.11 x 105,
which gives m = 236 — 236i, 1 — R, = 0.0085, y™1 = 1.0 x 107 cm,
and ¢ =2 X 107® ecm. At this wavelength the approximation is quite
sufficient.

The term “skin depth” is more usually applied in the domain of much
lower frequencies. Jumping a factor 1010 in wavelength, we jump a factor
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101 in % and 10° in 4, and we arrive at the more familiar values:
¥ = 1 kefsee, A = 300.000 meters, 6 = 2 mm.
We refer to other textbooks for a more complete discussion.

14.42. Absorption by a Sphere

We now consider a metal sphere of arbitrary size, exposed to infrared
radiation. The value of m just derived is so close to co that the scattering
by this sphere is virtually that for m = c0. So the efficiency factor for
absorption @,,, must be small for any size. A closer examination of the
exact formulae of chap. 9 is needed in order to find correct approximation
formulae for this small quantity. The reductions are somewhat tedious,
hence only a brief enumeration of the results is given.

Let x = 2mafA, as usual, and r = (29)Y2x; then y = max = Ir(l — ).
Dependent on the order of magnitude of the real parameters x and r with
respect to 1, five size ranges may be distinguished.

(1) (2) (3) (4) (5)
z small z small x small x arbitrary  « large

r small r arbitrary  r large r large r large

Throughout the regions 1, 2, and 3, = is small and ¢, and b, are the only
coefficients needed. When the functions of z in the exact formulae (sec.
9.22) are replaced by their main terms, the expressions are

2. . 1—iGyp! 2 1—-@

— 2 ixd — 2 a3
a, =t ————> by =—-wx

3 1+ 2iGn T 3 1+2G

where G — 2 %Ey; which can be written exactly in the form G = }(H — 1)
2y
with H = —-——-y—-— . Throughout this region the scattering ecross
1l —yecoty

section is small compared to the absorption cross section, and
Qabs R Wext — 62 Re{a‘l + bl}

The two terms will be denoted separately as @(a,) and ¢(b;). Further
reduction gives

Qa,) = -65 [—1 + Re{H}], Q(by) = 6z ReltH2}.

The series expansions in region 1 are

H—3 g2 rd H"l—-l 2 rd L.
__+'W)6+ T3 90 1890
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They give
12z rd ) i
=14+ -— +.--}, b)) — — a3 {1 — 2 ...
o) == ( Tia00 ™ ) Qbr) = 5 7 ( 20 )
The final result for region 1 thus is

122 2
Qabsm ea:t=_+1_577x3+”"
n

Curiously enough region 1 has to be subdivided into two parts (la) and
(16). In la the first term is largest and in 15 the second term is largest.
They have the same order of magnitude near x = 10771,

In region 3 we have, on neglecting terms containing e, the
approximations:

cot y = ¢, H=w+1+--- Hl= —jy1 f g2 4.
which yield
63 6
I — LR 2 s
Q(al) v + (217)1'1227 + H
6x 2 6 6
biy)=—l — )| = ——— — — .
by r ( r) )2 gz
The second value is the higher one. So @,,, is virtually a constant in
region 3.

In region 2 the full expressions may be found from

2¢ 1 (shr —sin7) — ¢(shr 4 sin7r)
H-l1=_ 4 _ .
r2+r chr — cosr

Here, as in the bordering regions 15 and 3 the term (b,) has a larger order
of magnitude than Q(a,). The final formula for region 2 is

N

2 shr—sinr

6
Qaba Ry Qea:t ~ Qb)) = '—:E (— ~ -+ ___....__...___....) ;

r chr —cosr

some numerical values computed from this formula and useful to cover
the range between the approximation formulae already given are

271Q(b,) = 0.0665 0256 0.50 067 071 0.67 056 048
forr= 1 2 3 4 5 6 8 10

We now consider regions 3 to 5, inclusive, where r is very large.
Throughout these regions the scattering by the sphere is virtually the same
as the scattering by a totally reflecting sphere (m = o0). This is shown
e.g., by the main terms in the expansions of @, and b, in region 3:

a1=§5x3+..., bl=—§ix3—i—---.
The transition from relatively large absorption (albedo near 0) to
relatively large scattering efficiency (albedo near 1) occursin region 3. On
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examination of the formulae for this region, absorption and scattering are
found to have the same order of magnitude when z% ~ 1, i.e., near
z = n~1/8, This means that, unless # is extremely large, i.e., of the order
of 108 or so, virtually the whole region 3 is characterized by a relatively
large absorption.

In region 4 further coefficients besides a; and b, gradually become
important. The entire results for the seattering diagram and the
scattering cross section may be taken from sec. 10.62. It would be
interesting to compute Q,,, as a function of x for this region, but this
computation has not been carried out.! By inference from the bordering
regions 3 and 5 we may suppose that @,,, is of the order of n1/2,

Region 5 is the region of large spheres, for which the laws of geometrical
optics hold; the formulae of sec. 14.23 are applicable. The approximations
for the reflected fractions of the intensity of a ray that makes an angle =
with the surface are for any large m:

I s |2 =1—4p(sint)"! +8p2(sin7)~2 -,
|1 [2=1-4psinTt 4 8p® (sin7)* 4+ -+,
where p = Re (m~1). On retaining only the linear terms in p, we obtain
by the formula in sec. 14.23
0 — 3 { 8 8 } _ 16
abs — gp + P = _g'p:

where the two separate terms refer to polarization 1 and 2. This reduces
to the final formula for region 5:

8 [/92\1/2
Qabs = é (1—7) b

The approximations made are not valid near grazing angles of incidence,
but this does not significantly affect the result of the integration.

It may be remarked that, on the plausible approximation sin 7" =1
which is fairly good already for a moderately large |m |, the Fresnel
coefficients become

sintT —m sint — 1fm
"= " Yo = ———
sin T 4+ m sin 7 -+ 1/m

1 A formula is given by Morse and Feshbach, Methods of Theoretical Physics,
part I1, p. 1885, New York, McGraw-Hill Book Co., derived on the assumption that
the tangential component of the magnetic field at the surface, H,, is the same as for
a perfect conductor. The losses (absorption) are proportional to the integral of H,?
over the surface provided that the skin depth is <a. This formula should pre-
sumably be identical to the one which may be obtained by reducing the rigorous solution
under the mere condition that r is very large.
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and theintegration can be performed exactly, giving@,,, = (f; +f,), where

fi=8*g —In(1 + g + }¢)} with ¢ = (2/n)1,
f2 = the same expression with ¢ = (25)V2.

These expressions reduce to those given above if # is very large.

An incidental advantage is that the latter formulae are also useful for
much smaller values of m, as occur, e.g., for the metals at visual wave-
lengths. For an illustration the results computed for m = 1.32 — 1.32;,

1 = 3.50, by means of the ¢ for.
1 mula are

| I | L H5)

m = 200 - 200 f1=0.56; f, =0.79; @,, = 0.67
as compared with the values
Jf1=0.66; f, = 0.76; Q,,, = 0.66,

which were found by numerical
integration of the correct values
for m = 1.27 — 1.37¢. Also J5bst’s
graph for the absorption by gold
spheres suspended in water at
0.45u gives a similar result, @,,, =
0.65, at the corresponding refract-
ive index m = 1.30 — 1.20;
(Table 26).

The results derived in this
section are illustrated and sum-
marized by Table 30 and Fig. 63,
showing the resulting efficiency
Fig. 63. Logarithmic sketch of the extine-  faetors for a particular value of m.
tion curve for spheres with m = 200 We have chosen m — 200 — 2004,

— 200 which corresponds to # = 80,000,
r = 400x.

10 |0g Q —_—

14.5. Analytical Continuation

The discussions in the preceding sections have had the character of
comments on the rigorous Mie solution. Approximate expressions were
derived, but in the event of doubt it was a simple procedure to use the
exact solution. The interesting range of sizes was at small values of z, at
which only a few terms are usually needed.

This is not true for the present section, where values of m of the type
m = 1.5 — in’ (n’ small) are considered. The interesting range of z, in
which the extinction curve shows its set of maxima and minima and the
scattering diagram changes from the Rayleigh pattern to the pattern for
large spheres, is similar for the real value m — 1.5 and ranges from
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2= 0.5tox = 15,say. Itisa major job to work through the computa-
tions of the Bessel functions for complex arguments,? even though the
fact that these arguments are nearly real must introduce a great
simplification.

Fortunately, an elegant method is available, in which the fact that m is
nearly real is used more directly.

Table 30. Efficiency Factors for m = 200 — 200/

x r Qabs Qsca Region
0.000601 0.004 1.5 x 10~* 2.7 x 1020
0.00002 0.008 3.1 x 10™* 4.3 x 10719 la
0.00005 0.02 8.8 % 109 1.7 x 10717
0.0001 0.04 2.6 x 108 2.7 x 10718
0.0002 0.08 1.1 x 1077 4.3 x 1074 1b
0.0005 0.2 1.4 x 10°8 1.7 x 10718
0.001 0.4 1.1 x 10-% 2.7 x 10712
0.002 0.8 1.} x 104 5 x 101 9
0.005 2 1.3 x 103 2 x lo—®
0.01 4 0.007 3.3 x 108
0.02 8 0.011 53 x 1077
0.05 20 0.013 2,1 x 1075 3
0.1 40 0.014 3.3 x 10¢
0.2 80 0.015 0.005
0.5 200 ? 0.22 4
1 400 ? 2.04
2 800 ? 2.21
5 2000 0.013 2.12
10 4000 0.013 2.06 5
20 8000 0.013 2.03

When in mathematical analysis a function F(z) is known precisely for a
range of values of the real argument z, it is often possible to extend this
function into the complex domain. By this is meant that it is possible to
define uniquely a function F(z) of the complex variable z (within a certain
area of the complex domain), which has the property that it is regular in
this area and that it equals the given function on the real axis. This
extension from a real range of variables into a complex domain of variables
is called analytical continuation. The function F(z) will generally be
complex, though it may be real in some places.

This method can be correctly applied if the given function possesses all
derivatives. This is true for all functions that we have encountered in this

3 Johnson, Eldridge, and Terrell (1954) have employed automatic machine
computation (see Table 26).
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book, except those that are written with the symbols Re, Im, or | |, i,
those functions in which the real and imaginary parts of a given function
have been treated separately, This means that we cannot apply the
method (directly) to @,,,, Q,.., @, and that we can apply the method
directly to S(z, 8), S(0), ete.

The function S(m, z, ) is known for real values of m from the preceding
chapters. It isfound by analytical continuation for complex values of m.
We shall discuss only the derivation of the extinction curve. It is based
on the continuation of §(m, z, 0) into the complex domain. The actual
procedure is quite simple; it is necessary to represent this (complex)
function as exactly as possible by an analytical formula. Then this
formula, applied to complex values of m can be trusted to give correct
values for any complex value of m that is close to the real values from
which we started. This book is not the place to discuss further
mathematical subtleties.

If a formula follows already from the theory for real m, this formula may
be used for the analytical continuation. This has, in faet, been done with
the series expansion for small x (derived in sec. 10.3, extended in see. 14.21)
and in a more striking form with the formula for m close to 1 (derived in
sec. 11.21, extended in sec. 11.23).

However, the method is more of a real help if the given values for real
mare not found from a simple formula but have been computed numerically.
The choice of approximation formula is then free; a series of powers, of
sines and cosines, of exponential functions, etc., might be chosen,
Horenstein, who worked out a method for the computations of Lowan’s
tables, has chosen to use power series.

The funetion @,,, (in his notation K) is completed by an imaginary part
L in order to form an analytical function, which is (2/22)8(0) in our
notation. Both K and L are computed numerically for fixed value of z and
for the real values

m = 1.44, 1.45, 1.46, - - -, 1.55.

A Taylor expansion of both functions is then made in terms of powers of
t=m — 1.50. It is then possible to replace ¢ by ¢ — in’, so that
m = 1.50 4+t — in’.

By taking again the real part of the function thus found he obtains the
@eq; for this value of m and the same, fixed value of z. For example, the
result for x — 3 is

Qe = (3.4180 -- 6.8978t — 25.68(2 1 §.2¢3 L 396¢4)

+(5.7433 — 15.720¢ -+ 312.9¢2)n’
+(25.68 — 24.6¢ — 23.7612)n2
—104.3n'3 4 386n/4,
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For very small »” only the term in the first power of »’ is important. The
results for m = 1.50 — ¢n’ are given in Table 31. This table shows the
same trend as that shown in Fig. 33 (sec. 11.23) and in Fig. 56: the maxima
are decreased and the minima increased. A similar method applied to
cylinders is described in sec. 15.52.

Table 31. Extinction by Spheres with m = 1.50 — in’ (#" small)
x Qea:t & Qemt
0.5 0.0146 4+ 1.13n’ 3.2  3.532 — 4.26n°
0.6 0.0302 + 1.42n’ 3.6 4.185 — 12.10n’
1.0 0.215 + 2.75n’ 4.0 4.052 — 8.28»°
1.2 0.395 + 3.35n7 4.5 4.202 — 13.56n’
1.5 0.753 + 4.26n' 4.8 3.819 — 7.14n’

1.8 1.349 4 3.78n’ 5,0 3.928 — 1141n’
2.0 1.798 + 1.42n’ 55 3.182 — 2.57Tn’
2.4 2.338 + 1.42n’ 6.0 2,904 — 2.49n’
2.5 2.540 + 1.11w’ 6.5 2,368 + 3.98n"
3.0 3.418 4 5.74n’ 7.0 1.848 4+ 11.75n’
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15. CIRCULAR CYLINDERS

15.1. Rigorous Solution of Maxwell’s Equations

Infinitely long circular cylinders of a homogeneous material exposed to
o plane wave of radiation present a somewhat similar scattering problem
a8 homogeneous spheres. The problem is quite comparable to the
Mie problem (chap. 9) if the incident light travels perpendigularly to

(Case I) (Case II)

Fig. 64. Coordinates and orientetion of the vectors used in the cylinder
problem. In subsequent sections we have a = 0.

the cylinder axis. This case will be solved in detail (secs. 15.12, 15.13,
and 15.23). Oblique incidence gives rise to more complicated formulae,
as will be shown first (sec. 15.11).

15.11. Oblique Incidence

The coordinates to be used are illustrated in Fig. 64. The z-axis
is along the axis of the cylinder, the x-axis in the plane containing the
z-axis and the direction of incidence, and the y-axis perpendicular to
this plane. The coordinates r and 6 are defined by

x == r cos B, y =rsin 0.

The Maxwell equations have the form la and 2a of sec. 9.12. Again

we shall express E and H by means of equation 10 (sec. 9.21) in terms

of the four vectors M, N, M,, N, derived from two solutions, % and v,

of the scalar wave equation. These vectors obey the same relations
207
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(8) and (9) (sec. 9.21), but their derivation from the functions % and v
is different. The definition to be used here and replacing equation 7
of sec. 9.21 is

M, = curl (a,y),

where a, is the unit vector in the z-direction and p is either w or v. The
proof that M and N have the same properties as in sec. 9.21 is omitted.
The elementary solutions of the scalar wave equation in a homogeneous
medium with refractive index m in cylindrical coordinates have the
form
v, = einﬂzn [T,\/(m2k2 — h?)] e—z‘hz+iwt,

where k is arbitrary, » is an integer, and Z, is any Bessel function of
order n. The components of the vectors M and N for an elementary
solution of this form are

m oy
M =— — EN — —p -1,
, —Y.  mkN, th =,
oy nh
M,=0, mkN , = (mk? — h?) p.

A plane wave traveling in vacuum in the direction indicated by Fig.
64 is represented by the scalar wave function

Po = eiwt—ik(xcoszx-{»z sin or}
which by substitution of % = ksin «, [ = % cos o, obtains the form
y
Wo == eiwl—ila:_ihz.

The corresponding vectors M and N are derived most easily from the
curl equations in rectangular coordinates. We find:

M, =0, EN, = —Hhlp,,
M, =il p,, kN, =0,
M, =0, kN, =12 y,.

This solution may be used to construct a plane electromagnetic wave
traveling in the same direction. We shall consider two simple cases
separately. (An arbitrary elliptically polarized wave may be formed
by linear superposition of these two solutions with complex coefficients.)

Case I: We choose u = y,, v = 0. Direct substitution of M, and N,

in the equations gives
E, = —sinq, E, = cos «a, H = —1,

with the omission of a common factor ilu.
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Case 1I: We choose v =0, v =y,. Then

H, = —sin a, H, = cos a, E, =1,

with the omission of & common factor ilv.

The directions of the vectors in each case are shown in Fig. 64.

Before this representation of the incident wave can be utilized for
solving the scattering problem, w, has to be expanded in a series of
elementary wave functions. By means of the identity

[+ o]
e—-ﬂx — e—ilrcosﬂ — Z (—‘b)" Jﬂ(lr) einﬁ’
fi=— o

we find

oo
WYo = eiwt—ihz z (—i)"‘J,,(lr)e""",
n=— o

which has the required form, becausel =4/(k®* — A?) and m = 1 in vacuum.

The solution has to be completed by assuming similar expansions
with undetermined coefficients for the outside scattered wave and for
the inside wave. Though we have restricted the incident wave by the
assumption ¥ =0 (case I) or # =0 (case II) it appears necessary to
introduce » and v for the scattered wave and internal wave. So four
sets of undetermined coefficients are needed both in case I and in case II.

The boundary conditions require that % is the same for all waves;
the radial functions are

H,® [r/(k® — #?)]
for the scattered wave, and

T, Iry/ (mek? — B)]
for the internal wave.

The boundary conditions (equations 1b and 2b, sec. 9.13) require that
the tangential components of E and H are continuous at the surface
r =a. These components contain the following expressions in each
elementary wave of % and v:

ov  ink
Eo) 5t ke ™
m2k® — h%)u
@y T
m
Oou inh
(HB) m-a_’l' - —"; v,

(H,:) (m2k2 — k2.
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The boundary conditions for « and v are, therefore, that these four
expressions shall be equal at r = « inside and outside the surface. This
gives four linear equations connecting the four undetermined coefficients
in case I and four other equations connecting the four other coefficients
in case II. Either set of four equations may be solved and gives the
complete solution of the problem, for the fields are then known at any
point in space.

It is important to note that the four equations in either case cannot
be separated into two groups of two independent equations as they
could be for spheres (sec. 9.22). The expressions of the coefficients
are, therefore, more cumbersome. This problem has been pursued further
by Wellmann (1937) and Wait {1955).

15.12. Perpendicular Incidence

Perpendicular incidence means that in the preceding equations o = 0,
sol=Fkand h=0. A glance at the boundary conditions given above
shows that now the functions » and » are no longer mixed. So the
assumption that v =0 for the incident wave (case I) entails that it is
0 also for the scattered wave and internal wave. Likewise, # =0 in
case II for all waves. Writing

Fn — ein6+iwt(_1)n,
and combining at once the incident and scattered waves in one formula,

we have
Case I, v=0. (B //axis)

oo

(r>a) u=— Z F {7 (kr) — b H ()},

= — 00 Ay

(r<a) w= Z F.d, J (mks),

f= — 0
ou )
(r=0a) muandm > continuous.
T

Case II, v = 0. (H/|axis)

o

(r>a) v= > F (k) — a, Hn}

n=—w

(r<<a) v= z F ¢, Jd (mkr),

= — 00

ov
(r=a) m? and > continuous.
y
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The undetermined coefficients b,, d,, a,, and ¢, have been denoted
in this order for later comparison with the scattering by spherical particles.
The function H (kr) denotes here and in all further formulae the second
Hankel function

H'Szz}(z) = Jn(z) o ian(z)

Solutions for the coefficients are easy and give
_ ) a(@) — July) Jo(z)
" md () H (x) —J () H (x)
o Ty (@) — mI () Tu@)
" JywH (&) — md  (y)H,(x)

Case I':

Case I1:

where primes denote derivatives and x = ka, y = mka. We can easily
check that
and a

so that actual computations involve only the coefficients with =0,
1,2,3,:--.

15.13. The Fields at Infinity

The coefiicients are now known, so we proceed to find the fields at
large distances by means of the asymptotic expression:

/
H (kr) ~ (%)1 ’ g —ikr+i2n+1)nid_
mkr

Let us take case I as an example. The incident wave was defined by

u — g—kz+iot
The scattered wave is found to follow from a function = which for
kr>>1 has the form:

2 \1/2
w — (____) e—ilcr+iwt—i3wl4 Tl(ﬁ)’
wkr

where

T,(0) = Z b =by + 2 z b,, cos .
=1

n=-—o

T,(6) has a meaning similar to the amplitude function S(#) in the case
of finite particles. By reference to the definitions we find that B, (the
electric-field component parallel to the axis) is proportional to » every-
where. So the intensity is proportional to |u[2 If I, denotes the
intensity (watt/m?) of the incident light and I the intensity (watt/m?2)
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of light scattered in the direction 0 at a large distance » from the cylinder
axis, then

2
I=— |TyO) 1,

Since (for infinite cylinders) the scattered light diverges only in one
direction, I decreases as 1/r, not as 1/r2,

In case IT the magnetic field is parallel to the cylinder axis and pro-
portional to v. The formulae are identical except for the 7-factor,

which is here:
€0

To(0) = Z @™ =a, + 2 Z a,, cos nf.
n=1

n=—0

15.2. Cross Sections and Efficiency Factors

Infinitely long cylinders are not included in the general scheme of
chap. 4. They do not give rise to an outgoing spherical wave at large
distances, so we cannot define the scattering functions 8, , ,,(0),
nor use the general formula for extinction, derived in sec. 4.2.

The remedy may be found in two ways. In sec. 15.21 we give an
equally general definition of two funections 7';(0) and 7',(0) appropriate
to infinitely long cylinders of arbitrary shape and size, and in sec. 15.22
we discuss cylinders that are still very long, but not infinitely long, so
that the definitions of chap. 4 are applicable. We shall see that both
approaches give the same efficiency factors.

15.21. General Expressions for Infinitely Long Cylinders

It is instructive to drop for a while the assumption that the cylinders
are circular and homogeneous. This section refers to cylinders in the
more general sense. The coordinate system is the same as that used
above. The cross section may have an arbitrary form, and the values of
m in the z-y plane may be arbitrary but must be independent of z. This
includes circular cylinders, elliptical cylinders, tubes, strips, rods, ete.
The intention is to derive for such cylinders a theorem analogous to the
“general extinction theorem” for finite particles in sec. 4.21.

The amplitude of the incident wave may be written

Uy = e—ik:c—l—imt‘
We need not specify whether u, is the z-component of an electromagnetic
wave or the amplitude of a scalar wave. We postulate that the amplitude

of the scattered wave for large r is

( 2\ 6 3mifd —ikr+iwt
— = T . g —3mij4 —ikr+iwt
“ wkr) (0)-e
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The dependence on r is such as corresponds with any outgoing cylindrical
wave, T'(6) gives the dependence on 0, and the constant factors have been
added for reasons that will become apparent. Integrating the scattered
intensity (compare sec. 15.13),

I = 2 T(0) 31
_77770]()! 0

over all angles § and over a length [ in the z-direction we find the total
energy scattered per unit time by a length 7 of the cylinder. This amount
may be written by definition

Here c,,, is the cross section for scattering per unit length. It may
also be called the effective width, for the total amount of scattered
light equals the amount incident on a strip with width c,,,. Performing
the integration we obtain

9 27

C —
&ca 7TIC 0

| 7(6)]2 d9.

The effective width for extinction, c,,, may be defined in a similar
way, but its derivation requires a reasoning analogous to that of secs.
421 or 441. We use the line of reasoning expounded in sec. 4.21, to
which we refer the reader for details. The combined amplitude of
incident and scattered wave for very small § and large r is

2 \1/2 s
Uy + U = u, {1 -+ (:ﬁc;) T(0) ¢ —3mild—iky "2’}

and the combined intensity is
2 ( 8 )”2 Swri/d —iky?2
g + |2 =1 — |  Re {T(0) e~ sm/a—whv2ny
wotuf =1+ (=] Re{T() )
This intensity is integrated over a rectangular objective with side a
in the z-direction and side b in the y-direction. The integration over
z gives a factor a; the integration over y gives an expression containing

a Fresnel integral (sec. 3.12). Some simplifications result, and the
total intensity received by the objective is found to be

alb — ¢,,,),
where

4
Copt = p Re {T'(0)}.

This is the effective extinction width of an arbitrary cylinder of infinite
length.
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The simplest application, analogous to sec. 8.22, is found for cylinders
whose geometrical width (shadow width), g,is>> 1.  Ordinary diffraction
theory gives

from which ¢, =2¢g, so that the extinction paradox is confirmed.

15.22. Cylinders of Finite Length
We shall now consider a cylinder which has a large but finite length.
It does not matter very much whether the ends are straight or round.
The direction of propagation of the incident radiation is still supposed to
be perpendicular to the axis. Such a cylinder is a finite body, so the

A

Fig. 85. Determination of the amplitude at infinity of the spherical
wave scattered by a very long but finite cylinder.

definitions and theorems of chap. 4 must be applicable. For treating
the scattering and extinction by such long needles or strips it is necessary
to link up the theory of finite particles [with S(g, 6) as the amplitude
function] with the theory for infinitely long cylinders [with 7T'() as the
amplitude function]. For convenience we discuss at once the field in
and close to the forward direction, ie., the direction of propagation of
the incident light. Let I be the length of the cylinder and a a constant
of the order of its width, if the width is larger than A, or of the order of A
if the width is smaller. Then the waves have a different behaviour in
three different zones (Fig. 65).

Zone I: r<€a*A. In this zone the wave motion is complicated.
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Wide particles have a shadow, and narrow ones an induction field in this
zZone.

Zone 2: a?[ALrLI2fA. In this zone the scattered wave has the
character of a cylindrical wave, except near the ends. So the formulae
of sec. 15.2]1 containing 7' are applicable. This follows from the physical
consideration that the part of the cylinder that effectively influences
the field at at point in this zone will have a length of the order 4/74,
which is much smaller than I. So, if the z.coordinate of this point
is well within the range (—4{, 4I) occupied by the cylinder, the field
does not differ greatly from that caused by a cylinder of infinite length.
If the z-coordinate is well beyond this range the field is undisturbed.

Zone 3: r> [I2[A. In this zone the scattered wave behaves like
a spherical wave, so the formulae of chap. 4, containing S, are applicable,
We can derive § from T in the following manner. Let r, lie in the
second zone, The amplitude in a point P’ with coordinates 2z’ =r,,
y', 2 is

Up = (_2_)1I2 T(O) g —3mil4—ikry—iky'3[2r;

P wkry ’
if —3l <2’ <}l and 0 if 2’ is outside this region (see hatched area in
Fig. 65). Let P be a point in the third zone with coordinates x —
rcos @,y =0, z = r sin @, where @ is a small angle. We apply Huygens’

principle (sec. 3.12):
ke A
uP - éL ff uPr etkpdz’dy’,

mr
where p is the distance PP’. With legitimate approximations we have
p=r—r; — 2 sing;
it has already been replaced by r in the factor in front of the integrals.
Integration over 3’ gives a complete Fresnel integral (sec. 3.12):

® 2mr\V2
—iky32ry g, — ( 1) —infd
J cw’ Y ) °
Integration over z’ gives an integral of the standard type
L 2 klg
e*¥Pdy — — sin klp =1+ K (_-) ,
f -3 ky L 2

where E(u) = (sin u)/u is one of the functions tabulated in sec. 7.4.
Altogether:

This is indeed the amplitude of a spherical wave, for it decreases as 1/r.
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The derivation for § £ 0 is exactly the same; only 7'(0) has to be
replaced by 7'(0). The extension to electromagnetic waves, i.e., waves
with polarization, is simply made by adding an index 1 or2 to 7'(9),
corresponding to case I and case IL.

The amplitude function 8(0, ¢), defined for arbitrary particles and
scalar waves in sec. 4.1, is thus found to be

kl kl
&aw=;E(§)ﬂw

with an index 1 or 2 it holds for electromagnetic waves (sec. 4.41; the
cross-polarization terms are virtually zero).

It may be noted that § and ¢ do not have the usual meaning; in this
formula 6 represents geographic longitude and ¢ geographic latitude,
if the cylinder axis is the polar axis and the z-y plane the equatorial
plane. Scattering is mainly confined to a narrow belt around the equator.
Scattering at high latitudes, e.g., in the positive and negative z-direction,
depends on the form of the ends of the cylinder and contributes little
to the total amount.

The cross section for extinction of the cylinder is found from the
theorem in sec. 4.21 (scalar waves) or sec. 4.41 (electromagnetic waves).
For 6§ =0, ¢ =0 we have

80) == 7(0)
w
8O

ex

4l
O = 7 Re {T(0)} = logy.

This formally confirms the obvious relation that the cross section of a
cylinder of length ! is / times its effective width. The essential assumption
made is that zone 2 exists, i.e., I>>a. In words: the length should be
much longer than the width and also much longer than the wavelength.
A similar result is easily derived for the scattering cross section.

15.23. Resulting Formulae for Circular Cylinders

We now return to circular cylinders with radius a. Dividing C,,
by the geometric cross section 2al, or ¢, by the geometric width
2a we obtain in either case the efficiency factor

2
Qezt = ; Re {T(O)} ’
where x = ka and, likewise,

1 27
Qpes = — IT(G)I2 dg.
7T JO
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Upon substitution of 7'y(6) and 7,(6), which specify the P-function for
electromagnetic waves (sec. 15.13), these forms reduce tol

2 < 2 S
Case I': Qext =;: Z Re bn: Qsca=;: Z ‘bﬂla’
n=—ow n=—o
2 & 2 <
Case I11: Qezt :; Z Re Qs Qsca ZE Z la'ﬂ| ?
n=—o0 n=—cw

analogous to sec. 9.32.

For computing these series it is sometimes useful to define the phase
angles §, and «, by

n?’Jn’(y)Jn(x) - J-n(y)Jn’(x) ,

— J'n’(y)']'n(x) — mJn(y)Jn'(x) .
" Jnl(y)Nn(x) - mJn(y)Nn’(x)
Then, identically with the formulae for spheres (sec. 10.21),

tan ﬁ,n =

tan «

tan 3, tan o,
n —_'_'—————-:’ an_—_—.-—-._.....__-
tan 8, — ¢ tan oo, — 1

Exclusively if m is real, §, and «,, are real and

Re b, = [b,[* = sin® B, = }(1 — cos 28,),

Rea, = |a,/*=sin®a, = }(1 — cos 2a,),
so that
1 [+2]
Case I: Qust = Qpop = — Z (1 — cos 28,),
msiri=—on
1 w
Case I1I: Qut = Qoo = - Z (1 — cos 2a,).
@
n=—ow

15.3. Some Numerical Results for Real
15.31. Phase Angles and Nodes

The computations leading from the analytical solution to numerical
results are still lengthy. They have so many details in common with
the computations for spheres treated in the preceding chapters that no
extensive comments are needed. In one respect the present problem is

! The indices 1 and 2 (referring to cases I and II, respectively) will be written
with the efficiency factors only where danger of confusion exists.
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even simpler: the angles 8, and a, refer to different physical problems
(case I and case II) and need not appear together in the final formulae,
Yet it is wise to make the computation for the two cases alongside each
other.

0 1 2 3 4 5 6

180°-

150*

120°

%.

mﬂ

300

Fig. 66. Phase angles for scattering by cylinders with m = 1.50.
Squares denote nodes of the first kind, circles, nodes of the second kind.

An example of the phase angles as functions of # is given in Fig. 66
for m = 1.50. They might have been computed directly from tables
of the Bessel functions and their derivatives, but the labour was con-
siderably reduced by using the tables of Lowan, Morse, Feshbach, and
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Lax (LMFL). The formulae are very similar to those derived for spherical
particles (sec. 10.4). In the section of the tables that refers to circular
cylinders five angles are tabulated. We adopt the notation y,, &,
and 4, without change but add an asterisk to a, and 8, in order to
distinguish them from the phase angles. The definitions are

tan o, *(z) = — xj"(:(:)“) , tan §,%(z) = — mj\\:"(g) ,
tan 4, (x) = — l\JTn((:::)) » tand,’(x) = — 2{["’,((2)) )

tan y,(x) = tan d,(x) cos f,*(x) sec a *(x) .

The tangents of the phase angles, tan §, and tan «,, can both be
written in the form (omitting the common index n and argument z):

_t&natancp—tana* o tan s?n(a* — 99)’
tan ¢ — tan g* sin (f* — @)

where substitution of ¢, (r) = «,*(mz) gives tan B, (case I) and of

tan @, () = (1/m?) tan o, *(mz) gives tan « (case II).

In this way the formulae have been made suitable for logarithmic
computation. The computation was made for thirteen values of = up
to x = 6.4, including for each x the values of » until the angles fell below
2°.  As a second step and to ensure better interpolation the nodes were

computed. The nodes, defined by «, = §,, are of two kinds (analogous
to sec. 10.22).

Node of the first kind: If 8, (mx) = km, then
%pn :ﬁn :ﬁ'n—l zﬂn + 1 = km — 67&(‘”):
_C_z_ﬁ_'t_z =0 dﬁfn—l :% — dﬂn+1 .
dx ’ dx dx dx
Node of second kind: 1If §,'(mx) = kmr, then
o, =f, =kr — 4,/ (z).
The properties of the nodes of the first kind were conjectured from
analogy with the spherical problem. They were confirmed by the
plotted angles and also rigorously proved from recursion formulae of
the Bessel functions. A further property,
oy = fy,
is seen in the figure and can easily be shown to be correct for all z and m,
including complex values. In Fig. 66 the nodes of the first kind are

shown as squares and the nodes of the second kind as ecircles. The
values of mz — y for which these nodes occur are the same for all values
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of m, for they are the zeros of J,(y) and J,’(y), respectively. Table 32
may be convenient for reference.

Table 32. Positions of the Nodes for Circular Cylinders

n= 0 1 2 3 4 5 6 7
Oa.y) = 180° 2.405 3.832 5,136 6.380 7.588 8.771 9.94
d.ly) = 380° 5.520 7.016 8.417 9.761 11.065 12.338
O.ly) = 540° 8.654 10.173 11.620 13.015 14.373 15.700
Only) = 720°  11.792 13.324 14.796 16.223 17.8616 18.980
Ou(y) = 900°  14.931 16.471 16.960 10.409 20.827 22.218
On(y) = 1080°  18.071 19.618 Roots of J,(y) = 0
&= 0 0 1.841  8.054 4.201 5.317 6.42 7.50 8.58
d./(y) = 180° 3.832 5331 6706 8.015 9.282 10.51
0. (¥ = 380° 7.016 8.526 9.970 11.346 12,682
8,(y) = 540°  10.173 11,706 13.171 14.586 15.964
0, (y) = 720° 13.324 14.864 16.348 17.780 19.196
d,{y) = 900°  16.47L
Sa'(y) = 1080°  19.616 Rootsof J,/(y) = 0

In view of a further check and as a preparation of the investigation
reported in sec. 15.52, it was thought advisable also to find the expressions
of the derivatives of the phase angles in the nodes. A lengthy com.
putation which cannot be reproduced gives the following results. Given
are, respectively, the derivative with respect to x at fixed m and the
derivative with respect to m at fixed .

Nodes of first kind:
8.,
da, m?—1
ox
Nodes of second Eind:
of, m?—1
ox v

Here

1

T

Ou, (m2—1)n2

-é—x-—=

Vmiz®

0B, =
om = m \
dx, mx
om T
08, xm( nz)
om VN mEE)’
da, ( n? )
m mV\ mi?
@} = = |H @),
T,
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The function 7' may be taken directly from the tables computed by Lax
and Feshbach (1948).

Numerical example: m — 1.25.

A node of the first kind occurs at n = 3,2 = 5.10. Here oy = f; = 63°;
T =1.024,

853 . aﬁS . o
2=, =339 (104°),
P _ o472y, 2530 (304°).
oz om

A node of the second kind occurs at n =6, x =6.0. Here oy =
Be = 27° V = 0.625,

?l—gﬁ = 0.90 (52°), %% = 4.32 (248),

ox
?EE = 0.58 (33°), gfﬁ = 2.77 (159°).
ox om

Table 33 presents an example of the final stage of the computation.
The efficiency factors @ are computed separately for case I and case II,
using the angles of Fig. 66 and the formulae at the end of sec. 15.23.

Table 33. Example of Computation of Extinction (m = 1.5, x = 2.4)

0 2ot 28, l-cos 2a,, l-cos 28,

0 122.4° 141.0° 0.768% 0.889*

1 141.0° 119.4° 1.777 1.491

2 116.0° 71.6° 1.438 0.684

3 12.0° 22.4° 0.023 0.075

4 0.8° 2.8° 0.000 0.001
Sum: 4.006 3.140

(Divided by 4z) Q, = 3.338 @, = 2.617

* Factor } added for n = 0.

The result is shown in Fig. 67, together with the @ curves obtained in a
similar way for m = 1.25. It is seen that the curves show the same
general behavior as was found for spheres (Fig. 32 in sec. 11.22). The
difference between @, and ¢, is comparatively small and is smaller for
the smaller value of m. The similarity of the @-curves has been brought
out by plotting them on different scales of z in such a way that they
have the scale of p = 2(m — 1)x in common.
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15.32. Refractive Index Near 1

The limiting form of the curve for m — 1 is also shown in Fig. 67.

Q@
la
m=1+¢
u 13
/
a -
| | 1 | 1 s |

05 1 2 3 ] 5 6 7 0

p—> N

Fig. 67. Extinction curves of very long cylinders for case I (E /[ axis)
and case IT (H /[ axis) computed for three different values of the refrac-
tive index.

A very simple modification of the derivation for spheres given in sec.
41.21 gives for cases I and II alike

nf2
Q{p) =2 Re [ (1 — e~%°%7¥) cog vy dy
[ 0

2
=2 f {1 — cos (p cos y)} cos y dy.
0

By a partial integration this reduces to
wf2
Qp) = 2pf sin (p cos y) sin? y dy,

0
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which is 7 times the integral defining the first-order Struve function,
so that

Q(p) = 7F(p).

This function was taken directly from the tables of Jahnke-Emde and
plotted as the bottom curve in Fig. 67. For large values of p the
identical expression 2 + 7();(p) was used; ,(p) is also found in Jahnke-
Emde. In the limit of p — o0 we find @ = 2 as it should be. For very
small p the result reduces to

2
2 2
Qp) 3 P>
4
T T | i
Q,(E |} axis)
3L _
2
Q,(E 1 axis)
1 _
] | | |
00 1 2 3 4 5

Fig. 68. Extinction curves of very long, totally reflecting cylinders
for the two states of linear polarization of the incident light.

a result found also in sec. 7.32. It is the formula for the intermediate
case in the sense of sec. 11.1.

15.33. Totally Reflecting Cylinders
The assumption m = o0 (total reflection) leads, as for spheres (sec.
10.62), to some simplification. The phase angles are
&y, = —6,,.;(27), ﬂn = —6,,,(-’17),
Both of which may be taken directly from the LMFL tables. Table 34
shows the numerical results for some values of 2. For later use, the

extinction factor @ has been completed by the imaginary part, denoted
by P, of the function from which it was derived (sec. 15.23):

2 2
Q+iPy=-Ty0), Qo+ iPy=> Ty0).
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The real parts have been plotted against x in Fig. 68. A graph of the
function in the complex domain is found in Fig. 80 (sec. 17.24). Unlike
the extinction curves we have met so far, the value of ¢,(x) does not
start from 0 for z = 0 but from co. This is confirmed by a series expan-
sion for small x.

Table 34. Values of Q + iP for Cylinders with m = «©

z Case 1 Case II

(E [| axis) (H|| axis)
0.2 4.572 — 5.574¢ 0.029 + 0.332¢
0.4 3.696 — 3.347: 0.206 + 0.656¢
0.6 3.319 — 2,528: 0.533 + 0.885:
0.8 3.101 — 2.060: 0.834 + 0.880:
1.0 2.957 — 1.761: 1.000 + 0.787:
1.5 2.740 — 1.3402 1.200 + 0.728¢
2.0 2.621 — 1.101¢ 1.359 + 0.650¢
2.5 2.530 — 0.950: 1.447 + 0.599;
3.0 2.471 — 0.836¢ 1.517 + 0.545¢
4.5 2.361 — 0.637¢ 1.639 + 0.449¢
5.0 2.337 — 0.594: 1.665 + 0.424%
9.5 2.221 — 0.386¢ 1.789 + 0.296%
10.0 2.213 — 0.373: 1.797 + 0.2887

In case I the dominant coefficient is the one containing §,. The
rigorous expression is

tan g, == =/2[, )

where | =y 4 In (x/2) and y = 0.5771 is Euler’s constant. The ex-
pression resulting if only this term would count is

asirc=2h e s (4

its real part gives the correct extinction within 5 per cent for z < 0.4.
In case II the dominant terms @, and @, have equal but opposite
phase angles for small z, given by

—oy = ot; = ma?/4,
from which
3r2? mx

8+2

Q2+iP2=
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The interesting problem of deriving these results at once by a reasoning
similar to sec. 10.61 for spheres has not been investigated.

The numerical values for large x may be represented by the empirical
formulae

Q, + iP; =2 + (1.00 — 1.7833)2—2/3,
Qs + 1Py =2 — (0.86 — 1.49i)2~2/3 — (0.36 4- 0.73()2—453,

These expressions were found on the assumption that the difference
with the asymptotical value @ =2, P =0, would be proportional to
2723, The coefficients were read from graphs in which 22/® times the
difference with 2 was plotted against x—23. The expressions may be
expected to give nearly correct values for any « > 3. A fuller discussion
of the asymptotic behavior is found in secs. 17.21 to 17.24.

15.34. Scattering Diagrams

When the phase angles have been computed, either for finite m or for
m = 00, the complete scattering diagrams can be found with little
additional work from 7',(f) and 7T,(0) defined in sec. 15.13. The same
holds true for the efficiency factor for radiation pressure. The results
are very similar to those for spheres. Some sample diagrams, computed
by Rayleigh in 1918, are presented in Fig. 25 (sec. 10.4).

15.4. Very Thin Cylinders
15.41. Dielectric Needles

If £<€1 in the preceding formulae, we have to do with needles that
have diameters <€ 1. For such thin needles expansions in terms of
powers of x similar to those given for spheres in sec. 10.31 (non-absorbing)
and in sec. 14.21 (absorbing) are appropriate. Figure 66 (sec.15.31)
shows that for small x the phase angles f, and «, are predominant,
followed by a4 and f,, which are equal, and still later by the phase angles
with n = 2, 3, etec.

This is confirmed by series expansion. Expanding the formulae by
which a, and §, are defined (sec. 15.23) we find

e
ﬁo:T(mz_l)—F“',
_ﬂx2m2—1+
oc1—-_2—777,2—l—1 ’
mxt
og =P =—=(m? —1) +
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The general formulae for the extinction factors are

Case I': le%(sinzﬁo—{-Qsinzﬁl—]—---),
x

2
Case II: Qe = - (sin? oty + 2sin oty -+ - -+ ).
x
The dominant terms are those containing 8, and oy, respectively. So
we have in the limit for very thin needles
2

Q=T m— 1P,

w2 (m? —1)2

Qz'—_

4 (mr 1
with the ratio
Q _ (m2 4 1p
Q@ 2

For instance,
Form =1.25: @, = 0.3923, @, = 0.11923%, Q,/Q, = 3.28;
Form =1.50: @, =1.9323, @, =0.3642%, @,/Q, = 5.30.

These formulae are useful if both 2 and ma are smaller than 0.4. Beyond
this value terms of the order of 24 in 8, and «; (not given), as well as the
terms containing «, and §,, have to be taken into account.

For m — 1 the values of @, and @, do not become equal, as. might
be surmised, but their ratio goes to 2. This paradoxical result is ex-
plained automatically if we try to understand why it is that the term
with n = 0 dominates in case I and the term with #» = 1 (more precisely
n = -4 1) in case II,

The clue is the formula for Rayleigh scattering by non-spherical
particles. From sec. 6.32 we find for a very long circular cylinder the
following values of the depolarization factor (L) and the polarizability «.

Case I (electric field || axis):

4o
L =0, — = m? — 1.
SO v m

Case II (electric field | axis):
dma 2Am? — 1)

L=bso g =50t
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The condition that the cylinder is placed in an effectively homo-
geneous field is fulfilled in the present section by virtue of the assumptions
that the direction of incidence is perpendicular to the axis and that the
radius is small. However, the other assumptions needed for Rayleigh
scattering, namely, that all dimensions are <4, is not fulfilled, for the
formulae derived in the previous sections hold for cylinders that are
very long compared to the wavelength.

Let us consider a section of the total cylinder that is much longer
than the radius, yet shorter than . This section gives Rayleigh scattering
governed by the formulae quoted above. The total cylinder is made
up of many such sections, the scattered light of which interferes. This
interference reduces the scattered intensity by a very large factor except
for directions that are very closely perpendicular to the axis of the cylinder.
The interference cuts, so to say, a two-dimensional slice out of the three-
dimensional pattern of Rayleigh scattering. This slice is parallel to
the z-y plane (Fig. 64), and any direction in this slice is characterized
by one angle, 8, only. Here the difference between case I and case II
appears. In case I the radiating dipole is parallel to the axis, so the
z-y plane is perpendicular to the dipole. This means that the scattering
is constant in all directions in the plane. The scattering function is
isotropic (in this plane), and this is why the term with » = 0 is the
dominant one. In case Il the radiating dipole is in the z-y plane. The
radiation in the z-y plane now has its full strength in the directions
perpendicular to the dipole (0 = 0° and 180°) but is zero in the direction
of the dipole (0 =90°). The scattered intensity in any direction is
proportional to cos? §. The fact that the amplitude contains a factor
cos O is brought out in the rigorous formulae by the fact that the term
with n = 1 is the dominant term.

Now let us make m very close to 1. The two values of the polarizability
then are equal, as they should be according to sec. 6.22. However,
the slice cut from the Rayleigh scattering pattern is more favorable
in case I than in case II. The difference is a factor cos? 6, the average
value of which over all angles from 0° to 180° is 4. This is just the
factor ¢,/@, for which an explanation was sought.

Further useful formulae for the limiting case of m close to 1 are found
in sec. 7.32, which describes the Rayleigh-Gans scattering by cylinders
of arbitrary length and width and arbitrary orientation.

15.42. Absorbing Particles

We return to our original problem: very long, very thin eylinders and
perpendicular incidence. We now ask for the values of ), and ¢, in the
event that these cylinders are absorbing (metallic). Straight application
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of the formulae of secs. 15.23 and 15.41 gives, if we retain only the
dominant terms:

2 2 . 2 mr
Case I: Qm_—_;‘;Reb0 =;Re (18y) = —»;Im(ﬁo) = — ?Im (m® — 1)

and, likewise,

2 4 4
CaseIl: Q,, = - Re (@, +a_,) = - Re (aq)= — " Im (o)

(1)
= —rx Im .
m? + 1

It is curious to compare with the dielectric case (sec. 15.41) and to note
that a factor 2 has come in, so that in the limit for m — 1 the values
of @,, for both cases are now equal. This can be easily understood
from the physics of the problem, The extinction is now due to absorption
in the cylinder, and interference effects are irrelevant. It does not
matter whether the cylinder is long or short or comparable with 1. In
fact, the formulae are identical with those for eylinders which have all
dimensions <€ A, as may be verified from secs. 6.13 and 6.32.

15.5. Some Results for Complex m
15.51. Extinction Curves for m = /2 (1 — i)

The lack of tables of the Bessel functions for complex argument makes
it a laborious process to compute the extinction by absorbing cylinders
as well as by absorbing spheres. If any extensive work were planned
it might be worth while to develop series expansions as Schalén has done
for spheres (sec. 14.21). Instead, we just wished to have one represen-
tative example. The refractive index m = 4/2(1 — i) was chosen,
because it makes the series expansions of

S ()"
J (y) = —1yr 2=
W)= 2 1 T
particularly simple as ({y)? = (dmx)2 = —i22. This value of m is

close to the actual values that hold, e.g., for iron particles in air. More-
over, for this value of m we have

I (y) = J (mz) = (—1)"{ber,,(2x) + i bei,(2x)},

where ber, (z) and bei,(z) are functions tabulated for use in some engineer-
ing problems.
It was decided to make the computations for

x=02,04, 0.6, 0.8, 1.0, 14, 2.0, 3.0, and 4.0.
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The first step was to tabulate the Bessel functions that were needed up

ton =T7. They were obtained from the following sources (for references,
see end of chapter):

J () and J,'(z), N ,(x) and N, '(z) from Watson.
ber,, and bei, for » = 0 to 5 and integer values of x from McLachlan.
ber,, and bei, for » = 0 and all values of z from Jahnke-Emde.

Ji(y) for » %0 and non-integer values of z from series expansion.

J{y) for n = 6 and 7 by the relation

2
T ialy) = ;"’Jl(y) — T, _1y).

J, () in all cases by the relations

J —J
7o) =722 Ty — )

When the functions had been tabulated, straight substitution into
the formulae given in sec. 15.12 gave the values for the coefficients a,,
and b,. They are given in Table 35.

Lack of computing time made it impossible to check every step in the
caleulation independently. A number of checks were applied, and
some errors corrected. By means of graphs it was made certain that
no gross errors remained. Some values were added by extrapolation.
The graphs of a, and b, in the complex domain as a function of x are
gimilar to those for spheres (sec. 14.22 and Fig. 55). For x — oo the
locus approaches a circle around the point § with radius

m

3

—1
|=0.263.
m —+ 1

The coefficients in Table 35 have to be summed from —oo to co. This
means that, e.g., 7,(0) is made up of b, plus 2(b; + b, + - ++). The
values of these sums and of (2/2)7(0) = @ + ¢P (compare sec. 15.23) are
given in the table.

As m?—1=—1—4i and (m®— 1)j(m?+ 1) = (1/17) (15 — 8%),
we obtain from sec. 15.42 the formulae for small x:

Case I: Q,,, =27z = 6.28x,

Case II: Q,,, = 8mxf17 = 1.47x.
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Table 35. Coefficients for Metallic Cylinders with 7 —
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and Case II (H || axis)*

V2 (1 — i) for Case I (E | axis)

= 04

r = 0.6

x = 0.8

z =1

Case I
n=0 (0.276 — 0.108:) 0.4511 — 0.1760z2 0.5881 — 0.1693: 0.6859 — 0.1105¢
n=1 (0.009 — 0.002) 0.0383 — 0.0196¢ 0.0014 — 0.0612: 0.1603 — 0.1250;
b, n =2 (0.0005 — 0.00024) (0.0030 — 0.00154) 0.0115 — 0.0063i
n =3 0.0003 — 0.0001:
7,0 0.294 — 0.112¢ 0.5287 — 0.2156¢ 0.7769 — 0.2946¢ 1,0301 — 0.3733i
(2/x) T,(0) 1.47 — 0.56¢ 1.762 — 0.7192 1.942 — 0.736¢ 2.060 — 0.7474
Case II
n=0 (0.009 — 0.0027) 0.0383 — 0.0196¢  0.0914 — 0.06117 0.1693 — 0.12514
n=1 (0.074 + 0.093:) 0.1732 4 0.1746i  0.2798 + 0.22387¢  0.3554 4+ 0.2442;
I \p— 2 (0.001 - 0.002¢) (0.0078 -+ 0.01303) (0.0244 L 0.03704) 0.0591 -+ 0.0718:
ln=3 (0.0001 + 0.0002¢) (0.0005 + 0.0009¢) 0.0020 + 0.0033;
T,(0) 0.159 + 0.188¢ 0.4045 - 0.3560¢ 0.7008 + 0.4623¢  0.9933 -+ 0.5135¢
(2/x)T,(0) 0.80 + 0.944 1,348 + 1.187¢ 1.752 4 1.1562 1.987 + 1.027¢
r= 14 T =2 =3 =4
Case I
(=0 0.7361 + 0.08094¢  0.5068 - 0.2588:  0.2648 — 0.1118;  0.7043 — 0.1637;
n=1 0.3321 — 0.2502¢ 0.6338 — 0.24687 0.6002 - 0.1946{ 0.2543 -+ 0.1075¢
n=2 (0.600 — 0.0490i{) 0.1827 — 0.1915{ 0.5950 — 0.2054i 0.7670 + 0.1108{
J n=3 (0.0030 — 0.0020{) 0.0301 — 0.0282¢ 0.1884 — (.2219; 0.5685 — 0.3215;
b,yn=14 0.0023 — 0.0015¢7  0.0412 — 0.05077 0.1918 — 0.2401;
n—=>5 0.0001 — 0.0000¢ 0.0054 — 0.0049; 0.0481 — 0.0693;
n==5 0.0004 — 0.0003: 0.0107 — 0.0120:
n=1"1 (0.0012 — 0.00124)
Ln= (0.0001 — 0.0001%)
T,(0) 1.5263 — 0.52151 2.2048 — 0.6773i  3.3060 — 0.86907 4.3877 —"1.0155¢
(2/x)T,(0) 2.180 — 0.745¢ 2.2056 — 0.677¢ 2,204 — 0.579 2.194 — 0.508:
Case 11
rn =0 0.3322 — 0.2502{ 0.6337 — 0.2468¢ 0.6902 4+ 0.19464 0.2543 + 0.1075:
n=1 0.3834 4 0.2406{ 0.2736 4+ 0.1267; 0.3909 — 0.2354i  0.7577 — 0.0428;
n =2 (0.1780 + 0.13004) 0.4663 + 0.1718{  0.3693 + 0.1603{  0.3036 — 0.1329;
n=3 (0.0160 -+ 0.02307) 0.1456 + 0.1080{ 0.5016 & 0.1154i 0.4320 + 0.1711¢
a, in =4 (0.0010 + 0.0020¢) 0.0099 4+ 0.0135% 0.2189 4+ 0.1018:2 0.5169 + 0.07624
n-=—2>5 0.0004 - €.0007¢  0.0242 4 0.0258;  0.2680 L 0.0791{
n==6 0.0016 + 0.0023¢  0.0374 + 0.0437;
n="1 (0.001 4 0.00027) (0.0032 + 0.0060;)
n=8 {0.0003 + 0.0004%)
T,(0) 14890 + 0.5410¢  2.4253 { 0.5946{ 3.7034 4 0.5534¢  4.8925 4+ 0.5091¢
(2/x) T,(0) 2,127 -+ 0.773: 2.425 4 0.595¢ 2,469 4 0.369: 2,446 + 0.25651

* Qext is the real part of the numbers given in the bottom lines.
that the values may be somewhat in error.

Parentheses indicate
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From a plot of by/2? and a,/#? in the complex domain we can see for
what values of = this approximation becomes reasonable. It turns out
that, even for x = 0.2, for which we estimate

by = 0.097 — 0.032, @, ,=0.97,
a, = 0.0164 — 0.0260, @, , — 0.33,

the deviation in case I is over 20 per cent. We have to go to z << 0.1
to make fair use of the approximations for very thin cylinders.

| |
m=141-141L
Qg (E L axis)
2 Q, (&1l axis)
1 —
| l
00 1 2 3 4

Fig. 69. Extinction curves of very long metallic cylinders with
m = 1.41-1.414,

Figure 69 shows the final extinction curves, The straight lines drawn
through the origin indicate the linear approximation for thin cylinders.
Each curve by itself has a character similar to the extinction curves for
absorbing spheres, which was explained in connection with Fig. 54
(sec. 14.22). The most interesting result is that the two curves cross
over. The extinction for both directions of polarization is equal at
r =118, @,,, = 2.12, For smaller x the radiation with electric vector
parallel to the axis (case I) suffers the stronger extinction. For larger
x the radiation with magnetic vector parallel to the axis (case IT) suffers
the stronger extinction.

The existence of this cross-over point has been known from experi-
ments since the end of the last century. The first effect (small z, i.e.,
long wavelength compared to the radius) was found in experiments of
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the scattering of radio waves by wire gratings. It is known as the Hertz
effect and is daily used in antenna design. The second effect (large =,
i.e., short wavelength compared to the radius) was found in experiments
on the transmission of light by wire gratings and is known as the Dubois
effect. Such wire gratings have been used extensively as diffraction
gratings in front of the objectives of astronomical telescopes. A small
but noticeable polarization effect occurs with its sign just opposite to
what is familiar in radio. Light with E| axis comes through with the
greater intensity.

The author believes that Fig. 69 shows the first theoretical results from
which the existence of a cross-over point can be seen and its position
read. This does not yet mean that a clear explanation has been found.
The explanation of the Hertz effect (small z) is quite simple, as it follows
from the formulae for small particles (sec. 6.32). A good explanation of
the Dubois effect has never been given. Nor does it follow simply from
the preceding computations, for we have not yet considered the asymptotic
behavior for x ~> co. We shall see, in seec. 17.25, that the situation is
fairly complicated but that a fair understanding of the Dubois effect
may be gained by considering the interference of the diffracted wave
with the edge wave caused by grazing reflection. Figure 81, given in that
section, shows the values of Q + ¢ P from Table 35 in the complex domain.

15.52. Cylinders of Slightly Absorbing Material

The method of analytical continuation, which was discussed in con-
nection with scattering by spheres in sec. 14.5, can be applied equally
well to cylinders. The method and the computations reported in this
section were worked out as a separate research problem by Mrs. Elske
v. P. Smith.

The starting point is the formulae at the end of sec. 15.23. Analytical
continuation into complex values of m is possible if results are available
for a range of values of m. It was found useful in the present problem
to apply the continuation method to each phase angle separately before
the summation is made.

The functions «, and §, are real for real m and have complex values
for complex m. The first stage of the computation is aimed at finding
those values for the refractive index m — iy where y is small. Let,
for the moment, the angles and derivatives with argument m be written
without prime and those with the argument m — iy with a prime,
By Taylor expansion we have (for case 1)

,_ . 0B, uwrdB,
B —ﬂn_w%ﬁgwﬁ-
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Retaining only the first-order term and substituting the value of
b'n = %(1 - e—-Qiﬁn)
into the formulae of sec. 15.23 we obtain, still for case I

1 o«
" Z {1 — cos 28, e~ 2KPalPm)y

n=—a

Qext =

Qaca = } z {% + ‘;‘3_4“‘(36”/37”) — €08 2ﬁne-2‘u(3ﬁ”[3m)}
x .

f=—
and by subtraction

1 €K
T !

N=—c

In general, the first-order approximation of the Taylor expansion is
adequate only if the exponents are small. This gives a further simpli-
fication, viz.,

Qabs=2_f i %'

om
= —

In all these sums the terms of order n and —n are equal. The formulae
for the other polarization (case II, H || axis) are obtained by replacing
B, by a,.

The equations may be checked by applying them to very thin cylinders.
From the formulae for «; and §, in sec. 15.41 we obtain

Case I: @y, =~ @,y =~ TEmMU,

4m
Case IT: Q,, ~ Q,py &~ T (.7.’_1_2*__;_“%)2 .
The same results are obtained in the limit of small x by direct substi-
tution of m — iy into the formulae of sec. 15.42.

In order to work out the numerical results for a particular value of
the refractive index, e.g., 1.50 — 0.104, the following method was chosen.
The values of «, and §, for m = 1.50 and m = 1.25 were known from
the computations reported in sec. 15.31 (see Fig 66). New values were
computed for m = 2.00 and m = 1.10 for the present purpose. These
values were not yet sufficient to obtain full graphs of «, and 8, against
m at a fixed value of x. Additional data were obtained by plotting the
nodes, where «, = f,. The formulae for the derivatives 0f,/0m and
du, /0m are given in sec. 15.31.
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It may also be derived from the definitions of tan a, and tan B, in
sec, 15.23 that

lim P2 7 { (1 — ;i:)J,ﬁ(x) 1 J,;z(x)} ,

moim—1 2

*, ma?

nz I 2 r
lim o =3 (- e 47,5 + AT
These data together are amply sufficient, to draw for a number of chosen
values of z, free-hand curves, from which not only the values of the
first derivatives but also of the higher derivatives with respect to m may

be estimated.

150° , |

30°

0.

Fig. 70. Plot of the phase angles divided by m — 1 versus m for
cylinders of a fixed size, z = 2. Squares denote nodes of the first kind,
circles, nodes of the second kind.

For the practical reason that «, and f, increase, on the average, as
m — 1 it was found more convenient to plot the ratios a,/(m — 1) and
Bn/(m — 1). The derivatives of these functions are

a( a,,)_ 1 (aan a,,)
om\m—1/ " m—1\om m—1/"

and similarly for 8. The graphs may be continued through m -1
into the domain m << 1, and nodes in that domain may be used as well

in determining the general character of the curves, Figure 70 gives an
example with one node at m — 0.92.
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These curves, which were constructed for x =1, 2, 3, 4, -+ - covered
the range of m from 1 to 2.5 approximately. From them the values of
the first derivatives at m — 1.25 and m — 1.5 were read. By plotting
these derivatives as functions of & they could be interpolated for other
values of . Any errors in this graphical interpolation do not greatly
affect the final result since, in converting back to the derivatives of
«, itself by

ox,, 0 &, o,
%—(m—l %(’m—l)_’"m—i

(and similarly for B8,), the second term is dominant.

Thus all data entering into the general formulae derived above are
known. Figure 71 shows the numerical results for m = 1.50 — 0.10;
and for m =1.25 — 0.10i. 'The tangents for small m are

m =125 — 0.10s, @, = 0.393z, Qs = 0.237x;

m =150 —0.10i, Q, =047z, @, —0.176x.

The deviations from the curves for real m are not very large and have the
same character as found for spheres (sec. 14.5). They are similar for
the two polarizations so that such cylinders can polarize light about
as effectively as fully transparent cylinders. This must become quite
different if 4 gets of the order of m —— I and larger. Then curves, as in
Fig. 69 of sec. 15.51, are obtained, and finally for very large 4 the curves
must become those of totally reflecting cylinders (Fig. 68, sec. 15.32),
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16. PARTICLES OF OTHER FORMS

16.1. Methods for Solving the Scattering Problem

The general problem posed in part II of this book (chaps. 6-17, in-
clusive) is to solve the scattering problem for a plane wave incident
on a particle of given form, size, and composition. This amounts to the
problem of solving Maxwell’s equations with given boundary conditions.

Surveying these scattering problems Epstein (1919) wrote:

In order to find new solutions of the fundamental equations that are
adequate to the special forms of the boundary surfaces, two methods have
been employed. A. Sommerfeld has given a method for finding by function
theory brenched solutions of the wave equation. The further procedure,
by which he satisfies the boundary conditions with these solutions, is a
generalization of Thomson’s method of the mirror images. Another method
that has proved successful is to transform the fundamental equations into
such curvilinear coordinates that the surfaces of discontinuity of the para-
meters correspond to constant values of one parameter. Unfortunately,
the applicability of both methods is limited and only a few cases have so
far been solved.

Sommerfeld’s method is limited to certain particles with plane bound-
aries (half-plane, wedge), and in its physically useful form it is also limited
to perfect conductors.! The related problem of a perfectly conducting
semiinfinite cone has also been solved rigorously (Siegel and Alperin, 1952;
Siegel, Alperin, Crispin, Hunter, Kieinman, Orthwein, and Schensted, 1953).
We shall not discuss these solutions but further review the work done
on bodies without sharp edges or points.

Somewhat remote from the problem of this book also are the scattering
by two spheres close together (Trinks, 1935), the scattering by a hemi-
spherical or semicylindrical boss on a conducting half-plane (Twersky,
1951 and 1954), the diffraction by wire gratings with proper account of the
mutual influence of the wires, the scattering by atmospheric inhomo-
geneities or by wavy surfaces with statistically specified irregularities
(cf. sec. 21.1), and finally the radiation from antennas of various forms.
All these problems bear some resemblance to those enumerated below.
References to papers on some of these problems are given in Bouwkamp’s
review {1954) on diffraction theory.

1 Sommerfeld also gives the solution for a black screen, in which the energy is

agsumed to vanish into the second branch of the Riemann surfece. The present
writer fails to see a physical interpretation of this assumption.

329
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From the extensive literature on wire gratings and directly related
subjects we cite only some of the more recent papers: Wessel (1939),
MacFarlane (1946), Honerjiger (1948), Twersky (1952a, b), Lewis and
Casey (1952), Groves (1953), Storer and Sevick (1954), Wait (1954),

16.11. Separation of the Wave Equation, Homogeneous Bodies

The method used for spheres (chap. 9) and cylinders (chap. 15) was to
separate the vector wave equation in curvilinear coordinates which have
been chosen in such a way that the surface of the particle coincides with
one of the coordinate surfaces. The same method may be applied to a
number of other forms. For a derivation of all coordinate systems in
which the vector wave equation is separable, see, e.g., Spencer (1951),
Morse and Feshbach (1953).

The separation technique has been applied to:

a. Circular cylinders. The solution has been given in chap. 15.

b. Elliptic cylinders. The separation by means of Mathieu functions
first was made by Sieger (1908) and Aichi (1908). The resultant equations
are much more complicated than those for the circular cylinder, because
of the extra parameter, but their general structure is the same. The
solution is in the form of a series with an infinite number of coefficients,
as for spheres and circular cylinders. It has been worked out in Epstein’s
paper for totally reflecting elliptic cylinders of arbitrary size and for
radiation incident in a direction perpendicular to the cylinder axis and
falling on the “flat side,” i.e., perpendicular to the long axis of the genera-
ting ellipse. The numerical result is given in the limit of a flat strip
with width <€ 4.  Since then the numerical work on the flat strip has been
greatly extended (sec. 16.23). The problem treated by Sinclair (1951),
namely, the derivation of the patterns of antennas located near cylinders
of elliptical cross section, is reciprocal to that of finding the fields on
such cylinders due to an incident plane wave.

¢. Parabolic cylinders. The subject of Epstein’s thesis (1914). This
again gives much simpler equations. The rigorous analytic solution
can be obtained as easily as for spheres or circular cylinders, but the
problem for numerical work is the slow convergence of the series. The
relevant parameter is, apart from the refractive index of the parabolic
cylinder, the constant

kp = 2mp|A,

where p is the parameter of the generating parabola (equation: y* = 2px).
Sommerfeld’s solution for the reflecting half-plane is obtained if this
parameter goes to 0 and the refractive index to co. Epstein finds that
for perpendicular incidence the ratio of the amplitudes scattered by the
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edge in the case that the electric vector is parallel or perpendicular to the
edge (case I and case II) is tan (7/4 + 6/2) for very thin screens, A finite
thickness decreases the amplitude in case II and increases it in case L.
If the parabolic cylinder has an imperfect conductivity, the radiation in
case I1is hardly influenced at all, the radiation in case I strongly. Further
work on the parabolic cylinder has been done by Kay (1953). Rice
(1954) and Keller (1956) derived the asymptotic expressions for large
kp that may be obtained by means of the Watson transformation.

d. Spheres. See chaps. 9 to 14.

e. Spheroids. Epstein states that the attempts to find a rigorous
solution have not been successful. Reviewing the later literature, we
find a further attempt by Méoglich (1927) for a perfectly conducting
oblate spheriod. His solution was later proved to give a wrong answer
in the limiting case of a flat circular disk. A full solution for totally
conducting prolate spheroids with nose-on incidence of a plane was given
by Schultz (1950) and worked out numerically for half-axes 2.01 A[2x
and 0.201 A2

Fuller numerical results for the nose-on radar cross sections of a
prolate spheroid with ratio 10 to 1 of the semiaxes have been computed
from these formulae by Siegel, Gere, Marx, and Sleator (1953). The
curve is fairly complete for 2na/d = 0 to 2, and several points between
2na/l =2 and 6 have been computed; a = long semiaxis. In the
first maximum, which occurs at 27a/A = 1.4, the radar cross section is
4.4 times the value mb*/a?, which is the small wavelength limit. The
formulae for a perfectly conducting oblate spheroid and radiation incident
along the axis have been worked out by Rauch (1953), who refers to
earlier work by Leitner and Spence (1950).

The result for any ellipsoid is simple in the limit for very small size,
or large wavelength, if it is not a perfect conductor (sec. 6.32). It is
slightly more complicated for a perfectly conducting ellipsoid, where
also the magnetic dipole radiation is important (sec. 6.4).

Further advances in problems b and ¢ will depend largely on the
developments in the theory and tabulation of Mathieu functions and
spheroidal functions, which are in full progress.

f. Paraboloids of revolution. The fields due to the reflection of a plane
wave incident in a paraboloid of revolution from the concave side have
been studied in some detail in connection with the use of these para-
boloids as radar mirrors or radio telescopes (Pinney, 1946, 1947; Bucholz,
1948). The diffraction of a wave incident on the paraboloid on the
convex side has been studied by Horton and Karal (1951).

g. Flat disks and strips. These form degenerate cases of the preceding
particles and have been studied extensively (secs. 16.22 and 16.23).
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k. More complicated problems which may be solved by the separation
technigue. These include the scattering by two spheres close together
(Trinks, 1935), by two parallel conducting circular cylinders (Row,
1953a), and by a conducting plane terminated at its edge by a conducting
circular cylinder of arbitrary radius (S. N. Karp, cited by Row, 19535).

16.12. Compound Bodies’

The formulae become more complicated but not intrinsically more
difficult if, instead of one boundary surface separating the “particle”
from the “medium,” we have two or more boundaries each separating
regions of space in which the refractive index is a constant.

The simplest problem of this kind is the well-known problem of reflec-
tion from a plane-coated surface. The equivalent problem for spheres
is scattering and extinction by a homogeneous sphere coated with a
concentric spherical shell of different material. The formulae have been
worked out by Giittler (1952) and by Aden and Kerker (1953). Giittler’s
treatment includes the electric and magnetic dipole and the electric
quadrapole terms and is, therefore, comparable in scope with the
formulae for homogeneous spheres reported in see. 10.3.

Aden’s and Kerker’s equations were evaluated in one example with
& view to & meteorological application (sec. 20.43) and later by Scharfman
(1954) in greater numerical detail. In Scharfman’s computations the
inner sphere, radius a, is a perfect conductor, and the outer shell, between
radil @ and a + 4, is 2 dielectric with ¢ varying from 2.56 to co. The
radar cross section is found to pass through a maximum if a/4 and §/1
remain fixed and ¢ varies. We may note that Scharfman’s explanation
of this resonance effect, in which the conducting core plays an essential
role, is not necessarily correct as resonance occurs also for homogeneous
dielectric spheres with such high values of &. The propagation of surface
waves on a cylindrical conduector covered with a cylindrical dielectric
shell has been discussed by Horiuchi (1951, 1953).

16.13. Integral Equations and Variational Methods

Another important method is the variational technique. This tech.
nique has been worked out by Schwinger and others and has proved
very successful in giving approximate but fairly accurate answers to
many problems. The principle of the method, as applied to the scalar
problem of diffraction by a hole in a plane sheet, is as follows.

By Huygens’ principle the diffracted radiation in any direction may be
expressed in terms of an integral containing ¢, the amplitude in the hole.
This function ¢ is itself the solution of an integral equation, or of an
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integro-differential equation, which is difficult to solve. It is, however,
possible, with the help of this equation, to transform the first expression
for the diffracted field into a slightly more complicated one, which has the
advantage of being stationary with respect to small deviations from the
correct solution for @. This means that a somewhat wrong function
for @, when substituted into the new expression, still gives virtually
correct values for the diffracted light. It is then possible to make a
good guess at a simple expression for ¢ with undetermined coefficients
and to find the coefficients from the condition of stationarity. Sometimes
it has even been possible to find the completely rigorous solution by using
an infinite number of coefficients.

Space does not permit a more complete exposition. It may be remarked,
however, that this method has proved very workable and that similar
methods may certainly be devised for solving the scattering by three-
dimensional particles.

One such problem is the diffraction by a thick edge, with radius of
curvature larger than the wavelength. In this case the unknown
function is the current distribution on the surface. It has been possible
to solve the integral equation numerically, and thus it has become
unnecessary to apply a variational principle, as the distant field may be
found by direct integration (sec. 17.23).

The integral equation for the surface currents has been solved for thin
wires and strips of finite length by van Vleck, Bloch, and Hamermesh
(1947), and additional data have been given by Tai (1952). It is found
that the scattering, including backscatter, by conducting wires of length
21 and diameter 2a depends on the ratios 2//a and 2l/A. Resonance occurs
at 21jA = 1/2, 3/2, 5/2---for very thin wires and at slightly smaller
values if /2l is not negligible. Angular distributions for resonant
and non-resonant response are given. The non-resonant response
increases greatly, the resonant response only slightly, with increasing
diameter.

Approximate solutions valid if the wavelength is small with respect
to the characteristic dimensions of the body may be obtained on the
assumption that the surface currents at any point of a smoothly curved
body are the same as if the wave were incident on a flat reflecting surface
with the same direction of the normal. The radiation scattered in an
arbitrary direction and the radar eross section may then be computed by
a form of Huygens’ principle. This is called (by a not very specific term}
the physical-optics approximation. Results for a large variety of
bodies have been tabulated by Siegel, Alperin, Bonkowski, Crispin,
Maffett, Schensted, and Schensted (1953). The most serious defect of
this method is that it neglects the surface waves that may travel around
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the body (sec. 17.32), so it may be expected to give better radar cross
sections for infinite bodies (paraboloid, semiinfinite cone) than for finite
bodies (sphere, spheroid).

16.14. Expansion in Powers of the Ratio Dimension/ Wavelength

We have seen in earlier sections that power series expansions are quite
useful for particles that are small but not sufficiently small to admit of
a solution in which the applied fields can be thought to be homogeneous
(chap. 6). Such expansions have been given in secs. 10.3 (dielectric
spheres), 10.61 (totally reflecting spheres), 14.21 (absorbing spheres),
and 15.4 (circular cylinders). All expansions were in powers of z = ka,
where k& = 2nafA and @ = the radius, and the expansions were always
made starting from a rigorous solution for arbitrary z.

The question may be asked, whether a number of terms of such series
expansions can be computed even if a rigorous solution for arbitrary
size is not available. This important problem has been successfully
solved by Stevenson (19534). Stevenson considers a homogeneous body
of arbitrary form and having the complex dielectric constant ¢ -+ dmiofw
(corresponding to our m? with a different convention about the sign of )
and a magnetic permeability #. This means that his treatment covers
both dielectric particles (¢ = 0, #=1) and totally reflecting particles
(¢ = o0, u = 0). It is shown that, if E and H are assumed to be power
series in k, then the coefficients may be found as solutions of certain well-
defined problems in potential theory. The first of these i8, of course, the
polarization of the body in stationary and homogeneous electric and
magnetic fields (secs. 6.1 and 6.4).

The further terms of the series are solutions of successively more
complicated problems in potential theory. This means that, in principle,
the problem is solved and just requires the evaluation of certain integrals
which can be written down explicitly. The change from the near-
field to the distant-field solution involves certain mathematical finesses
which cannot be discussed here.

Logically, Stevenson’s solution should have been treated in chap. 6
of this book, as it refers to particles of arbitrary form and is a natural
extension of Rayleigh scattering. In practice, only ellipsoids would
seem amenable to a full solution of this kind. In a second paper Stevenson
(1953b) works out the ellipsoid problem in three terms of the series,
i which the fields go as k2 (Rayleigh scattering), &% (this term vanishes),
and k. The resulting formulae for spheres contain those given in
secs. 10.3 and 10.61 as special cases. The resulting formulae for a
perfectly conducting elliptical disk and arbitrary direction of incidence
agree in the case of perpendicular incidence with the first terms of
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Bouwkamp’s expansion (sec. 16.22). Tai's study (1952) of the near and
far fields scattered by an oblate spheroid at normal incidence is based on
a similar prineciple.

16.2. Flat, Totally Reflecting Particles
16.21. Babinet’s Principle

A great deal of time has been devoted by the mathematical physicists
to the so-called planar diffraction problems (compare sec. 3.3). In
these problems the only obstacle in the way of the incident plane wave is
a plane sheet of a given form. It may extend to infinity and have holes
of a given form, ete. A perfectly thin and perfectly opaque sheet
must be totally reflecting. In practical experiments, where metal sheets
and microwaves are used, the conditions to make the sheet ‘““thin’” and
“opaque” are (sec. 14.41)

d<€ A, d> skindepth,

where d is the thickness of the sheet. We shall further consider perfectly
thin, totally reflecting sheets.

A new problem arises in this connection. We know that, both on the
illuminated side and on the shadow side, the ordinary boundary conditions
for a perfect conductor hold (sec. 9.14). The physical reality further is
that the sheet has a non-zero thickness and is rounded off at the edge
so that all along the ‘“‘surface of the edge” also the same conditions
hold. However in the limit of vanishing thickness there is no surface of
the edge, and a new set of boundary conditions must hold that dictates
a8 definite behavior of the fields in free space near the edge. These
“edge conditions” have presented great difficulties in the past. An
authoritative account is given by Bouwkamp (1954), who writes:

The component of the electric fields tangential to the edge vanishes at
the edge as D2, where D is the distance from the edge. The tangential
component of the magnetic field remains also finite at the edge, but all
other components of the electromagnetic field become infinitely large at the
edge as 12 —V2, Despite these singularities, the edge does not radiate energy:

the vectors E and H are quadratically integrable over any domain of three-
dimensional space.

It is curious that these conditions have not been proved conclusively.
They have been derived from the rigorous solutions for Sommerfeld’s
half-plane problem and occur also in the rigorous solution of the circular-
disk problem. Bouwkamp therefore suggests that ““it may be conjectured
that the same type of singularities occur at any sharp edge, whether the
obstacle is plane or curved, and independent of the form of the edge.”

It follows from the same conditions that the current density on the
screen has a component normal to the edge that vanishes as DV2, whereas
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its component tangential to the edge becomes infinite as D=1/2,  Also the
charge density becomes infinite as D12,

Another new problem is the correct formulation of Babinet’s principle,
We have used Babinet’s principle in its simplest and original form in
sec. 8.21. It is given there as an approximation valid in the diffraction
theory, which itself is an approximate theory holding asymptotically
for large disks and apertures, and small angles (meaning a of the term
diffraction in sec. 3.3). When the diffraction was made into a rigorous
theory for totally reflecting sheets (meaning d of sec. 3.3) also Babinet’s
principle had to be given a rigorous formulation. This was found some
years ago and is also given in Boukwamp’s review paper:

Let (£, g) denote any incident field, where § stands for the electric vector
and g for the magnetic vector. The ‘“complementary incident field” is
defined by (—g, f) in the order (electric, magnetic) vector. Both fields
satisfy Maxwell's equations. First we consider the diffraction of the field
(f, g) by a perfectly conducting plane screen S of zero thickness. Secondly
we consider the diffraction of the complementary field ( —g, ) by an aperture
A in a perfectly conducting screen such that the aperture in the second
problem is of the same size and shape as the screen in the first problem
(A = 8). For simplicity we call the second diffraction problem the “‘com-
plementary diffraction problem.” The rigorous form of Babinet’s principle
asserts that the solution of one of these problems gives at once the solution
of the other problem. In the first problem the total field everywhere in
space is given by (f + ES, g + H5). where the scattered field (Es, H3) is due
to the electric currents induced in the screen by the incident field. In the
complementary problem we can distinguish between the fields in front of and
behind the aperture. Let (Eg, Hy) denote the total field in the tUluminated
half-space (2 < 0) if there is no hole in the screen, and let (Ed, HY) denote the
diffracted field in the presence of the aperture. The latter field constitutes the
total field behind the aperture, but in front of the aperture the total field is
(Eg + E4, Hy + HY). Now according to the rigorous form of Babinet’s
principle we have the simple relations

Ed=FH HI—4FE (50

The functions E,*%, E,%% and H % are even functions of z, and
H.2% H 5% and B 5% are odd functions of z.

The practical value of Babinet’s principle is that the solution for
the straight slit (in a conducting screen) at once gives the solution for
the parallel strip, and the solution for the circular hole at once gives
the solution for the circular disk. Since in this book we are dealing only
with isolated particles, we are interested primarily in the “disk” and
“strip”’ problems and shall quote the results accordingly.

16.22. Results for a Circular Disk

Let a totally reflecting circular disk of radius a be exposed to a plane
incident electromagnetic wave of wavelength A with direction of
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propagation perpendicular to the plane of the disk. The solution of
this scattering problem depends only on the parameter

x = ka = 2mall,

and the scattered fields may be expressed in terms of two amplitude
functions §;(6) and 8,(6), exactly as for spheres.

After this problem had been analytically solved by Meixner and
Andrejewski (1950), a thorough numerical investigation was made
by Andrejewski (1953). One important result refers to the total
scattering cross section. When divided by the area ma? it gives
Q(z), the efficiency factor for scattering or extinction.

4 T 7 T T
Q Disk, m = o
3+ |
2_
1 _
0 N N R R N
0 2 4 6 8 10
ka——»

Fig. 72. Extinction by a flat circular disk with radius & and consisting -
of perfectly conducting material; abscissa x = 27afA.

The formula for small « (useful for x < 0.8) is

1 4(1 2., 2 )
o T 5% Tigmn® T

Q)

The first term represents the radiation from an electric dipole p =
(4a®/37) E, at the center of the disk. This value of the polarizability
is also found if in the formula for oblate spheroids we go to the limit of
extreme flatness (sec. 6.4). The value for z — oo is @ — 2, as it should
be. The intermediate part has been computed by Andrejewski and is
presented in Fig. 72. The maximum @ = 3.4 is reached near x = 1.6.

Andrejewski further gives diagrams of the distribution of secattered
amplitude and intensity in both principal planes for x = 10. The
scattered intensity in both planes comes mainly from the imaginary parts



338 SPECIAL TYPES OF PARTICLES

of the amplitudes, which corresponds to the real parts of our §,(8) and
8,(0) and is very similar to that found from ordinary Fraunhofer diffrac-
tion. This is not surprising and corresponds exactly to our previous
findings for a totally conducting sphere (sec. 10.62, Fig. 29). Further
diagrams include the distribution of fields on both sides of the disk
and on the axis.

16.23. Results for a Parallel Strip

Let a totally reflecting strip of width 2a and infinite length be exposed
to a plane incident electromagnetic wave of wavelength A with direction
of propagation perpendicular to the strip. As in chap. 15 we distinguish:

Case I linear polarization with E || length of strip,
Case II: linear polarization with E | length of strip.

The complementary problem of a straight slit is discussed in extenso
in Bouwkamp’s report. In order to change to the time factor exp
(—twt) we change the sign of 7, and on the basis of Babinet’s principle we
interchange cases I and II and give the amplitudes a factor —1. The
results may then be written in the form postulated in sec. 15.21 for eylinders
of an arbitrary cross section and give

it
T1(6)=2—p[1—|—ix200820—{—...].

mrix? cos O

Ty(0) =

2(6) =
Here x = ka, and p = log (}yx) + }=i, where y = 1.781 and log y
= 0.57721 is Euler’s constant. Equivalent formulae are given by

Miller and Westphal (1953). The total cross section (for scattering or
extinction) may be found either by integration or by using the formula

[1— 4(p — § + $sin¥)a? + .. ]

4
Cogt = '];; {Re T(O)}’

derived in sec. 15.21. Using the latter formula we find the efficiency
factors

Q_._(_;l___. i 1+1 2_|_ ]

1= == 3 { ] ( /)}2| x e
_._62_ ? [ { _ } ].

Q2— ——--—-—-——-1 1 + 1 :1:2 1 10g(|/x/4) + N

These pseudopower expansions are useful approximations for small
z. One further term is given in Bouwkamp’s paper.
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The numerical values for > 0.6 have to be found by a more powerful
method. The best way is a rigorous solution of the diffraction problem
in terms of Mathieu functions. Figure 73 is based on the values computed
by Skavlem and quoted in Bouwkamp’s report. A check with the
formulae given above gives good agreement for # < 0.5. The general
behavior of these curves is similar to that shown in Fig. 68 (sec. 15.33)
for totally reflecting cylinders; €, reaches the maximum value 2.48

] ] | I
Strip, m = ®

0 | | ] l |
0 1 2 3 4 5 6

ka —

Fig. 73. Efficiency factor for extinction by a flat strip of infinite

length and width 2¢ if the radiation is incident perpendicularly to the

flat side and is linearly polarized with £ //length (curve 1) or H //length
(curve 2),

near x = 1.70. Asymptotic formulae for large x may be derived by
a variety of methods (Burger, 1954; Imai, 1956; Clemmov, 1956),
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17. EDGE PHENOMENA AND SURFACE WAVES

The scattering particles considered in this chapter do not have a
prescribed form, except that they are rounded with radii of curvature
much larger than the wavelength. The refractive index is arbitrary, in
principle, but most results are for m = c0. The plane wave, incident
from infinity, strikes the body at grazing angles near its “‘edges.” In
this way two effects are set up:

A. A particular distribution of fields and currents near the edge,
which is to a large extent independent of the further shape of the particle
and gives rise to a particular term in the amplitude of forward scattered
light (edge phenomena).

B. A wave motion which continues along the surface of the particle
into the shadow region. If the particle is not too big, the wave may creep
entirely around it (surface wave).

These effects occur in addition to the more familiar diffraction, reflection,
and refraction effects for large particles studied in chaps. 8 and 12.
Only a few studies of these effects have appeared in the literature.

In this chapter the problem is approached partly from the theoretical
side, partly in an empirical fashion on the basis of the numerical results
of rigorous computations.

17.1. Forward Scattering by an Optical Edge

This section deals with the distant fields only. The fields on and
near the surface are discussed in secs. 17.23, 17.31, and 17.32.

An opaque screen used in diffraction experiments may be idealized in
two totally different ways if a simple theory for these experiments is
sought. The criterion is whether the wavelength is large or small compared
to the thickness of the screen.

The specifications for a thin, opaque screen in experiments with micro-
waves are that its thickness is <€ 4, yet large compared to the skin depth.
The screen is then totally reflecting, and the common type of diffraction
theory, summarized in sec. 16.2, is adequate. By “edge” we understand
the separation curve (and its immediate surroundings) between the
illuminated and non-illuminated parts of the screen’s surface. By
“profile” we understand the houndary curve between the material of
the screen and the outside medium in a cross section perpendicular to the

342
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edge. This profile may be a round curve, a rectangle, or it may have a
sharp point (wedge) but the profile of the edge is presumably indifferent
in microwave experiments.

The jaws of a spectrograph slit or similar optical screens are thicker
than a wavelength. A little absorption inside the material of the sereen
suffices to make it opaque, so it need not be totally reflecting. Although
an attempt is often made to make it wedge-shaped, the profile is actually
rounded with a large radius of curvature. For instance, a sharp razor
blade may have a radius of curvature of 1 or 2 u. The specification of
a radius of curvature large compared to the wavelength will be said to
define the optical edge.!l It presents a special diffraction problem that
will be reviewed below.

We propose to show that the grazing reflection against the rounded
edges in the optical case gives a component of forward scattered light
that modifies the ordinary diffraction wave. This suggestion had been
made already by Young and Fresnel, but its practical consequences are
minute and show up only in a refined theory. It is physically obvious
that the fields near the edge will not be influenced by the shape of the
particle far away from the edge (except for the effects of surface waves).
This notion has been formalized by Fock as ‘‘the principle of the local
field.”

17.11. Amplitude Function of a Cylindrical Edge; Cylinders with
Two Edges

A smoothly rounded surface has two principal planes through the
normal at any point E. These planes are perpendicular to each other.
The radii of curvature of the curves by which these planes intersect the
body are called the main radii of curvature of the surface at that point.
Let £ be a point on the geometrical edge of the seattering body, i.e. at
the curve that separates the illuminated and dark sides of the body if we
neglect any diffraction effects. We shall assume for simplicity that the
direction of propagation of the incident light is in one of the principal planes.
The intersection of this plane with the surface is the “profile” of the
edge, and R is the radius of curvature of this curve at the point E. The
other principal plane is parallel to the wave front of the incident wave.
The radius of curvature of the body in this plane, S, is also the radius of
curvature of the shadow cast by the body on a screen perpendicular to
the wave.

We may assume that the edge phenomena depend only on R, the
curvature of the profile, and not on 8, so § will not further be mentioned.

! The problem of propagation of radio waves around the earth and around gently
curved hills is evidently related to that of the optical edge in diffraction experimenta,
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The condition is that both R and § are 3> 1; it is not necessary that
8 > E. The plausibility of these statements will appear later (sec.
17.21).

Our first example, which furnishes also the definition of the amplitude
function, is a cylinder with arbitrary but finite profile and radiation in-
cident perpendicular to the axis. We then have two edges with radii
of curvature R and R’ (Fig. 74). We assume the incident light to be

N O B O

Fig. 74. Cross section through arbitrary cylinder perpendicular to axis.

plane-polarized, either along the edges or perpendicular to them. The
time factor will be ¢! as in the earlier chapters but contrary to the
most common convention in diffraction theory.

Let in case I (E | edge) v represent the electric field and in case II
(H || edge) v represent the magnetic field. By the general formulation in
sec. 15.21 the distant field scattered by the cylinder may be represented

by

2 1/2 . .
Viea (P) = 20(0) (w——kr) T, 5(8) o~ 3ritd=itr,

Here O is a point on the (arbitrarily chosen) axis, P is a distant point,
0 is the scattering angle, and r is the distance of P from the axis. We
shall avoid duplication by writing the further formulae only for case I;
those for case II are found by replacing the index 1 by 2.

If the cylinder is non-transparent and 6 is not near zero [more precisely
0> (kR)~'3, sec. 17.21], then T(f) is made up of the contributions from
one or more places where the external reflection occurs in the direction 8.
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The theory, based on geometrical optics, is as simple as that of secs.
12.21 and 12.22 and gives a value

wkR sin 30

\ 1/2
3xif4+2¢kR sin 10
4 ) re

ro0) =

for each of these places. Here 7, is the Fresnel reflection coefficient, and
R is the local radius of curvature of the profile. The phase in this formula
is referred to the local axis of curvature, When the phase is referred to
the edge point £ the exponent becomes 37i/4 + ik R(2 sin 46 — sin 6),
which is 3mij4 + 20%/8 for 6L1.

The nearly grazing rays, which would be reflected in a direction near
0, give rise to the edge effects. If certain odd shapes are excluded, we
may assume that for 0 near 0 7,"#(0) changes into another function,
which will be denoted by T,°%*(R, §). Here R is the radius of curvature
at the edge. If the cylinder with its two edges is non-transparent,
it may be characterized by the three parameters g, the geometrical shadow
width, and R and R’, the radii of curvature of the two edges (Fig. 74).
Its entire amplitude function, as defined in sec. 15.21, then has the form:

__kgsin (}kg sin 0) edge odge; !
T,0) = 2 Ikgom 0 + T,°*(R,0) + T,**(R',—0).

The first term follows from the ordinary (Fraunhofer) diffraction theory;
the result kg/2 was derived in sec. 15.21, the second factor in sec. 8.32.
The additional terms are the edge terms. They depend on the local
radii of curvature (R or R'), the angle 0, the material of the cylinder, the
wavelength, and the state of polarization of the incident light (case I,
index 1, or case II, index 2), and are subject to phase changes due to the
choice of reference point.

It is plausible that under these assumptions the edge terms do not
depend on other parameters. A formal proof may be found for totally
reflecting bodies (m = 00) in Fock’s papers.

The result for § = 0 is, still in case I:

kg
2
from which the effective width for extinction ¢ is found (sec. 15.21) by
multiplying the real part with 4/k. Thus

¢ = 2 + ¢;"%(R) + ¢,""(R),

T,(0) = — + T,“%(R,0) + T;*%(R',0),

where

¢ 4(R) = % Re {T,0%(R,0)}.



346 SPECIAL TYPES OF PARTICLES

Similarly, for case II:
4
"% R) = X Re {T,*%(R, 0)}.

These lengths depend on the radius of curvature, the wavelength, the
state of polarization of the incident light, and possibly also on the re.
fractive index of the eylinder.

By these definitions, which depend on a postulated not yet proven

form of the asymptotic solutions, our problem is reduced to finding the

functions 7',*%(R,0) and T,*%¢(R,0)

E__p and the derived functions c,*#°(R)

and ¢,*"(R). Before proceeding

with a determination of these func-

tions we shall show their use for
bodies of different forms.

///////////%2 17.12. Screen with One Cylin-

TTTTTTTTTTT drical Edge

The diffraction by a screen that co-

Fig. 75. Cross section through opaque Vers a half-plane and has one straight
" screen. cylindrical edge with radius of cur-

vature R is again simple. It cannot

be subordinated to one of the earlier chapters as the diffraction pattern
does not approach, for large distances, a fixed distribution in the angles 6.
Let, in Fig. 75 which represents a perpendicular cross section, E
be the edge-point separating the illuminated and dark side. Let the
amplitude of the undisturbed wave on the front through £ be v, and let

U
F(u) = Cu) — iS(u) = f e "I gy
0
represent Fresnel’s integral; F(co) = (1 —4). If the time factor is
exp ( + iwt), as used throughout this book, the total amplitude in a
distant point P, which has the coordinates z — r cos f, x = rsin 6,
where @ is small (Fig. 75), is given by the formula

iwfd

v(P) = v, 2

{F(c0) — F(—u)} e~k

"2 \1/2 o
+ O (_) Tl 2edr]e(R,0) ¢~ Swild—ikr
wkr ’

The first term, in which w = (k/mz)!/2x, follows from the application of
the principle of Huygens-Fresnel (sec. 3.12) to the open part of the wave
front; it describes the Fresnel diffraction pattern discussed in many
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textbooks. The second term, in which 1 and 2 denote the two possible
polarizations, is copied directly from the preceding section.

The only condition for the preceding formula is <€ 1. When 6
sweeps from the shadow region into the illuminated region, the first
term changes from 0 to the undisturbed wave, and the second term changes
from 0 to the reflected wave (sec. 17.11). It is of interest to inquire
which change occurs fastest. The “interesting angles” of the Fresnel
pattern are by order of magnitude given by

w1, 0 & (k2)V2,

those for the edge waves are by order of magnitude given by 6 a~ (kR)1/3.
So the “edge pattern” will be relatively wide compared to the Fresnel
pattern if

(kR)“1’3 > (kz)_llz,
i.e., if
z>> (R2/]c)1"3.

In most experiments z is much larger than R, and R much larger than
A, so this condition is amply fulfilled. For instance, an experiment with
1/k = 2/2m = 0.1pu, R =10u,z=1cm makes the Fresnel pattern
about 0.1 mm wide, in total, while the edge wave extends several mm
at either side.

These order-of-magnitude considerations show that in the range of
6 in which the Fresnel pattern shows its typical fluctuations we may
write

imf4—ikz
V2

If T,%%*(R,,0) and 7,°%°(R,0) had been real numbers, the additional
term would have meant just a small change in the argument of F(—u),
i.e., a shift of the Fresnel diffraction pattern. Actually these numbers
are complex. The practical way to see the consequences is, as always in
such problems, by means of Cornu’s spiral, which is a plot of F(u) in the
complex domain. The pattern is not only displaced but also changes
its form slightly.

Analytically, we may proceed as follows. Let %' be defined by the
condition that | F(co) — F(—u')| equals the absolute value of the form
within braces above. Following Artmann (1950) we may compute the
value of 4’ in the range of » near 0. We obtain

|31 — &) + | = |30 — 1) + u — (4/=kr)V2T, % R,0)|,

o(P) = v, =

{F(oo) — F(—u) — (i)”2 e~ "2 T, #4e(R,0){ -

wkr
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which gives, after a brief reduction, making use of tha fact that u is small

4 \1/2
w=u— (—) Re {(1 +14) T, ,°#*(R,0)}.
wkr '

The second term describes the displacement of the Fresnel pattern near

u# = 0 in agreement with Artmann.

17.13. Spheroids and Spheres

Let a prolate or oblate spheroid, with semiaxes a, @, and 4 be illuminated
by a plane, plane-polarized wave with direction of propagation parallel
to the axis of rotation. The radius of the shadow circle is a, and the
radius of curvature at the edge is R = b%/a; we assume that R and a
are > A. For simplicity we consider only the forward scattered wave.
Its amplitude and phase are fully described by an amplitude function
8(0) independent of polarization, for the formulae of sec. 4.42 are applic-
able. We may postulate the form

2,2

8(0) = ’f_;— L §ede( R 0),

The first term follows from sec. 8.22 with the geometrical cross section
G = ma?. The form of the second term may be derived as follows.
A length I = a dp of the circumference scatters light as a cylindrical edge.
If the electric field of the incident wave is parallel to a particular stretch
of the circumference, it contributes to §(0) the amount

ka d
© % peae(R ).

™

This result is based on the last-but-one formula of sec. 15.22; it holds
for zone 3 in the terminology of that section. If the part of the circum-
ference is parallel to the magnetic field, the same formula with index
2 holds. If the electric field makes an arbitrary angle ¢ with the edge,
we have to decompose it in the parallel and perpendicular vibrations,
apply the above formulae, and add. It is evident for symmetry reasons
that only the components vibrating in the original direction give a
non-zero result upon integration over the entire edge. These components
are

ka do

o

{T',*%°(R,0) cos?p -+ T,*%°( R,0) sinZep},

which upon integration along the entire edge gives

Sedge(R’O) — ka}{Tledge(R,O) 4 T2edf19(R,0)}.
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The extinction cross section that follows from S(0) by the general formula
(sec. 4.21) is
C o = 2ma® 4 ma {c,"¥(R) + ¢, "(R)),
where ¢,**( R) and ¢,”*(R) are defined in the preceding sectiomn.
In sec. 17.24 and further we shall compare the numerical results for
circular cylinders and spheres. Here R = a, x = ka. The efficiency
factors @,,,, found by dividing by the geometrical cross sections, are

For circular cylinders :

Case I, @, = 2 + Q,""(x);
Case IL, Q,,, = 2 + Q,%*(z).
For a sphere (independent of polarization):

Qe:ct =2 + Qledge(x) + Q2€d[]€(x)'
In these formulae we have written
edge
Qy, o™ (x) = . ) = : Re {T'; ,"%(a,0)}.
, s - .

The fact that the edge term for a sphere is not the average but the sum
of the edge terms in the two cases of a cylinder might seem strange.
It is due to the fact that the sphere’s shadow has a twice longer ratio of
circumference to area than the cylinder’s shadow. Many other bodies,
including general ellipsoids, paraboloids, parabolical cylinders, may be
treated in the same way. The resulting formulae may be somewhat more
complicated but will contain only the functions defined above, provided
that all dimensions are > 4.

17.2. The Precise Form of the Edge Functions
17.21. Heuristic Arguments

‘When this chapter was written no correct formulae for the edge functions
T,%(R,6) and T,*%*(R,0) were found in the literature, not even for
the simplest case m = co, § = 0. It is instructive to approach the
problem first by arguments of a heuristic character. They do not lead
to numerically correct results and may not even carry much conviction.
Yet it is illuminating to see how the complicated dependence on the
radius, the polarization, and the refractive index may be understood
in a simple way.

Let us first take the—too naive—point of view that all nearly grazing
waves are initially reflected as follows from Fresnel’s laws for a plane
boundary. When the main front of the incident wave has reached the
edge, the reflected front is then curved, as shown in Fig. 76. The in-
cident light is from below. FE is an edge point on the separation between



350 SPECIAL TYPES OF PARTICLES

the “illuminated” and “dark” parts; OF = Ris the radius of the curvature
The undisturbed front is ET. A ray that would have traveled along
PQ is diverted to the point S by the time it would have reached Q.
Such reflected rays together form the front £S. Simple geometry gives

PS = PQ = Rsin T,

ET = QT — QF = Rsin 7+sin 27 — R(1 — cos 7),
ST = Rsin 7 (1 — cos 27) = 2R sin® 1.

[ A N A A

Fig. 76. Diagram illustrating the possibility of interference between
the undisturbed wave (wave front ET) and the wave formed by
nearly grazing reflection (wave front ES).

The approximation for small 7, which alone is important in the present
connection, is
ET =3QF = (3/2)r*R, T8 = 2+3R.

Also, as long as the approximation by ray-optics is permitted, the re-
flected radiation is spread over a front, ES, 3 times as wide as the original
front QF, so that the amplitude is 1/4/8 times the original amplitude,
which prevails in the front E7T.

The close coincidence between the fronts E7 and ES gives rise to
interference, which is effective if 78 < A/4, say. This means that

2R+ < 2K,

80 s \13
T < (Z]c-ﬁ)
and for the limiting ray:

R = \%°
E—1ET—=2-(2"_} .
@ s (4kR)



EDGE PHENOMENA AND SURFACE WAVES 351

This shows that grazing rays are effective in determining a peculiar
interference effect when they are incident within a fraction (AR)—2%/? of
the full radius from the edge. This is exactly the condition for edge
rays that was used before in the discussion of rainbow and glory (secs.
13.24 and 13.32).

In order to find the sign of the amplitude of the reflected wave, let us
first suppose that the body consists of totally reflecting material (m = oo).
If, then, the electric field is parallel to the edge (case I), the reflection
coefficient is r; = —1 (sec. 12.44), which means that the passing wave
ET is weakened by the reflected wave ES. The diffraction pattern
is then such as if the edge cuts away a relatively large part of the incident
wave. In the terminology of sec. 17.11, ¢,(R) is positive. In case II,
however, H is parallel to the edge, r, = 1, the passing front is strengthened,
and c,(R) is negative. Totally reflecting spheres show the combined
effect of ¢;(R) and ¢,(R), which is nearly nil (sec. 17.24).

Quite different results are obtained for dielectrics or metals. If the
refractive index is real and not too large, the relevant rays (see above)
have more nearly grazing angles of incidence than the Brewster angle.
So r, and r, are both negative, though r, is somewhat smaller. This
means that in both cases a larger part of the front is cut away, and ¢,(R)
and c,(R) are positive. Also the combined effect, which shows up in
spheres, is positive. This s the reason why the extinction s systematically
higher than 2 and approaches () = 2 only for very high x. 'This is true for
spheres as well as for cylinders and for dielectrics as well as for metals.

If, however, m is fairly large and z is not very large, the change of phase
at the Brewster angle or the related change for metallic reflection may
occur right in the range of angles which contribute to the edge functions.
This may lead to very complicated phenomena. (sec. 17.25).

Returning to the simpler assumption of m = c0 we may note that,
of course, the integration over the curved wave front AS does not give
an amplitude that is exactly in phase (for r = —+1) with the undisturbed
wave. The integral is of the type

J\oo e—"”y" dy — b_lm In — b—lln emi-rr/2n P (1 + 1),
0 n

where n = 3/2, I, = 0.4514 — 0.781%. The application of the prin-
ciple of Huygens-Fresnel to the wave front ES thus gives

3
T (B,0) = 7% (2ER)? I, = (KR)'? r;, (0.123 — 0.2130).

This result does not have the correct numerical factor (it is too low by a
factor about 2.0 for polarization 1 and about 1.75 for polarization 2,
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sec. 17.24). It does, however, show the correct functional dependence
on kR and also the correct phase. The exponent—in/3 means that the
curves of T',*%*(R0) and T,"%%(R0), or the curves of Q 4 iP in
the complex domain, all approach the asymptotic point (kR = o)
from a direction that makes an angle of 60° with the real axis. The 60°

B

A A

Fig. 77. Diagram illustrating path difference between grazing ray
and curved path AB,

phase difference corresponds to a path difference 1/6, which is the “effec-
tive value” of the path ST' (Fig. 76) upon integration. This may be com.
pared to the path difference 1/8 upon integration along a parabolical
front in one dimension (secs. 3.12 and 3.21).

We finally note why this reasoning is too naive. It was entirely arbi-
trary to consider only reflection of the directly incident light and to take
only one wave front, namely the one through E. The “elementary waves”
emanating from Huygens' ‘“secondary sources” may again strike the
surface and be reflected. In fact we might apply such reasoning to a
whole succession of wave fronts. Artmann describes this as “multiple
diffraction.” Approximating the curved profile by a polygon he again
computes that the scattered amplitude is proportional to (kR)V/3.

Even more interesting is the fact that such reasoning may still be applied
in the absence of a plane wave as incident wave. We then obtain a
graphic picture of the surface wave that travels along the curved surface.
The order-of-magnitude estimates follow in the simplest way (but perhaps
not the most convincing way!) from Fig. 77. Here between 4 and B
two optical paths are shown; a curved one at a fixed distance from the
surface and a straight one including a grazing reflection. If it is asked
how large the span 4B may be in order to allow a difference of the order
of 2 between these two paths, the answer follows from simple geometry.
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The angle BOA = 2¢, BB' = AA' = Rc?/2, AB = 2Re, and the path
difference is Re3/3. Thus by order of magnitude, ¢ = (kR)~/3, which
means that the surface wave occupies the region up to a distance of the
order of (kR)~?3.R = k%3 R'® from the surface and includes spans of

the order of (¢R)~Y3- R = k—1/3-R23, The same results follow from the
exact theory (sec. 17.32).

17.22. Derivation from the Asymptotic Form of a Complete Solution

The most direct though not most elegant way of arriving at the precise
values of the edge functions 7,°#* (R,§) and T,°%* (R,0) is to start
from a complete analytical solution of the scattering problem for a body
of simple geometrical form. This body may, for instance, be a circular
cylinder or a parabolic cylinder, or a sphere. The edge functions may be
found by asymptotic expansion of the scattering amplitudes for large
R2 A less ambitious version of this method is to use an empirical
formula that represents the numerical results gained from the exact
solution for fairly large values of kR (sec. 17.24).

A direct analytical attack was made by Artmann (1950). After
heuristic arguments similar to those in sec. 17.21 he gives a complete
solution of the scattering by a perfectly conducting circular cylinder.
This solution is, apart from differences in notation, identical to the one
in sec. 15.33. The approximations for large distances and small diffrac-
tion angles are made, and the summation over n replaced by an integra-
tion. The integral is separated into a part giving the ordinary diffraction
and a part giving the edge wave. The major job then is to evaluate the
latter part of the integral, using asymptotic expansions of the Hankel
functions for large kR and for values of IkR — n| that remain smaller
than 5(kR)1/3.

Unfortunately, there is reason to suspect that the lengthy derivation
contains errors. One reason is that the asymptotic form of 7', #%°(R,6)
for large values of B/(kR)!® does not quite agree with the form
following from geometrical optics (sec. 17.11), which is

7k R sin 16
4

When Artmann’s notation is translated into ours, the same formula
is found, except for the last term in the exponent, for which he finds
+1263/24.

? Asymptotie solutions may be obtained directly by means of the Luneburg-Kline
method. For application to various particle forms and for the most general
asymptotic expansions, see F. G. Friedlinder and J. B. Keller, Commun. Pure and
Applied Math., 8, 387 (1955); J. B. Keller, R, M. Lewis, and B. D. Seckler, Commun.
Pure and Applied Math., 9, No. 2 (June, 1958).

1/2
Tl’zedge(R’G) —_ ( ) 7.Lzes-n-whl+1,:e:t9"’,’8_
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The second reason for suspecting an error is that the numerical values
Artmann gives for § = 0 do not agree with those found in two other
ways (sec. 17.24). His result in our notation is

AT"°(R,0) = 1.90¢™ "Bk R)Y = (0.95 — 1.64) (kR)'®,
4T, R,0) = —1.02¢~ "3k R)® = (—0.51 + 0.88¢) (kR)\3.

An investigation of this kind for spheres was made in 1925 by Jobst.
He considers totally reflecting as well as metallic spheres. If we assume?
that his 2D corresponds to our @,,,, the final formula for m = oo is

1 (0.468)2
Qea't:2 1 +;+ 243

It is evident from the numerical results that this formula is not correct.
The final result for gold particles is more complex and cannot so easily
be checked.

A related study for cylinders based on earlier work by Spohn was made
by Pfenninger. His work is more ambitious than Artmann’s, in that the
cylinders are assumed to be metallic. The final formulae are compli-
cated and are not worked out to give numerical results.

Fock mentions that he has made a computation of this kind for a
paraboloid of revolution and arbitrary angle of incidence, which gives
him the opportunity to check the asymptotic forms for arbitrary ratios
of the radii of curvature. No details of this highly interesting computation
seem to have been published.

17.23. Derivation from an Integral Equation for the Surface
Currents

A quite different approach to the problem is to apply Huygens’ prin-
ciple in its rigorous form to a cylindrical body whose cross section (profile)
has a form such that ¥R >>1 but otherwise arbitrary. Figure 78
represents a plane perpendicular to the cylinder axis. By Huygens’
principle the field at an arbitrary point P in space may be expressed in
terms of those on two curves: a contour I' that encloses the cylinder
and a curve § at a very large distance around it. If P is between these
two curves and the illuminating source is effectively at infinity, ie.
outside S, then the integral over S gives the field of the incident radiation,
the integral over I' the field of the radiation scattered by the cylinder.
It is possible to include in the same formula the possibility that P is

# Some authors have criticized Jébst for omitting a factor 2. This must be a
matter of definition, as the same factor is absent from the very well.known formuls
for Rayleigh scattering in another paper by Jébst [Ann. Physik, 78, 15 (1925)].
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located on I', as has been discussed in detail by Maue {1949). We shall
first discuss case IL only, magnetic field parallel to axis. The equation
is

oL
Cv(P) = v P) — f@ %(Q) ds.

Here ¢ =1 if P is outside I', and ¢ =1/2 if P is on I'. The total
magnetic field at any point is v, the incident field is v,,, & point on I’

Fig. 78. Contours of integration in the application of Huygens’
principle.

is @, the inward normal of T' is », and the line element of I' is ds; the
distance PQ is r;, and

L—— 2 HP (kr,).

We now make the assumption that I' is the boundary curve between
conductor and vacuum, i.e., the “profile” of the cylinder. A first appli-
cation of the formula above, with P on I, gives an integral equation of
the magnetic field on the surface of the cylinder, which may be solved.
A second application with P at a very large distance from I' gives (in
the second term) the distant scattered field, which we wish to find. The
first step was made by Fock for the asymptotic case kE > 1. The
second and simplest step will be reported in some detail.4

Fock’s solution is given in the form:

Q) = v{Q) - G¥(4)-

4 The frequent use of variational methods has sometimes created the impression
that the correct cross section can be derived only from a stationary representation
(F. E. Borgnis and C. H. Papas, Randwertprobleme der Mikrowellenphysik, Berlin,
Springer Verlag, 1955; note on p. 59). This is not true: the simple representation
suffices if the correct current densities are known.
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Here &= (z — z,)(2R%k)~/3, where R is the radius of curvature,
k= 2m[i, and z is the rectangular coordinate measured inversely
along the direction of propagation of the incident light, while z; is the
coordinate for the edge point E. Further, G*(£) is a complex function
that approaches 0 for £ -~ — oo (far on the dark side) and 2 for £ —
far on the illuminated side). The latter value arises from the fact that
the reflection coefficient in case II is r, == 1, so that the incident field
is doubled. The asterisk is a reminder that we have to change the sign
of ¢ in Fock’s table as we use the time factor e,

Table 36. Values of Fock’s Function G(£)

£ | & | Y § a*
—6 0.0093 4405° —0.5 1.029 — 0.252:
-5 0.0223 2536° 0 1.399
—4 0.0537 1339° 0.6 1.678 + 0.115:¢
—3 0.1300 603° 1 1.857 + 0.119:
-2 0.315 211° 2 1.981 + 0.060¢
—1 0.738 46.7° 3 1.998 -+ 0.0187
0 1.399 0° 4 2.000 + 0.008:
1 1.861 —3.7° b 2.000 + 0.004:

Table 36 gives some values of G* =|G|e™* quoted from Fock's
paper. Now, let P be a very distant point in the forward direction,
at a distance r from the origin O (somewhere in the body). The field
in this point is

V(P) == 03, (P) + 0,04(P).
With permitted approximations we have r; = r + 2,
— —inlt—ikry
(8akr)1/2 ’
oL  ksinx
v~ (8mhr)l2
Vine( @) == Vine(0) - e,

so that Huygens’ principle in the rigorous form quoted above gives
k sin 1

— — . tarfd —iky
vsca(P) Yine (0) e J; (871']07')1"2

This assumes the form postulated in the first formula of sec. 17.11 if we
write

gtinla—ikry

G*(§) ds.

T(0) = 2 Lsin r G*(£) ds.



EDGE PHENOMENA AND SURFACE WAVES 357

The separation into three terms:
kg oy ed; ’
TO) =5 + T,*%°(R,0) + T,"¥*(E",0)

is effected by separating the integration path as follows (Fig. 79). The
letters S and L denote points chosen sufficiently far on the shadow side

and on the light side.

(N O A R R A

Fig. 79. Separation of the integration contour in order to find the
edge terms.

From S to E with factor G* |
From E to L with factor G* — 2 |
From E to L to L’ to E’ with factor 2: classical diffraction
From L’ to E’ with factor G* — 2
From E’ to 8' with factor G*

edge term

} edge term.
The middle part gives the classical diffraction by a strip of width

g = sin 7 ds.
ELLE

Only one edge term has to be discussed. In it we write

2—2Z — (Z/kR)l,'3 . 5’

sin 7 =
ds = dz = (2/kR)\PR d§,
so that
edge - I‘:‘R)ll3
Te94(0) = (-ﬁ I +J),
with
0 ]
I= L wG*(S)E ag, J= J; [G*(&) — 2]£ dé.
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Numerical integration from the table of G(£) given by Fock yielded:

I = —0.299 4 0.527;
J = —0.239 - 0.416¢,
I 4+ J = —0.538 4 0.9431,
431 + J) = —0.855 + 1.500¢,
so that
4T, R,0) = (kR)3(—0.855 + 1.5001).
The correspondingsolution for case I (electric field || axis) has not yet
been made.® The simplest integral equation for this case is

oL
$0(P) = vy, (P) + f E™ v(Q) ds,
r oy

where v represents the gp-component of H (i.e., the tangential component
of H, which is perpendicular to the axis) or the z-component of the surface
current. The equation differs from that for case I not only by the
plus sign but alse by the fact that I'U«cncl was a constant in case II and is
proportional to sin 7 in case I, where 7 is defined as the angle between the
normal in @ and the normal at the edge point E.

Both equations have been solved analytically for circular cylinders
and arbitrary kR by Maue. The solution made by Fourier expansion
leads back to the classical solution by separation of the variables (sec.
15.33) and thus gives no advantage for numerical work. Franz and
Deppermann have discussed both equations in the limit of large kR.
Numerical results are confined to the running wave, i.e., to the asymptotic
form of v(P) in the shadow part of the surface far from the edge (sec. 17.32)
and to a solution by iteration of the value at the edge point. The
agreement with Fock for case 11 is excellent, namely, v(E) = 1.399v,, (E).
Kodis (1956) by means of a variational principle obtains for case I
Re [2T,**(R,0)] = 0.523z"/® in fair agreement with the empirical
coefficient which is 0.50.

It may be remarked that the problem of computing the field on a
circular cylinder due to a wave incident from infinity is reciprocal to
the problem of computing the distant fields radiated by antennas on the
surface or slots in the surface of the cylinder. Sensiper (1953) cites dozens
of papers and reports on the latter problem; we may quote the most
accessible ones: Carter (1943), Silver and Saunders (1950a, b) Wait and
Kahana, 1955. A comparison of detailed results might be useful.

% Since this was written the important study by 8. O. Rice [ Bell System Tech. J.,
33, 417 (1954)] based on a Watson transformation of the solution for parabolic
cylinders has been brought to the author’s attention. This work confirms in detail
Fock’s results for case IT and also gives the corresponding solution for case 1.
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17.24. Empirical Formulae for m — oo

A simple manner of obtaining an estimate of the edge terms is to
start from the rigorous solutions for cylinders or spheres, to evaluate the
distant fields numerically for large « = ka, and to derive an empirical
formula for the asymptotic behavior. This the author has done in the
following cases.

a. Circular cylinders, m = c0. Formulae and numerical values have
been given in see. 15.33. Also the empirical formulae for large x are

1

Case Il (H || axis)

0
T 3
P
-1 .
Case I (E || axis)
1
08
- /
2 V

(m=x)

Fig. 80, Plot of @ + <P for perfectly conducting cylinders of infinite
length. The real part @ is the efficiency factor for extinction. The
numbers with the curves are the values of ¥ = 27af4.

found in that section. Acccording to sec. 17.11 the full formula for
(2/z)T(0) is 2 + (4/x)T; *(R,0). Thus

4T, R 0) = (1.00 — 1.73i)a'/ + .
4T 27 R 0) = (—0.86 + 1.49)'® + . ..

The latter result checks extremely well with the value found in sec.
17.23 from Fock’s table. The functions (2/x)T,,(0) =@ + iP are
plotted in the complex domain in Fig. 80. It is seen, in agreement with
the heuristic argument (sec. 17.21), that these functions approach the
asymptotic value 2 from opposite sides and from directions making an
angle of 60° with the real axis. However, the rates of approach are
different.
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b. Spheres, m = c0. In accordance with sec. 17.13, the asymptotical
formula for (4/2)S 0) should be 2 -4 {4T,*"(R,0) + 4T,"%(R,0)}/x.
This expression may be denoted by @ -+ iP, as its real part is again the
efficiency factor for extinction, . When the values found under a are
inserted this becomes

Q +iP =2 - (0.14 — 0.24i)z 28 1

There is not a very convincing agreement with the numerical results
or empirical formulae given in sec. 10.62. However, the main feature,
the existence of only a small excess of @ over 2, is confirmed; with empiri-
cal coefficients as small as this the relative errors may be large. Never-
theless, it is disappointing that the correct asymptotic formula for
spheres with m — co is still in the dark. Deppermann and Franz did
not go beyond the dominant term 2. The form derived by Jébst (sec.
17.22) is evidently in error.

17.25. The Edge Functions for Metallic Cylinders and Spheres

As in previous sections we must warn against a tendency to take too
lightly the results for m = oo as representative for a variety of materials.
The attempts at accurate analytical derivation of the asymptotic formulae
for arbitrary m, as in sec. 17.22, lead to bewildering formulae. It is,
therefore, useful to try an empirical approach from numerical results
supported by heuristic arguments.

As soon as ka = x exceeds 1, any wave that travels through a metallic
particle is absorbed and may practically be disregarded. The only
difference with totally reflecting particles is, then, in the boundary con-
ditions. For plane waves they lead to the Fresnel reflection coefficients,
and we have already noted (sec. 17.21) that the sign of r, for grazing
incidence and finite m differs from that for m = o0. Accordingly, we
expect that the values of @ + ¢P for cylinders in the two polarizations
do not approach the limit 2 from opposite sides but from the same side,
viz., the side of @, + ¢ P, in the case m = c0.

The full-drawn line in Fig. 81 is the complete graph of data given in
Table 35 (sec. 15.51) for m = /2 (1 —i). 'The value z =4, that is,
the upper limit of these computations, is too small to permit a guess at
an asymptotic formula. However, qualitatively, these data confirm
the expectations: at # = 4 the curve for case I is already on its way to
the limit along the correct asymptote, but the curve for case II still has
to make a big swing. The dotted extension suggests how the further
curve might run.

Little more can be done in an exact manner, short of solving a full
integral equation with new boundary conditions. We may, however,
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Case II (H |l axis)
05 0.8
1.0

1 04 —

0.2

__)—FU
-
oW

0.2 \

I ,
Case I (¥ || axis) 04 2

06 gg N,

(m=141-141i)

Fig. 81. Plot of @ + ¢P for cylinders of infinite length with m =
4/2(1 — 4). The real part @ is the efficiency factor for extinction.
The numbers with the curves are the values of x = 2xa/A.

check the preceding interpretation as follows. The angles of incidence
that are involved in the edge phenomenon go to 7 = x~1/3, approximately
(sec. 17.21). Let us take 7 = (2x)71/3 as an effective angle. For x =4

— +}i
ry
o 90°
30° 60 N
~
Oo \\
N J
\\
N
15° — %0
T, 30° .
2 I_ _'}l

Fig. 82. Fresnel reflection coefficients for external reflection against
a body with m = 4/2(1 — i) plotted in the complex domain as a
function of the angle with the surface,

the effective angle is 4 radian ~ 30°. TFig. 82 shows a sketch of the
reflection coefficients for m =4/2(1 — ) computed from the equations
in sec. 12.21. If we remember that the asymptote in Fig. 81 corresponds
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to r; =7, = —1, we see that both functions deviate in the proper sense
and by about the proper angle from the asymptote. In particular the
point on curve II for =4 is about at right angles to the asymptote;
this corresponds with the value of r, for + = 30°.

The form of the extinction curves for metallic spheres (sec. 14.22,
Fig. 54) can also be understood a little better now. If, following the
general formula in sec. 17.13, we add the ordinates of curves I and II
in Fig. 69 and substract 2, we obtain indeed a rapid rise of the real part
for small z, an approximate standstill for x =2 to 4 and, thereafter,
a slow decline.

17.26. Edge Functions for Dielectric Cylinders and Spheres

The form of the extinction curves for dielectric cylinders (Fig. 67)
and spheres (Figs. 24 and 32) is dominated by the interference effects
between the centrally transmitted radiation and the radiation diffracted
around the particle. This effect was explained in secs. 11.22 and 13.42;
it accounts fully for the big fluctuations in Q with a maximum at 2z(m — 1)
= 4.0, etec.

The next striking feature is that the average curve through these
fluctuations lies above the asymptote ¢ = 2. The first maxima reach
Q = 3.5 to 4, the first minima hardly come below @ = 2. This effect
may be ascribed to the “edge reflection,” as will be made plausible
below.

A third feature is the existence of small wiggles. They will be
neglected in the present section; a tentative explanation by means of a
modification of the surface wave is given in sec. 17.52.

At x = 4 the “effective angle of incidence’” is near = == 30° (sec. 17.25).
The Brewster angle for m =1.33 is at » =36.9° (sec. 13.11). This
means that already at « — 4 the edge terms in the two polarizations will
have the same sign, and they will more and more approach each other
for increasing z. This prediction is in qualitative agreement with
the few results for dielectric cylinders shown in Fig. 67 (sec. 15.31).
We shall further consider spheres, for which more extensive numerical
material is available.

Starting from the data given in the work by Gumprecht and associates
for 6 =0, the present writer has first transformed these data into our
8(0), so that the real and imaginary parts of S(0) are known for quite
a number of values of z up to x =400, The transformation formulae
are in sec. 13.12. In sec. 12.45 we have compiled the formulae for the
predicted terms in S{0) for large x.

After the main term, 322, due to diffraction, was subtracted, the differ-
ence showed the familiar large fluctuations. When the refracted light
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(p = 1) was subtracted also, the large differences vanished, and a set
of points in the complex plane was left that showed small fluctuations
about a fairly well-defined law. The small fluctuations are the “ripple”
shown in Fig. 32. The remaining term may be interpreted as the edge
term, 8°%°(a,0), for the term with p = 3 is numerically unimportant.
So the tentative formula is

2m?2

o 2 * L 2e(m—1) edge [T T
8(0) = 4a* — =z m F Dt —1) 1€ + 8%%(q,0) + “‘ripple.

On the basis of this formula the author plotted for m = 1.33 the function

1
;S(O) — 4z + 1.975 (sin 0.66x -+ 7 cos 0.66x)

1/3

against z'/° and derived the following empirical law:

1
- 8%°(q.0) = (0.46 — 0.62:)x/3,
x
or if a constant term is permitted:
1
- 8%(g,0) =1 4 ¢ + (0.30 — 0.78¢)z1/2.
z

The imaginary coefficient is less certain than the real one, as the number
of values for which the imaginary part of 8(0) has been published (x =
.-+, 15, 20, 25, 30, 35, 40, 100, 200, 400) is low. The real parts of S(0)
also may be derived from the values of @,,,, which have been published
for many more values of z. Some small inconsistencies were found in
the tables themselves, but the major cause of uncertainty is undoubtedly
the “ripple” that has not yet been represented by a (theoretical or
empirical) formula. Also used were the data of @,,, for m =1.20. By
plotting

ext

7 Qunt — 4 + 2.975 5in 0.40z

against 2% the empirical relation for m = 1.20 was found to be
1
Re {- Se4¢(q,0) } =0.512"2 (or 1 4 0.31x1/3),
x
Let us now see what coefficients we should expect. In sec. 17.13 we

derived
8%°(q,0) =z {Tled""(a,O) + Tz"d‘”(a,O)}.
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We may use the formulae for totally reflecting bodies (secs. 17.23 and
17.24), if we reverse the sign of 7,°%¢ (a,0), as was explained in sec.
17.21. Thus

1
- §%94(g,0) = }{(1.00 — 1.73i)2"/5 - (0.86 — 1.494)211%}
H

= {0.46 — 0.807)x'/3,

The coefficient agrees reasonably well with those in the empirical relations
form == 1.33 and m =1.20. At any rate, both the real and the imaginary
parts have the correct sign and order of magnitude, which, incidentally,
is quite different from the one for m = co. This is a satisfactory con-
clusion of the exploratory computations reported in this section. A
more careful analysis of the entire problem may reveal further essential
features which have been overlooked above.

For practical purposes we may estimate from the graphs that the
terms in S(0)/x that are not accounted for, including the ripple, usually
remain <{0.5 for x > 100. This means that those terms introduce in

4
Quut =5 50)

an uncertainty < 2{xz. So the semiempirical formula

8m? _sin {2z(m — 1)}

—2/3
(m + D)(m? — 1) . + 18

Qsa:t:2'_

probably gives the correct value within 1 per cent for all values z > 100,
m << 2,

The paper of Boll, Gumprecht, and Sliepcevich (1954), in which
numerical results for spheres with m = 0.8, 0.9, and 0.93 are given,
permits an independent determination of the coefficient. The curves
lie systematically lower than the curve for m =1 - &, as is seen in Fig.
32 (sec. 11.22). This reversal in sign is explained by the fact that r; =
re =— -1 for grazing reflection against a medium with m << 1. The
formula that seems to represent the numerical data reasonably well is

Q@ =2 4 refraction term — (2.5 4 0.6)a—2753,

The situation at the edge is not strictly comparable with that for m > 1
because of the occurrence of total reflection. This may have something
to do with the fact that the coefficient 2.5 4 0.6 turns out a little higher
than the coefficient 1.8 found above.
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17.3. Surface Waves
17.31. Surface Waves in the Literature

The literature on electromagnetic waves contains a lot about surface
waves. In this book the subject is not approached from the outlook
of the mathematician who requires rigor and mathematical clarity. The
point of view is rather that of the practical physicist who wishes to form
a workable picture of any effect which comes to his attention and is
numerically important. Eventually, these points of view will not lead
to different results, but the approach is different. Numerically important
effects in the scattering by spheres and cylinders that involve surface
waves are discussed in secs. 17.4 and 17.5. If this exploratory investi-
gation suggests new rigorous attacks® to the applied mathematician,
this chapter will have served its purpose.

The problem that has had the greatest attention is the propagation of
waves along the surface between a conductor with finite conductivity
and a dielectric (or vacuum). Already at the beginning of this century
attempts were made to explain the propagation of radio waves beyond
the horizon by means of such surface waves.

One type of wave that is a clear and correct solution of Maxwell’s
equations ir a wave with a forward tilt, following a plane earth and
attenuated in the horizontal as well as in the vertical direction. It is
polarized with the H-vector horizontal. These waves are called Zenneck
waves, as Zenneck suggested in 1907 that such waves are set up by the
radiation from a vertical dipole antenna. This suggestion was supported
by Sommerfeld’s computations (1909), but Weyl in 1916 suggested a
different transformation by which this component vanishes. Present
views are that Weyl was correct and that the Zenneck waves are not
present in the radiation from an antenna and, consequently, of no im-
portance for long-range radio propagation.

There are stringent reasons why the Zenneck waves are not important
for our discussion. A strong effect of a surface wave is observed in the
backscatter by perfectly conducting spheres and cylinders (sec. 17.41);
it is observed in both directions of polarization. The Zenneck wave
does not vanish if m — oo, but it loses its character of a surface wave.
The tilt vanishes, the attenuation vanishes, and the field in the conductor
vanishes. What is left is an ordinary plane-polarized wave in vacuum
alongside a perfectly conducting surface that contains the H-vector.
Evidently such a wave is of no use to us; it does not even exist with the
other direction of polarization.

§ The unpublished work of Franz, which came to the author’s attention after this
. chapter had been written, completes an important step in this direction.
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Weyl’'s approximation also contained a component that can be inter-
preted as a surface wave. This component vanishes if m — 00, so it is
not of any use either in connection with the backscatter problem just
mentioned. It bears some resemblance, however, to the surface waves
at the interface between two dielectrics that will be discussed below,

The existence of a surface wave at the separation between two non-
dissipative media was first discussed by von Schmidt (1938) for pressure
waves (sound, earthquake waves). The analogous light waves were
discussed with great care by Ott (1942, 1949). In these studies the
surface wave is generated by a point source (dipole) located in the optically
dense medium. For convenience we shall talk about a glass-air surface.
A source in the glass at 4 (Fig. 83) emits a spherical wave, i.e., rays

Air

B s C c

Fig. 83. Generation of a surface wave and a head wave by a source 4

in the medium with larger refractive index (according to Ott).
in all directions. Among them are rays that hit the surface steeply
and are partially refracted, partially reflected. Among them are also
rays that hit the surface not steeply enough and are totally reflected.
A ray A B at the limiting angle, which forms the transition, gives by Snell’s
law a refracted ray which grazes the surface. Its intensity is 0 by
Fresnel’s formula, but Ott’s solution shows it to have a sizable strength.
At any point (C or C’) the latter ray may send energy back into the glass
under the same limiting angle in the direction C.D or C'D’. The observ-
able effect finally is a wave with front DD’ traveling into the glass,
As there is rotational symmetry around 42Z, this is a conical wave.
Because of its resemblance to the head wave of a ship or projectile it has
been called the Schmidt head wave.

Let BC =s and the projected distance of 4 and D be r (Fig. 83).
The phase of the wave at D agrees with expectation: it is delayed with
respect to that in 4 by the optical path m:(4B) + 1<(BC) + m:(CD).
The intensity is proportional to £~2+1s3. If A and D are close to the
surface, this means a proportionality to 4, i.e., a much faster attenuation
than in a free spherical wave. The polarization with E in the vertical
plane, ie., H H surface, gives a stronger head wave than the polarization
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with E || the interface. The intensity ratio is m# if the source strength
is taken equal.

Maecker (1949) experimentally demonstrated these surface waves with
light and also summarized the theory in a more popular form. He
emphasizes that there must be a good many other methods by which
such surface waves may be set up. In particular, it is quite easy to see
that if a glass sphere with a large radius is placed in a parallel beam of
light we start at the edges with the situation of a grazing ray like BC
in Fig. 83, and this situation will recur whenever a refracted edge ray
reaches the surface again.

Another way tc demonstrate these waves is to send a plane wave,
which is sharply cut off at one side, from the glass side to the plane glass-
air interface. If the angle of incidence is the limiting angle, the surface
wave transports some energy sideways and causes a measureable dis-
placement of the reflected plane wave. The effect diminishes at either
side of the limiting angle. The theory is discussed by Artmann (especially
1951a), and experiments have been performed by Goos and Hinchen
(1947, 1949).

17.32. Waves at the Surface of a Perfect Conductor

The brief review in the preceding section shows that the older literature
contains no hints of the existence of waves that can follow the surface of
a perfectly conducting body. Yet such waves exist and have been brought
forward quite clearly by Franz and Deppermann (1952, 1954). They
were also implicitly contained in the work of Fock (1946).

The reason why these “‘creeping waves” may have been missed before
is that they occur only if the surface is curved. The work of Sommerfeld
and Weyl had dealt mostly with plane surfaces, and the extension to a
spherical surface which had been worked out with great ingenuity by
van der Pol and Bremmer (sec. 12.35) had seemed to offer nothing essenti-
ally new.

The starting point in the work of Fock and of Franz and Deppermann
is an integral equation for the field at the surface. The method has been
explained in sec. 17.23 for one direction of polarization. For convenience
we may restrict the discussion again to the situation depicted in Fig. 79
(cylindrical bodies). The surface wave is injected at and near the edge
point % and creeps further into the shadow region along the curve ES.
When it is advanced far enough into the shadow region it has become a
damped periodic wave whose properties are independent of the parti-
cular injection mechanism. Fock gave the correct solution of surface
wave and injection mechanism (for one polarization) but did not interpret
the asymptotic form of his function G(&) as a surface wave. Franz
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and Deppermann (1952) gave the correct solution for the edge point’
and fully discussed the solution of the homogeneous integral equation,
which describes the surface waves. They realized that the least damped
surface wave should be the only one of practical value but did not assume
the right amplitude. This error was corrected later (Deppermann and
Franz, 1954), and the corrected formula is in complete agreement with
Fock’s result.

The strongest surface waves occur for linear polarization with H
tangent to the surface (polarization 2). The quantitative formulae for
those waves will be briefly summarized.

Let the radius of curvature R be a constant; # = kR. Let Q be a
point at the surface far in the shadow region at an angle ¢ beyond E.
TIts distance from E along the surface is Rg, its straight distance from
the wave front through £ is R sin ¢ =z (this z is measured opposite to
the 2 in sec. 17.23). If the incident field has the amplitude 1 at E, Fock
finds the amplitude at @ (with the sign of 7 changed)

v(Q) = e~ %2 1.83 x 1003886 gi(0.61¢+£%3)

where & — —z(k/2R?)'/3. Franz and Deppermann (also with the sign
of © changed) find
?)(Q) —1.83 6—@‘9:@—2.332(}\/3-}-§i)z1f3«p/24113_

As Rp =z + z*[6R? 4 negligible terms, the exponents of e in both
expressions reduce to
—izp — (0.699 - 0.403:)z! ¢.

This simple result may be interpreted as follows. The phase is as if the
wave travels along the curved surface with a velocity ¢f(1 + 0.4032-2/3),
A more useful interpretation is, however, that the wave travels with the
velocity ¢ effectively at the distance R(1 + 0.403x2/3) from the center
of curvature, i.e., at the distance 0.403x23 R = 0.403%k—2/3 RV/3 from
the surface. This agrees very well with the functional dependence of the
distance ET (Fig. 76) on k and R as estimated in sec. 17.21.

The damping is such that the amplitude reduces to e—21%° of itg
initial value in completing a half circle (7 radians) around the cylinder.,
For x = 8 this means a reduction to 0.018 of the initial amplitude. So
the surface wave is strongly damped and has little numerical significance
for > 8.

For R — oo this surface wave (still with polarization 2) becomes an
undamped plane Maxwell wave of infinite extent in the radial direction,
i.e., the same type of wave into which the Zenneck wave degenerates if
the conductivity is made infinite.

" Except for a small numerical error: the value of G(0) should be 1.399, in agree-
ment with Fock's result {Franz, private communication).
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A word about the damping of surface waves generally may be added.
The damping of the Zenneck waves or of the Weyl-Norton waves (see.
17.31) is due to Joule losses in the imperfect conductor. No exponential
damping factor is found in the equivalent waves at the surface of a
dielectric (Ott). The surface waves discussed in the present sections
are damped for a quite different reason. In bending around the surface
they continually spray energy forward tangentially away from the
surface. This “spray’” can be computed by Huygens’ principle in the
same manner a8 explained in sec. 17.23. Detailed formulae have been
derived by Franz and Depperman.

The equations for the surface wave for polarization 1 (E tangent to
the surface) were also solved by Franz and Deppermann. This wave
is numerically less important. It vanishes if R — oo, as is expected from
the fact that the boundary conditions of a total conductor (sec. 9.14)
do not permit & plane wave to travel along its surface with E tangent to
the surface.

The surface waves traveling around partially conducting bodies have
not yet been studied in detail. 'We may expect that they are damped by
both factors. A good many further investigations might be suggested
here, but it is not necessary to anticipate further developments.

The tentative conclusions are summarized in Table 37.

Table 37. Properties of Surface Waves on Conducting Bodies*

Flat Surface Curved Surface

Total conductor Polarization 1: no wave  Polarization 1: weak
surface wave (Franz
and Deppermann)

Polarization 2: plane Polarization 2: strong
wave, undamped surface wave damped
by spray (Franz and
Deppermann)
Partial conductor Polarization 1: no wave Polarization 1: weak

surface wave
Polarization 2: Zenneck  Polarization 2: strong
wave damped by Joule surface wave damped
losses by spray and by
Joule losses

* Polarization 1 means E || surface; polarization 2 means H {| surface
b

17.4. Backscatter
17.41. Backscatter by Cylinders and Spheres with m = o©

To compute the “spray”’ of a surface wave in a given direction is a
relatively simple problem. It just requires the use of Huygens’ principle



370 SPECIAL TYPES OF PARTICLES

in one of its rigorous forms. The field is given at all points of the surface.
The field is sought in & point P at a very large distance in a given direction.
The major contribution of the integration over the surface comes from
the region near the point (or points) @ where the tangent is directed to P,
for it is near these points that stationary phase occurs in the integral.
For large particles we may assume that the contributions from other
parts of the surface are negligible and that the intensity sprayed into
the direction of P depends only on the intensity of the surface wave and
the local radius of curvature at Q.

The procedure just described is, in fact, identical to the one applied
in sec. 17.23, where we computed the “edge function” for forward
scattering. The only difference is that in that section we computed the
spray right from the region where the injection occurred, whereas in
the backscatter problem the surface wave has already covered an angle
7 and thus has its asymptotic form, independent of the injection
mechanism,

The spray in any direction is also determined by the surface wave
that has completed 1, 2, or more, turns around the body. This holds
true for forward or back scatter or for any other direction. These
contributions may be added as a geometrical series, but they are numeri-
cally insignificant for > 4 and will not further be considered.

The application of the surface wave to the problem of the radar cross
section of totally reflecting cylinders and spheres has been made by
Franz and Deppermann. We shall not follow the full derivation but
just give the results in a form consistent with our notation and with
omission of terms of a smaller order in z, some of which were included
in Franz’s and Deppermann’s calculations.

Cylinders, case II (H||axis): The full amplitude function at 6 =4
i8 T\ op(m) 4 Tppps(m), with

™y

112 . .
Tve_ﬂ('”') —_ (_4_) e—ml4+2w,

1/2
™ _ 1A 1/
T ) = 2.02 (_) x1/3e 2.20x Wmf3+mx+1.272 )_
surf( ) 4

The addition of the second term to the amplitude thus increases the
radar cross section found on the basis of geometrical reflection by the
factor

- — |1 + 2 921,'_1”6 6—2.202:1’3—72(17/12-1—5.14z+1.27x1'3)|2'

Qlq
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Spheres: The radar cross section found from geometrical reflection
(= wa?) is increased by

2 = |1 +- 272113 g —2:20218 —i( ~5n/12 4 5.142+ 1.27213)|g
G

The contribution of the more strongly damped surface wave corresponding
to cylinders, case I, has been omitted in this equation.

2 T T I
(m =)
Case I (E !l axis)
olG N\ £\
1 V4 \\/[ \\
Case II (H |l axis)
] I | |
0 0 1 2 3 4 5
X —->

Fig. 84. Radar cross section of a perfectly conducting circular cylinder

of infinite length divided by the value following from geometrical

optics. The direction of propagation of the incident wave is supposed

to be perpendicular to the axis of the cylinder; z = 2na/A, where
@ ig the radius.

It is of some interest to compare these expressions with the values
obtained by direct computation by the usual method. The radar cross
section of totally reflecting spheres was shown for the range x =0 to
3 in Fig. 61 and the corresponding phase in Fig. 62 (sec. 14.32). The
radar cross sections of a perfectly conducting cylinder were computed
from the formulae in sec. 15.33 and are shown in Fig, 84, The maxima
and minima in both figures are spaced by Az ==1.18, approximately.
The computations for cylinders show quite clearly that the surface
wave is Important only for polarization 2. A slight wavering in the
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curve for polarization 1 suggests a weak surface wave also in the other

polarization. This is in good agreement with the discussion in sec.
17.32.

The positions of the maxima and minima are determined by the phase
of the extra factor in the formulae above. Let us write
2nf =12 + 5.1z + 127213
f =0.04 4 0.82x - 0.202'/3;

then the positions are (n integer)
Cylinders, maximum at f —n
Spheres, maximum at f == + }
Cylinders, minimum at f =n + }
Spheres, minimum at f =n + §.

The positions computed from these equations check very well with
those shown in Figs. 61 and 84, which means that the asymptotic formulae
are useful from x =2 or 3 on. For a precise agreement higher terms in
1/x have to be added. The spacing between the maxima should be

1 1
dfjdz ~ 0.82 1 0.07223

which is 1.18 near z = 3 and climbs to 1.20 near x = 10.

The physical meaning of f is (apart from the small delay 0.04 at ejection)
the difference between the two light paths shown in Fig. 85, expressed in
wavelengths. As (sec. 17.32) ¢ ~ (1 + 0.402%3)a, the path difference is

2a + mqg = Az (% + %) + 0.20 Ax1/3,
which upon division by A gives f— 0.04. Surface waves traveling
around the sphere have a path that is effectively shorter by 1/4 4 as they
have to pass the focus at ¥. This phase gain is of precisely the same
nature as the gain of an ordinary wave upon passing a focal line (sec.
3.21).

The amplitude of the fluctuation also requires some comment. The
formula given above for cylinders gives good agreement with the ampli-
tude shown by Fig. 84. The formula for spheres gives an amplitude
that seems to be too small by a factor 2. This is still unexplained.

The results for spheres differ in two important respects from those for
cylinders. The first one is that the fluctuations for spheres have a far
greater amplitude than those for cylinders. The first minimum even
comes close to zero. The fluctuations are far stronger than we could
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obtain, e.g., by averaging the results of the two polarizations for cylinders.
The physical reason is the same as the one which led in sec. 12.21 to
infinite backscatter from spheres according to geometrical optics, namely,
the cooperation of the radiation coming in equal phase from a full circle.
In the case of a cylinder the radiation comes from two opposite sides,
and the direction of backscatter has no unique position among all directions
Consequently, the scattered intensities at an arbitrary angle for cylinders
should have a character quite similar to that shown in Fig. 84. In the
case of spheres, however, the direction of backsecatter is an exceptional

F

——

4 | J

Fig. 85. Contribution of the Fig. 86. Contribution of the

surface wave to backscatter
from a perfectly conducting
cylinder or sphere.

surface wave to backscatter
from a dielectric cylinder or
sphere.

direction. Here the analysis of sec. 13.31 is relevant. The present
example is, in fact, a perfect example of a “glory” with C,/Cy =0,
superposed on and interfering with the centrally reflected light.

This semiquantitative essay on the surface waves should not replace
the exact treatment found in the papers cited. It may, however, serve
to make the latter results more easily accessible.

17.42. The Glory for m = 1.33

The glory observed in the scattering pattern of water drops has been
discussed in some detail in secs. 13.31 to 13.33. A question remains
whether the existence of surface waves can shed any new light on the matter.

One problem was that a ray as depicted in Fig. 48 did not exist at the
refractive index m —1.33. If at the injection 4, or at the total re-
flection B, or at the ejection C, the wave could skip 14° of the circum-
ference, the existence of such a ray would be a fact (Fig. 86). This is
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indeed possible. The situation at B and C' resembles very closely the
situation in Ott’s theory for generating surface waves (sec. 17.31), viz.,
illumination from the dense medium under the limiting angle of total
reflection. The situation at A4 is different, but the analysis of the pre-
ceding sections shows that surface waves are also generated there. So
there are three opportunities to skip the 14° or parts of it.  The intensity
must be considerable. We can also attempt to explain the polarization
in this manner. If the surface wave occurs only at B, Ott’s theory gives
a factor »® as ratio of the amplitudes in the two polarizations, polarization
2 (with H 1 plane of the drawing) being the stronger one. In the termi-
nology of see. 13.3: Cy/C; =7* =1.7. Apart from the fact that C,
has indeed the larger absolute value, this does not agree with the empirical
result, C,/C; = —4, obtained in sec. 13.33.

The present section is only exploratory; a detailed theory along these
general principles should explain the glory phenomenon entirely.

17.5. Ripples in the Extinction Curve
17.51. Empirical Data

The qualitative success of explaining some phenomena in the numerical
results of the Mie theory by means of surface waves makes us wonder if
there are further phenomena which would admit of a similar explanation.

One intriguing feature, which has not been explained in the preceding
pages, is the ripple on the extinction curve for dielectric spheres (in the
range m = 1.2 to 2.0). The main features of these curves are understood:
the asymptotic value @ =2 for 2 — o0 (sec. 8.22); the big fluctuations
whose maxima and minima occur at fixed values of p = 2x(m — 1) (sec.
11.22); and, finally, the fact that the mean curve about which these
fluctuations occur lies above @ =2 (sec. 17.26). The ripple is a pheno-
menon of rapid fluctuations with an amplitude 4+ 0.15 in @, numerically
insignificant for practical applications.

The ripple has been shown to exist with certainty in the work of the
Cambridge Air Force Research Center (CAFRC).8  Most other computa-
tions had been made with steps in  too big to reveal the ripple. The
CAFRC tables were made on the IBM 701 Electronic Data Processing
Machine. They cover the range x = 0 to 30, with narrow intervals of z,
and were made for m = 1.33, 1.40, 1.44, 1.486, and 1.50. This material
is sufficient to reveal some of the general properties of the ripple. These
are:

1. The ripple is not confined to any particular value of m. It appears
with approximately equal strength in all five curves.

8 Thanks are due Dr. R. Penndorf for kindly making this material available to the
author before publication.
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2. The ripple has a definite periodicity: peaks or valleys recur at
intervals about 0.80 in z for all values of m concerned.

3. The ripple is not a pure sine wave. It resembles somewhat the
beat pattern of two sine waves of slightly different periods, but this is
too coarse a description. In some regions it shows double peaks in
the interval 0.8, and in some it shows single ones, as indicated below.

Double Peaks of Single Peaks near
Equal Amplitude near
m = 1.33 x = 204 z =30
m = 1.40 x =17} x = 274
m = 1,44 x =14 x = 23}
m = 1,486 x =12 xz =20
m = 1.50 xr =12 x = 19}

4. Since these values of x are nearly proportional to 1/(m — 1), the
character of the ripple (double hump or single hump) has a tendency to
recur at the same value of p = 2x(m — 1), i.e., at a fixed position in the
major fluctuations. However, this is not precise, e.g., the double peaks
of equal magnitude oceur for m = 1.33 in the second minimum of the
extinction curve, for m = 1.44 on the slope from second maximum to
second minimum, and for m == 1.50 on the second maximum.

5. The ripple also has an imaginary component, as shown by the
graph for m = 1.33 in the complex domain (Fig. 53, sec. 13.42).

17.52. Tentative Explanation by Means of Surface Waves

The ripple has to be explained as an interference effect between the
forward diffracted wave (chaps. 12 and 13) with a wave not hitherto
noticed. There are no reflected or refracted rays which could have
escaped our attention. The central ray with two internal reflections,
which covers the diameter three times, has a phase lag of 2z(3m — 1)
with respect to a ray that passes the sphere. Thus the period between
peaks should be #/(3m — 1), which ranges from 1.05 for m = 1.33 to
0.90 for m ==1.50, so this is not the explanation. Moreover, its com-
puted amplitude is too low.

Let us see what surface waves can do. Figure 87 shows a ray QA4
incident at the edge of a sphere or cylinder, e.g., a water drop or water
jet. This ray will initially generate a wave 44’ traveling along the
surface. At any point along the surface the wave will lose energy by
two effects: (1) the refraction into the droplet along AB or A'B’, as
indicated in Ott’s theory of the surface waves for dielectries, and (2)
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the spray in the forward direction along AP or A'P’, ete. It is very
unlikely that the original surface wave will be able to travel all the way
around the sphere or cylinder and still produce an observable effect.
Suppose that the first effect (refraction into the drop) produces the
the stronger attenuation, Then, for the mere geometry of the problem,
this energy comes back to the surface. It comes back at B if it was
refracted at A, and it comes back
at B’ if it was refracted at A4’
This means that at B a new sur-
face wave is started, which is
reinforced by further contributions
at any further point B’ and travels
in the direction BB’B". All these
contributions are in phase. Some
distance beyond B (the exact
amount cannot be estimated) it
must reach its maximum amp-
litude.
The short cut AB, or A'HR’,
T T \ T T I through the body means a longer
optical path. If a is the radius,
Fig. 87. Reinforcement of the surface ¢ the refractive index, and cos
wave on a dielectric body by waves o = 1/m, we find from Snell’s law
traveling through the body. that 4 B subtends an angle 2a. The
optical length is m-AB = 2a tan « and equals the vacuum length of AP
-+ PB, where P is the intersection of the tangents at 4 and B. The in.
crease in optical length over a wave that travels the shortest way around
the body thus is

2a tan o« — 2a0 = ha.

We may now easily guess what happens. In traveling around the
body the wave will take N short cuts and each time lose phase corre-
sponding to an optical path ha. The full optical path around the body
will then be

2wa + Nha.

Probably N will be close to the maximum number that is possible:
e.g., for m = 4/2 we might have four short cuts, each subtending a right
angle, but it is more probable that only three short cuts occur. Table
38 gives a survey of the numerical values of 2 and the probable values of
N. The less probable values are given in parentheses.
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Table 38. Expected Period and Beat Period of the Ripple

—1
m 2e 2 tan o h N (l + llh) EE
(radians) 2m h
1+ 2+/2¢ 2+/% #(2¢)3/2
1.1 0.860 0.917 0.057 7 0.94 110
(6)  (0.95)
1.2 1.171 1.328 0.157 5 0.89 40
(4)  (0.91)
1.333 1.446 1.764 0.318 4 0.83 19.8
(3)  (0.87)
1414 1.571 2.000 0.429 (4) (0.78) 14.6
3 0.83
1.5 1.682 2.236 0.554 3 0.79 11.3
(2)  (0.85)
2 2.094 3.464 1.370 3 0.60 4.6
(2)  (0.70)

Constructive or destructive interference with the main component
(the diffracted light) will occur if this optical path is increased by a full
wavelength. Therefore, the spacing of the peaks in the ripple should
be given by

A(2ma -+ Nha) = A,
and 8o
2ma 1

%2 1+ Nhj2m

The table indicates that in the range m —=1.33 to 1.50, for which the
CAFRC tables were computed, the probable values of Az range from
0.83 to 0.79. This is in fair agreement with the empirical value 0.80
and lends support to the suggested explanation.

The very uncertainty of the problem, viz., the uncertainty in N,
also explains the existence of a complicated beat pattern. For instance,
it is possible that the surface wave travels along the surface from 4 to B
without being too strongly attenuated. The character of the interference
of the new surface wave generated at B and B’ by the emergent radiation
and the wave that has stayed at the surface is then determined by the
question whether the difference of optical path ha is or is not an integer
number of wavelengths. Similarities in the interference pattern will
recur if

Ar=A

A(ha) = A,
80
2ma 27

A=A =T
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The values given in the last column of Table 38 agree quite well with
the values of = at which a double peak occurs. Just why at these values
the beat pattern should have this character cannot be judged from the
crude explanation given here. The rough agreement of the periodicities
suggests that an exact theory of the ripple should be based on the type
of surface waves discussed in this section.

Also this section is merely an exploration. By the new investigations
of Beckmann and Franz (compare sec. 12.35), it has become possible
to treat the combined effect of the surface waves and the short cuts
through the sphere rigorously by means of a residue series based on
Watson’s transformation. No numerical results are yet available.
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18. SCATTERING AND EXTINCTION
EXPERIMENTS AS A TOOL

As the foregoing chapters contain more complicated formulae than an
average experimenter or research worker likes to handle, the present
chapter starts with a fresh introduection of the scattering problems to
those scientists whose interests are primarily in the applications. The
following chapters (19 to 21) form separate guides for various fields
so that, e.g., a chemist or astronomer may find which parts of the pre-
ceding theory are of interest to him.

18.1. Introductory Remarks

It may first be repeated from chap. 1 that the scattering problems
treated in this book are limited as follows.

1. The book does not consider (as a rule} the media in which the scat-
terers are so densely packed that their mutual interactions complicate
the problem.

2. The book does not treat the scattering of light by media or clouds in
which the light is scattered several times in succession before it emerges
from the medium (multiple scattering). Even the very simplest law
of scattering for the individual particles (isotropic seattering) leads to
complex mathematics in the multiple-scattering problem.

3. The book does give the dispersion and attenuation of a beam of
light traversing a medium, if the individual particles are far apart and if
their scattering properties are known (chap. 4).

Composite media consisting of small scattering particles embedded in
a homogeneous material are present in nature in great variety (e.g., fog,
interstellar dust) and are the desired or undesired product of man’s
technique in an even greater variety (industrial smoke, colloidal solutions).
In many of these examples the scattering of light is the easiest means of
detection and an obvious means for further investigation of the particles.
The observations or experiments can be interpreted most directly if the
particles are not too densely packed and the investigated sample is small
enough to avoid multiple scattering.

Most of the computations reported in the preceding chapters were
initiated with a view to a specific application. Sometimes the same
mathematical problem was posed by research workers in two or three
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different fields. For example, the formulae in sec. 7.2 were independently
developed for X.ray analysis of materials and for the diffusing properties
of opal glass. Other problems, which did not yet have a direct application,
were discussed for the sake of completeness.

In the following chapters the attempt has been made to restore the
original order of research in these fields:

a. A problem belonging to a specialized domain of science is posed.

b. The phenomena of scattering and/or extinction involved in this prob-
lem are described.

¢. This leads to an estimate of the orders of magnitude of size, wave-
length, refractive index, etec.

@. Reference is then made to one of the earlier chapters, in which a
detailed discussion of this particular type of scattering is found and a
few examples are given.

This completes the task of this book for each of the applications that
will be mentioned. It does not, however, complete the entire research
in each field. Certainly the following steps will ordinarily follow:

e. Comparison of the detailed scattering computations with the detailed
experiments ot observations.

J. Discussion of deviations and changes to be made in the working
hypothesis, both on the basis of this comparison and on the basis of the
physics and chemistry of the scattering particles.

The study of the scattering phenomena thus has the character of a
tool rather than the aim of research. It can be a good aid, but it cannot
replace a thorough knowledge of the field involved. For that reason the
applications in the following chapters necessarily serve as illustrations
of a method, not as full discussions of a subject. For the same reason
the author has avoided any attempt at a complete review of all appli-
cations or a tabulation of empirical results. This must be left to the
experts in the particular field.

There is one type of application, which is rapidly growing in importance,
in which the order is reversed. In the theory of the artificial (composite)
media the problem is not to determine the properties of the scatterers by
experiment but to manufacture scatterers with such properties that the
medium has prescribed constants. An example is found in sec. 19.42,

The most common situation in which a research worker takes recourse
to the literature on scattering is when he contemplates the use of scattering
experiments in order to further his knowledge on certain types of small
particles. He then will put these three questions:

When are scattering measurements most useful?

What kind of measurements should be made?

What properties of the scatterers can be inferred from these
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measurements? The answers to these questions are reviewed in the
following sections.

18.2. When Are Scattering Measurements Most Useful ?

The following circumstances, separately or combined, may make
an investigator decide on a scattering method instead of other means of
investigation.

A. The particle size is of the order of the wavelength of (visible) light.
For particles of a much smaller or a much larger size scattering measure-
ments are less effective. Very small particles exhibit Rayleigh scattering,
and none of the easily measured characteristics depends on their size.
Only the comparison of a quantity that is a linear function of the particle
volume, e.g., the refractive index of the composite medium, with a
quantity that is a quadratic function, e.g., the intensity of scattered
light, makes a determination of the size possible (secs. 6.53 and 19.12).

Very large particles again show small differences in their scattering
characteristics. Moreover, they can be examined in a microscope.
This much more powerful and direct method will be preferred to scattering
studies, whenever possible. Here other circumstances (B and ) may
lead the research worker to consider scattering.

B. The particles are mot readily accessible. This condition holds
for all of astronomy and most of meteorology. All observational data
about the dust in interstellar space or in a planetary atmosphere are
data on the scattering and extinction by those dust clouds. This is the
reason why the need for accurate computations of the scattering pro-
perties has been most acutely felt in astronomy. The majority of the
computations reported earlier in this book has been made for astronomy.
Even before 1900 such computations had been made with a view to the
light pressure exerted on comet tails. Later the interest shifted to
interstellar matter, where first metallic spheres, later dielectric spheres,
and still later ellipsoids and cylinders were in fashion (sec. 21.4).

The haze and clouds in the sky are at any time accessible for balloon
and airplane measurements with laboratory instrumentation. It is
much easier, however, to make optical measurements or radar observa-
tions from a ground station. A different situation, where similar pro-
blems arise, occurred with a research group studying the processes in a
blast furnace. It was necessary to determine the size and number of the
soot particles escaping into the chimney. When collected on a metal
probe they coagulate and become indistinguishable. A microscope
cannot be brought into the hot gas stream, but it is easy to send in light
or ultraviolet radiation and to measure the intensity and directional
pattern of the scattered light.
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Another typical example of inaccessible particles occurred in the
Langley 11-inch hypersonic windtunnel. Because of the rapid expansion
of the air in the nozzle of this tunnel, the temperature of the air may drop
below that at which it liquefies. A fog of liquid air droplets is then
observed in the test section. The drops have radii of the order of
5 X 107%cem, ie., 2= 0.6 with green mercury light. This has been
determined from the transmission curve and by means of dissymmetry
and polarization measurements (Durbin, 1951).

C. A rapid method for routine measures is wanted. If this consideration
enters, the choice is often the scattering method. For instance, the
color of a colloidal suspension in the chemical industry may be a sensitive
check on the correct size. Other checks, involving polarized light, or
the intensity ratio of light scattered at two different angles, may be
even more sensitive and are just as easy with modern techniques. Com-
putations as described in this book may help to decide the best method.

18.3. What Kind of Measurements Should be Made?

Whereas astronomers have to collect and interpret all possible data,
a laboratory worker is in a distinctly different position. If the object,
say a colloidal solution, is given, he has a choice among a variety of
measurements. Included within the topic of this book are scattering,
extinction, and refraction measurements. In all these measurements
the wavelength distribution and the state of polarization of the incident
light may be chosen at will. The theoretical interpretation is simplest
if a definite wavelength and a definite state of polarization are used.
The laziest way to set up an experiment is with white, natural light
(white = distributed over a wide range of wavelengths in the visible
spectrum; natural = unpolarized; seesec.5.13). There may be practical
reasons for preferring white or natural light, but it usually pays to insert
a color filter, or Polaroid filter, or both in the beam. They may be
placed in the illuminating, or in the receiving system, or in both. Measur-
ing relative intensities with an accuracy of 1 per cent should be no prob-
lem with modern photoelectric cells.

18.31. Scattering

In the following we shall assume that the scattered light of a great
many (incoherent) particles is measured simultaneously. Fig. 88 shows
the basic parts of the instrument. Practical apparatus for light scattering
has heen described by Stein and Doty (1946), Debye (1946). Speiser
and Brice (1946), Zimm (1948). Most of the remarks made below hold
also if the scattered light of one particle (Tyndall light) is viewed in an
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ultramicroscope or in a photoelectric particle counter (sec. 19.3). It is
conventional in a good part of the literature to call the plane of Fig. 88,
which contains the directions of propagation of the incident and scattered
light, the horizontal plane, and to describe linear polarization by the
position, vertical or horizontal, of
the electric vector. The vertical
position of the electric vector cor- 8
responds to what we have called the
perpendicular position (index r) in
sec. 4.4 and subsequently.

If the particles are spherical and if
the incident beam is made vertically
polarized by a polarizing filter, then
the scattered light is also vertically
polarized (unless multiple scattering
occurs) and is proportional to ¢,.
So the addition of a vertically
polarizing filter in the receiving
system should make no difference
(except for absorption in the filter),
and the addition of a horizontally
polarized filter should reduce the
intensity to zero.

The symmetry properties for non- g
spherical particles are discussed
in cha,P 5. Slmp]e Pra,ctica.l con- Fig. 88. Schematic arrangement for
sequences of these symmetry pro- measuring scattered light. § = light

. .1 source, L, and L, lenses with dia-
perties have been indicated by phragms, F, and F, color and

Krishnan (1934-1936) and have been  jarization filters, D detector, e.g.,
checked by many later authors. Inthe photocell, C' cell for solution with
case of spherical particles, where we  cross-hatched area = scattering
have separate scattering diagrams volume.
for vertical electric vector and for horizontal electric vector, the first
diagram, of i,(f), usually shows sharper details than the second, of
i,(), and both show more details than the diagram for unpolarized light.
The simplest measurement from the theoretical point of view is the
measurement of the intensity scattered at a certain angle (per unit
solid angle) at a certain wavelength and in a certain polarization. The
scattered intensity is given for a single particle in secs. 2.1 and 4.1, for an
assembly of particles, e.g., the cross-hatched area in Fig. 88, in secs.
2.6 and 4.22. Such a ‘‘simple measurement” is hard to attain, for
besides a range of wavelengths there may be a range of angles involved,
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owing to the apertures or slit widths in the illuminating and receiving
device. In certain experiments convergent light was used, which by
itself gives a range of angles.

Since an absolute measurement of the scattering cross section of
& particle for a certain angle 6 involves a difficult calibration of the Light
source, reflection losses, etc., it is more usual to make relative measure-
ments:

a. One angle with respect to another: dissymmetry measurements
or, more completely, the scattering diagram.

b. Horizontal versus vertical polarization at a given angle, i.e.,
measurements of the degree of polarization of the scattered light if the
incident light is natural.

¢. One wavelength against another: color measurements, or also
higher-order Tyndall spectra (sec. 19.22).

The great variety of particles necessitates a great variety in the actual
methods and instruments. The most convenient choice may be left
to the ingenuity and taste of the reader. Table 39 (sec. 18.4), the
collection of scattering diagrams in Fig. 25 (sec. 10.4), and the examples
in the following chapters may aid in making the choice.

18.32. The Extinction

Extinction can be measured by observing the intensity J of a light
source as seen through a container with scattering particles. If J,
is the intensity of the same light source seen through the same container
without scattering particles, the ratio is

[Ty = e

where [ is the path length through the particulate medium and y is
variously called the extinction coefficient (secs. 4.22, 4.3, etc.), the
turbidity, or the attenuation coefficient; its dimension is length—1,

Figure 89 shows a diagram of an instrument for measuring the extine-
tion. A lens is needed at least at one end of the path in order to make
sure that only the light from the source is measured and not part of the
scattered light. This ideal cannot be fully realized: although it is
mathematically possible to define the extinction of light from a point
source (sec. 4.2), any practical instrument measures the dimmed light
of the source plus a certain amount of light scattered at small angles.
In the instrument in Fig. 89 these angles are defined by the apertures
in front of the lamp and of the photocell.

Some authors have found it convenient to introduce an effective, or
apparent, absorption coefficient, which is found by putting for J, in the



SCATTERING AND EXTINCTION EXPERIMENTS AS A TOOL 389

formula above, the measured energy of source and scattered light in the
small reception cone. This apparent absorption coefficient depends on
the reception cone of the instrument. For small particles and particles
comparable to the wavelength the difference is minute. For large
particles, the diffracted light is so strongly concentrated near the forward
direction that a good part, or even all of it, falls in the reception cone of
the instrument. The apparent extinction cross section thus falls from
twice the geometrical cross section to this cross section itself, if the
instrument is fixed and the particles grow in size, while the factor 2

F S LA € L S M S, D

Fig. 89. Schematic arrangement for measuring attenuation (after

Lewis and Lothian). F = filament of lamp, § and A diaphragms,

L, and L, lenses, C and C’ cells for specimen and blank solvent, S, and
S, slits of monochromator M, D detector, e.g., photocell.

remains true for the total extinction (sec. 8.22). A detailed computation
of the apparent extinction for reception cone half-angles from 0° to 1.4°
has been made by Gumprecht and Sliepcevich (1953). A simple rule
may be stated if the reception cone of the instrument is itself due to
diffraction, as is nearly realized in many astronomical telescopes. The
ratio of apparent cross section to geometrical cross section then is 2 if
the objective of the telescope is much larger than the (interstellar)
particles; it would approach 1 only if the particles become larger than the
objective.

The extinction measurement may be made into a relative one by com-
paring the extinction of two wavelengths (color of the setting sun!)
or in two directions of polarization. If in the latter case a difference is
found the particulate medium is dichroic (secs. 19.4 and 21.4).

It is much more of a problem to compare the extinction with the
scattered intensity (at one angle or integrated over all angles). Yet this
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is the only direct method to determine the absorption inside the particles,
or their albedo (sec. 2.2). As quite different quantities have to be com-
pared, the method requires great caution.

18.33. Refractive Index of Composite Medium

One further quantity not usually mentioned in connection with
scattering problems but sometimes susceptible of accurate measurement
1s the refractive index of the material made up by the medium and the
embedded particles. Theoretically, this refractive index is intimately
related to the extinction: both can be computed with equal ease and
form together the complex refractive index of the composite medium
(secs. 4.3 and 4.4). The refractive index may be measured with a re-
fractometer or interferometer in the optical domain, or in & wave guide
in the microwave domain.

If the refractive index is different for different states of polarization
the composite medium is birefringent and/or rotates the plane of polari-
zation. Applications in the domain of molecular scatterers are plentiful.
In microwave technique, artificial dielectrics are becoming more and
more important (Sisskind, 1952). The full formulae for particles of
arbitrary size are in sec. 4.41.

18.4. What Can Be Inferred from These Measurements ?

Scattering or extinction measurements allow us to determine (at
least in principle) size and distribution of sizes, shape and orientation,
and chemical composition of the particles. However, not every property
can be inferred from the measurements with similar accuracy. Some
of them will be mentioned in order of practicability. Particles of mole-
cular size have been discussed in sec. 6.21; see also sec. 19.12.

1. The concentration, or number of particles per unit volume. If the
scattering or extinction of a single particle are known, one simple measure-
ment suffices to give the concentration. The most common way is to
employ the measured extinction coefficient, which is

y = NC
and to find N by means of an assumed value of (,,. The scattered
intensity may be used in a similar manner (sec. 4.22). Usually this
problem is combined with the problem of determining size and/or com-
position, which are needed first in order to know the value of the cross
section C,_,.

2. The size is the most important parameter and the one which is
easiest to determine; for spherical particles with diameter 2a, the para-
meter x == 2rra/A is the most important one in the theory. The most
promising methods have been compiled in Table 39. The scattering

ext:
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diagrams (Fig. 25) may serve for a closer illustration. Table 39 serves
for dielectric spheres with a moderate refractive index (e.g., water drops
in air). The limits of the ranges are somewhat arbitrary and depend on
the precision of the instrument.

Table 39. Survey of Size Criteria for Water Drops

Range  Range of  Quantities Sensitive to Changes in

of w Diameters Size
for Red
Light
Small drops 0-0.3 0-0.1 u The ratio of any quantity quadratic
{Rayleigh in V (scattered imtensity, extinction)
scattering) to any quantity linear in V (refractive

index of composite medium, excess
density of composite medium over
solvent). See secs. 6.21 and 19.12 for
details; 7 = volume of drop.

3-term region 0.5-1 0.1 u—0.2; Angle of maximum polarization, or
degree of polarization at 90°, or color of
scattered light at any angle, or ratio
of scattered intensities at 45° and 135°
(dissymmetry). See secs. 10.3 and

19.12.
Region of 1-10 0.2 1-2u Dependence of extinetion on wave-
complicated length; width of main scattering lobe
patterns between half-intensity angles; angles

of any distinguishable maxima or
minima in the scattering diagram;
higher-order Tyndall spectra. See sees.
19.22, 20.3, and 21.2 for examples.

Anomalous 10-50 24-10u Angular positions of minima and

diffraction maxima in the diffraction pattern.
See sec. 13.41,

Big drops 50— o0 10 u—c Diameters of diffraction rings, or

(ordinary angles between them; position of

diffraction) rainbow maximum and angles between

the adjoining maxima; diameters of
glory rings; colors of all these pheno-
mena if the light source is white. See
secs. 8.31, 13.24, and 13.33.

The quantities given in Table 39 may be completed by many more;
the ingenuity of the research worker and the exact aim he has in mind
will be decisive for the exact method chosen. The methods may be
standardized, if desired, and have to some extent been standardized in
chemistry.
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The method will be different for metallic particles, especially if they
are small. In the Rayleigh region a sensitive criterion of size is the ratio
of scattering to absorption or total extinction. The transition region is
narrower than for dielectric spheres, and anomalous diffraction does not
oceur; again the width of the main lobe or the dependence of extinction
on A are the best criteria. For large particles the diffraction rings form
the best size criterion.

If the particles are not in vacuum or air, the wavelength 42 = 1,/m,
should be used, where 4, is the wavelength in air and m,, is the refractive

Table 40. Values of x for Aerosols and Hydrosols*

Aerosols Hydrosols
Radius ).0 = 0.40 0.50 0.67 10 = 0.40 0.50 0.67
a Al = 25 20 15 A7l = 25 20 1.5
2nfd = 15.7 12,6 9.4 2n[2 = 20.9 16.8 12.6
0.01 x = 0,16 0.13 0.09 r = 0.21 0.17 0.13
0.02 x = 031 0.25 0.19 xr = .42 0.34 0.25
0.04 xr = 0.63 0.50 0.38 x = (.84 0.67 0.50
0.05 x = (.79 0.63 0.47 x = 1.05 0.84 0.63
0.1 x = 1.57 1.26 0.94 x = 2.1 1,7 1.3
0.2 x = 3.1 2.5 1.9 x = 4.2 3.4 2.5
0.4 x = 6.3 5.0 3.8 x = 8.4 6.7 5.0
0.5 x = 7.9 6.3 4.7 x = 10.5 8.4 6.3
1 = 15.7 12.6 94 x =21 17 13
2 x = 31 25 19 x = 42 34 25
4 x = 63 50 38 xr = 84 67 50
59 z =179 63 47 x = 105 84 63

* a, Ay, and A are expressed in microns.

index of the medium in which the particles are embedded. Table 40
permits a quick orientation about the values of x for aerosols and hydro-
sols.

3. The distribution of sizes usually is very hard to determine, especially
when other unknown parameters, e.g., shape or composition of the
particles, also enter. An attempt to determine the size distribution
can bemade by performing very accurate measurements of scattering and/or
extinction and by comparing the results with computations made for
various assumed distribution functions of a.

In practice it is found advisable to do at least some presampling of
the sizes in order to remove the particles that are very much smaller
or larger than average. Also, a narrow range of wavelengths is strongly
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recommended, for a range in 4 has much the same effect as a range in @
on the distribution function of the parameters x = 2na/A.

4. The shape of the scattering particles in a medium with random
orientation of the gcatterers usually is hard to determine. As an example
‘'we may mention the problem of the diffraction rings by water drops
or randomly oriented ice needles. The difference in the intensity distri-
bution and the positions of the maxima and minima for corresponding
sizes is noticeable but small (Fig. 16, sec. 8.32).

Nevertheless, sensitive checks may be devised in a variety of ways,
especially with the use of polarized light. A standard method for very
small particles, or molecules, is the determination of the depolarization
factors (sec. 6.52), from which at least one relation between the elements
of the polarizability tensor may be obtained. Other methods, also
based on checks for the presence of the elements 83 and 8, in the scattering
matrix (sec. 4.41) have been proposed by Kastler. Similar checks are
available in the microwave domain. For instance, a radar unit emitting
and receiving circular polarization can discover a target only if it is
non-spherical.

Problems of the surface condition of the scattering particle (rough
or polished) may be classed also under “shape.” This question arises
only in connection with particles >> 4. The distinction is fairly easy.
The difference between a ‘“white” and a “polished” totally reflecting
particle was explained in sec. 8.42. Similarly, it will be clear that a
smooth, solid glass sphere will give something like rainbow effects, whereas
a roughened glass sphere (surface of ground glass) will not.

5. The orientation of particles which are elongated, or have an otherwise
peculiar form, can be determined fairly easily both by scattering and by
extinction methods. It is simply necessary to compute the scattering
properties for various orientations and to apply the theory of chaps.
4 and 5 if the orientations are not at random. An example is the deter-
mination of the orientation of the interstellar particles from the observed
effect of interstellar polarization (sec. 21.4).
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19. APPLICATIONS TO CHEMISTRY

19.1. Scattering by Small Particles and Macromolecules
19.11. Tyndall Light

Colloidal solutions may be distinguished from real solutions by a
simple experiment based on their relatively strong scattering. If a
strong ray of light is passed through a sol in the dark, the path of the
light through the sol is clearly visible from all sides. The phenomenon
is most clearly seen with very small, non-absorbing particles, like a
mastic emulsion or a very fine smoke. The secattered light is blue, and
when seen perpendicularly to the ray it is fully polarized with the electric
vector perpendicular to the plane through the incident and scattered ray.
When the incident light is plane-polarized, the path is clearly seen from
aside by an observer located in the H-plane; it is not seen by an observer
located in the E-plane.

These particulars correspond with the law of Rayleigh scattering,
discussed in detail in chap. 6. The scattered light was first studied by
Briicke (1852) and Faraday (1857) and in great detail by Tyndall
(from 1869 on). Lord Rayleigh explained it as the radiation by the
induced electric dipoles of the particles, in a series of papers in 1871,
Most of this work was directed towards finding an explanation of the
blue sky, and the experiments were made with smoke. It was not until
1899 that Rayleigh suggested that, instead of embedded droplets, the
air molecules themselves might be the scattering particles. This inter-
pretation was supported by a determination of the number of particles
from the refractive index and the extinction coefficient (sec. 6.53). It is
in agreement with the known number of Avogadro. Present deter-
minations of the number of Avogadro from scattering, both in the
laboratory and in the entire atmosphere, give the correct value within
1 per cent.

The first laboratory experiments on Rayleigh scattering by pure gases
date from 1913, the refinement of anisotropic particles and depolarization
(sec. 6.52) from 1918 (Rayleigh, 1918). An account of theory and experi-
ments is given by Cabannes (1929). The extra factor S in the extinction
formula is not of extreme importance but should be used in accurate
work. The application of these formulae has been adequately reviewed

394
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by Oster (1948). They hold for small aspherical colloidal particles just
as well as for anisotropic molecules.

The deep blue color of the Tyndall light is lost if the volume of the
sol is so large that multiple scattering becomes important, or if the
individual particles are too large. In the latter case it makes an im-
portant difference if the particle is a randomly coiled molecule packed
in the form of a loose ball {sec. 19.12) or if it is a liquid or solid sphere
with a refractive index different from the medium (sec. 19.2). Suppose
that the relative refractive index is 1.25 or 1.5. The first symptoms
of the size increasing beyond the Rayleigh domain then are

a. The ratio of the intensities in a forward angle (8, << 90°) and the
symmetrical backward angle (8, = 180° — 6,) becomes >> 1; there is
more light in the forward direction.

b. The polarization maximum shifts to an angle 6§ > 90°.

¢. Consequently, the polarization at § = 90° falls below 100 per cent.

They were described by Rayleigh in 1881. The mathematics behind
these phenomena is given in the form of the three-term formulae (electric-
dipole, magnetic-dipole, and electric-quadrapole radiation) in sec. 10.3.
The second symptom is particularly suitable for size-estimates but
becomes, like the other ones, useless when still higher terms enter (see
Table 39, sec. 18.4).

The blue color is also modified if the refractive index of the particles
changes selectively with A in the visual domain. This is true with some
metal sols or smokes (sec. 19.21). The full polarization at 6= 90°
is then retained, provided that the particle size is sufficiently small.

19.12. Molecules and Macromolecules

There is an important body of theoretical and experimental research
on light scattering by chain molecules and high polymers. This subject
comprises a substantial part of the review paper by Oster (1948), and a
separate monograph on it by Zimm and Doty is in preparation; therefore,
we shall not discuss the entire subject. Nevertheless, a short section
must be included to show that, despite strong differences in terminology
and in notation, the special cases discussed in chaps. 6 and 7 of this
book are also relevant to dilute solutions of macromolecules.

If the overall dimensions of the molecules are very much smaller than
the wavelength, say <C1/20 A, the theory of chap. 6 is applicable. The
principle of the method for determining molecular weight is explained in
secs. 6.21 and 6.53, and only the notation has to be adapted. The
turbidity = measured in chemistry is identical to our extinetion co-
efficient y.

Let ¢ be the concentration (gram/cm?), N , = Avogadro’s number,
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and M the molecular weight; then the number of solved molecules per
em® is N = N ,¢/M. Further, let Ay be the wavelength in vacuum,
ny be the refractive index of the solvent and » of the solution; then
our 7 is the relative refractive index n/n,, and our A is Ag/ng. The
turbidity equation for very dilute solutions is then, according to sec. 6.53

= HeM,

where

oo 32mnd(n — no)zf‘

3N A2
H contains only known quantities (N ,) or measurable ones (n — ng).
Thus by measuring 7 and ¢ the molecular weight can be determined.

Instead of the turbidity the scattering at 90°, which is simply related
to it, may be measured. Also white light may be used, if monochromatic
light is not sufficiently intense (Kerker, 1952).

If the molecules are larger than 1/20 2 and are of the type of straight
rods (virus) or coiled chains (polystyrene) they still are exposed to
essentially undisturbed radiation. Hence the scattering follows from
Rayleigh scattering by the principle that in the chemical literature is
called internal interference. It is identical to what we have called
Rayleigh-Gans scattering (sec. 7.11). The factor to be added to the
formula for the scattered intensity, i.e., the square of our R(0,p), might
be called the Debye factor (compare sec. 7.5). The factor to be added
to the small-particle law for the turbidity or extinction is sometimes
called the dissipation factor; its computation for spheres is found in sec.
7.22.

Representative sizes for polystyrene particles, as mentioned by Zimm
(1948), are: molecular weight of entire chain 1.000.000; length of one
lirk of the order of 10 A; all links coiled into a ball with diameter 1000 A
and higher.

Williams and Backus (1949) describe a sample of very uniform poly-
styrene particles with diameter 20 — 2590 A 40 A. If i, = 5000 4,
l.e., in the solvent about 3500 A, we have x = 2ma/i = 2.3. 'This is
small enough to make the Rayleigh-Gans approximation permissible.
It is just about the value for which the first zero of intensity appears in
the backscattering (sec. 7.21). Hence most experiments in this field
deal with a relatively simple scattering diagram in which the dis-
symmetry factor 1(45°)/I(135°) characterizes the size sufficiently. Many
authors have found it useful to extrapolate the measured intensities to
§ = 0 in order to apply the unmodified Rayleigh formula. For details
of technique we refer to the papers quoted. The much more difficult
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subject of solutions that are not very dilute is beyond the scope of this
book.

Another illustrative example is the scattering by tobaceco mosaic
virus. The particles are thin rigid rods having a length comparable with
the wavelength of visible light. In the study by Oster, Doty, and
Zimm (1947) the sizes of the rods as determined by the electron micro-
scope were: average length = 0.270 u, diameter = 0.015 x. The dia-
meters are sufficiently thin to make the Rayleigh-Gans theory applicable.
The relevant formula for the intensity scattered by randomly oriented
rods is in sec. 7.34. The length may be determined from optical dis-
symmetry measurements. At A, = 0.546 4 in air, ie.,, 2= 0.409 y
in the solvent water, the intensity ratio at 6= 42.5° and 137.5° was
found to be 1.94. From a graph based on the formula of sec. 7.34 it
then follows that I/A = 0.66, so that the length is 0.270 x4 in excellent
agreement with the electron-microscope studies. The diameter cannot
be determined directly, but the estimate made from the molecular
weight M = 40 x 108, which follows from the measured turbidity,
agrees again with the electron-microscope data.

19.2. Hydrophobic Solutions
19.21., Colors of Gold Solutions

A useful distinetion in the types of colloidal solutions is the distinc-
tion between lyophobic solutions and lyophilic solutions (hydrophobic
and hydrophilic, if the solvent is water). In hydrophobiec solutions
the colloidal particles do not join with the water molecules; in hydro-
philic solutions they are hydrolized as, for example, Fe(OH), particles,
or swell and form a hydrogel. All hydrophobic solutions and some
hydrophilic solutions are good examples of the idealized problem of
separate particles in a homogeneous medium, a subject dealt with
throughout this book.

Among the most strictly lyophobic solutions are the colloidal gold
solutions in water. Their colors have attracted the attention of the experi-
menters from the time they were first made. Also, the very first time
that a full solution of the scattering of light by a homogeneous sphere
was made (Mie, 1908), the author’s aim was to explain the colors of gold
solutions. The general solution is now often called the Mie solution,
and it is historically correct to mention gold solutions as its first appli-
cation.

Gold sclutions can be made in a variety of ways. The reader may
refer to Freundlich (1932) for the early literature. Gustav Mie in his
long paper in 1908 derives the rigorous scattering formulae for homo-
geneous spheres including only the first three terms, the coefficients
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of which we have denoted by a,, b;, and a,. He computes for a number
of wavelengths and sizes the cross sections for extinction, scattering, and
absorption. He observes also that the scattering (but not the extinction)
is determined almost completely by the term with a,, which represents
dipole scattering; this means, incidentally, that the wavelength depend-
ence of total scattering is the same as that of scattering under 90°. Some
polarization values and scattering diagrams are also computed in Mie’s
paper. The numerical values are based on the refractive indices deter-
mined by Hagens and Rubens, multiplied by 3/4 in order to obtain the
refractive index relative to water (see Table 26, sec. 14.22). His com-
putations are compared with the qualitative experiments by Steubing,
and the results are so successful that they are still worth being reproduced

K @ K Q@ K Q
100 100 100

ext ext

sca 4 ext

50

Q=1

0 ] oLl ! | 0
0.45 0.55 0.65u 0.45 0.55 065u 0.45 0.55 0.65u

2a=004 L 2a=010u 20=0144

Fig. 90. Efficiency factors @ for extinction, scattering, and absorption
by spherical gold particles in water, according to Mie’s computations.
Abscissa = wavelength in air; 2a = diameter.
in some detail. The terms and notations of Mie are translated below
into our terms and notations. The coefficients tabulated by Mie have

the same definition as those adopted later by Schalén (sec. 14.21).

Mie’s terms and notations Notations and terms in this book
K’ (total scattering) Qseq (3/4a) (scattering)
K” (pure absorption) Qs (3/4a) (absorption)
K (absorption) @,z (3/4a) (extinction)
K =K' 4 K* Qext = Qsca + Qans

Numerical results for three sizes of spheres are shown in Fig. 90. Both
K and ¢ are given as the ordinates. Particles with 2¢ = 0.04 4 form
a red gold sol, because the extinction has a maximum at 0.53 u. The
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scattered light has a yellow-green color but is very weak. These are
also the properties of very small particles, which reflect the peculiarities
of the refractive index, not of a size effect. The second figure shows that
a white source shining through a solution with 2¢ = 0.10 u is seen with a
purple color, because the extinction maximum has shifted to 0.58 y;
also the color of the scattered light has changed to orange-brown, and
its intensity has strongly increased. The third figure shows the curves
for 2a = 0.14 u, i.e., a typical blue gold sol: the extinction maximum has
shifted to the red, at 0.61 x. The scattering has become stronger than
the absorption, and the scattering diagrams already have a strong forward
peak (Mie effect).

Seraphin (1952) quotes more recently determined values for the re-
fractive index of gold. His photoelectric measurements, made from
2900 A to 5000 A, show good agreement with the computations, except
for very small particles, diameter 30 A, which show an additional absorp-
tion in the ultraviolet. This effect almost vanishes for diameters about
100 A and must be due to a real modification of the optical properties
of gold, as also found in Wolter’s experiments (1939, 1940) with thin
layers. Further data on the refractive indices of the metals may be
found, e.g., in Mott-Jones (1936) and Weisz (1948).

The ruby red color of small gold particles (when viewed in transmission)
has of old been employed in the manufacture of various types of ruby glass.

Other metals which form lyophobic solutions are: mercury, silver,
platinum. The refractive index of these metals has no peculiar variations
i the visible region, so that the scattered light is blue and the trans-
mitted light yellow or red when the particles are small. Extensive
computations for silver and mercury by means of the Mie formulae have
been made by Feick (1925). We refer again to Table 26, sec. 14.22, for
the refractive indices and the range of sizes for which computations were
made. A range of varying colors is observed when the particles grow
larger, but the correspondence with the Mie theory is not too good.
It secems probable that the discrepancy is to some extent caused by a
non-spherical shape of the particles. Gans worked out the theory for
ellipsoids that are small compared to the wavelength (sec. 6.32), and he
and others have interpreted the measurements on metal sols in terms of
this theory (see Freundlich loe. cit.). However, the extension of the
Mie theory (including higher terms than dipole scattering) for ellipsoidal
particles has not yet been brought to numerically useful results (sec.
16.11). In a set of papers Wiegel (1929, 1930a,b) has studied the size
distribution in silver sols by various methods, including microphoto-
graphs and Debye-Scherrer exposures. Another study by the same
author (1953) confirms the deviations from the Mie theory for silver
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sols made by the peroxide method and shows by means of electron-
microscope photographs that the particles are disk-shaped.

We may conclude that the application of the Mie theory to metal sols
meets two serious complications:

A. The form of the particles may not be spherical.

B. The refractive index of the particles may not be the same as it is
for metal in bulk.

Perhaps too much attention has been paid to the first complication and
too little to the second one. In modern research no doubt should be
left about the deviating forms, for it is always possible to observe repre-
sentative samples of a colloidal solution in an electron microscope.
Such sample measurements, together with a good scattering theory,
may provide the basis of routine methods for optical checks on the sizes
and form of the particles.

19.22. Saulfur Hydrosols

Sulfur hydrosols are easy to make, for example, by mixing dilute
solutions of hydrochloric acid and sodium thiosulfate. The molecularly
dispersed sulfur thus formed condenses into droplets of super cooled
sulfur, and these droplets grow as the sol ages. The refractive index
relative to water is 1.44. If no foreign nuclei are present, the droplets
are formed only after a certain supersaturation is reached. Their
initial radii then are of the order of 0.01 4. For visual light (e.g.,
Ag/ng = 0.40 A) this means x = 2mafi of the order of 0.17, so that these
droplets are in the domain of Rayleigh scattering.

Keen and Porter (1913) noted the changes of color of the transmitted
light as the sols age. These differences correspond to the different
slopes of the extinction curves (Fig. 32, sec. 11.22) for different values of
z. At the same time the scattered light begins to show more and more
maxima in its angular pattern, i.e., more and more colored bands if
white light is used for irradiation. These additional bands are termed
higher-order Tyndall spectra. The first traces of their appearance
were found by Ray (1921, 1923), and by Raman and Ray (1922). Theo-
retical scattering diagrams have been computed by Lowan (see references,
chap. 10).

La Mer and his associates have made an extensive study of this field
and also of sulfur aerosols (sec. 19.3). For a review, see La Mer (1948)
and Sinclair and La Mer (1949). In carefully controlled conditions
monodisperse sulfur sols are prepared, which allow many chemical
problems to be studied, in connection with the growth, the vapor pressure,
etc. We shall review only the optical phenomena. In accordance with
secs. 18.31 and 18.32 these may be separated into two classes.
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Transmission. The correctness of Beer’s law for these sols, i.e., the
strict proportionality between log (I/I,) and the concentration, has
been tested by Dinegar and Smellie (1952). The size of the particles
may be determined by comparing two plots: a theoretical one of Q,_,
against 27afA and an experimental one of log(I/I,) against 1/1. If both
are plotted on logarithmie scales for abscissae and ordinates the plots may
be shifted to make them coincide. The shift of abscissae gives the radius
a, the shift of ordinates gives, after some reduction, the concentration.
The method cannot be applied for the very smallest particles (sec. 18.4)
but is useful in the range @ = 0.3 u to 0.8 i (Barnes and La Mer, 1946).
A variant, which may be useful, is to multiply the ordinates by z—?,
where p is suitably chosen so as to bring a maximum at a convenient
place (La Mer, Inn, Wilson, 1950).

If data for only a small range of wavelengths are available it is also
possible to use the local slope of the extinction curve as expressed by the
exponent a (compare sec. 20.21).

A study of the scattering and transmission by sulfur hydrosols in the
ultraviolet down to 2050 A, where the particles are not purely dielectric,
has been made by Kenyon and La Mer (1949). The relevant theory is
discussed in chap. 14 of the present book.

We may illustrate the method of fitting the observed transmission
to the theoretical extinction curve by an investigation in which an
even wider range of wavelengths was used. Lewis and Lothian (1954)
have measured the transmission by aerosols and hydrosols of barium
sulphate from 0.4 u to 2 u. Figure 91 shows their results on BaSO,
particles with radius ¢ = 4.6 y in water. The observed and theoretical
curves are drawn in the same figure and not in a logarithmic scale. In
this investigation the size of the particles was measured by microscope
and their number counted. Thus the efficiency factor @ was measured
directly, and no arbitrary scale factor in the vertical direction was
applied. The scale factor in the horizontal direction was chosen so as to
give the best correspondence. The empirical relation was

p = 11,1
As the theoretical expression for p is
_ 4ma(m—1)  dma(nfng—1) 4wa

A B Aolmg B 70-

we obtain
dma(n —ny) =11 pu .
With a = 4.6 u this gives n — ny = 0.19, so that the refractive index of
the particles (relative to air) is
n=133 +019=152.
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The accuracy of this method might even warrant the use of a further
decimal. The small relative refractive index (m = 1.52/1.33 = 1.14)
in this example makes the transmission method useful for particles that
are about four times larger than the limit for which it would be useful
in sulfur hydrosols.

Absolute turbidity measurements on monodisperse polystyrene and
polyvinyl toluene lattices with diameters from 0.1 u to 7 yu were made by
Heller, Epel, and Tabibian (1954). The resulting diameter matches the
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Fig. 91. Extinction by a hydrosol of barium sulfate

particles with radii 4.6 u, as measured by Lewis and

Lothian for a wide range of wavelengths (dots). The
curve represents the theory for m close to 1.

correct one, which was determined by electron microscopy, with errors
of the order of 10 per cent.

Scattering. The experiments based on the properties of the scattered
light may be put in two classes.

A. Small particles. The patterns for sizes 0.5 << xz <C 2 differ sufficiently
from Rayleigh scattering, without showing the complicated maxima and
minima that appear for larger x. Table 39 (sec. 18.4) shows that we
might use the dissymmetry or the polarization as a size criterion. The
method of the polarization ratio has been worked out for practical
application and proves effective for radii 0.05 u <o << 0.2 4 (Kerker
and La Mer, 1950). It may also be used with white light, as shown by the
computations of Kerker (1950} and by later experiments on aerosols
(Kerker and Hampton, 1953). The intensity ratio between the horizontal
and vertical component of the scattered light is measured at one angle.
The graph of this ratio as a function of size is shown in Fig. 92 for a
relative refractive index m = 1.44 and the angle 6§ = 110°. This angle
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proved somewhat more practical than 6 = 90°. The ratios for white
light agree approximately with those for monochromatic light with

= 0.54 u.

B. Larger particles. As soon as several maxima turn up in the angular
distribution of the scattered light, any one parameter does not give a
unique dependence on size. La Mer and his coworkers have shown that
monodisperse sulfur hydrosols may show up to nine maxima. Only
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Fig. 92. Polarization ratio form = 1.44  Fig. 93. Logarithmic plots of the scattered

versus radius at two scattering angles.  intensity at two different wavelengths and
The curves have been computed for  of their intensity ratio, all as a function of
white light (after Kerker). the scattering angle. The particle radius

is 0.38 4.

vertical polarization (polarization 1) is used. As the human eye is more
sensitive to color differences than to intensity contrasts, the bands show
up even better with white light, which gives colored bands in the angular
spectrum. These are called higher-order Tyndall spectra, and La Mer
defines the number of these orders seen as the number of red bands
observed (La Mer and Barnes, 1946).

The interpretation, of course, is less clear in this case than for mono-
chromatic light, as a red band may be due to a maximum in the red
pattern or a minimum in the green pattern. The latter are sharper
and more numerous (because of the shorter wavelength), so that, as
a rule, La Mer’s orders may be interpreted as green minima. This
rule is not foolproof. A sample computation for m = 1.44 (van de Hulst,
1948} is shown in Fig. 93. Similar graphs may be constructed at will
from Fig. 25, sec. 10.4.
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The experiments (Barnes, Kenyon, Zaiser, and La Mer, 1947; Johnson
and La Mer, 1947) indicate that sulfur hydrosols show the following
number or orders:

Radius (micron): 0.2 0.3 04 0.5 0.6
Number of orders: 2 4 6 8 10

By means of a crude instrument, in which the sol is visually inspected
through a small telescope, the positions of the orders may be determined
with a precision of 1°, from which the radii follow with a precision of
0.003 u or about 1 per cent.

We may finally mention an investigation of vanadium pentoxide
hydrosols, with m = 1.20 — 0.17: relative to water at 1, = 0.546 u,
in which absorption and light-scattering measurements were combined
with electron-microscope studies (Kerker, Jones, Reed, Yang, and
Schoenberg, 1954). It furnishes a good illustration of the insufficiency
of Gans’ theory as the rod-shaped particles grow. The length in a well-
aged sol is about 2 u.

19.3. Aecrosols

The science of aerosols, i.e., airborne particles of microscopic and
submicroscopic size, has become increasingly important in recent years.
Aerosols of primarily meteorological importance are discussed in chap.
20, those of biological origin (spores and bacteria) are simply mentioned.
The problem of air pollution exists in industrial areas all over the world.
A variety of liquid and solid aerosols are involved in this problem. The
solid aerosols, e.g., industrial dust, consist of very irregular particles and
are strongly polydisperse. Both properties make the application of any
of the refined methods of light scattering impossible, or at any rate
unattractive. Nevertheless, the simple rules that the scattering is
proportional to concentration and that the coarser particles have the
more strongly forward-directed pattern still hold true. On these prin-
ciples powerful instruments for daily checks may be devised. [See
Drinker and Hatch (1936) for a general review of industrial dust.]

The optical methods are most useful if applied after a preliminary
size selection by other means. Ellison (1954) has made a study of light
scattering by polydisperse dust. An instrument for measuring poly-
dispersity by settling combined with light scattering is described by
Gumprecht and Sliepcevich (1953). The combined scattering and
settling method has been tested by electron-microscope studies on sulfur
and mereury aerosols by Kerker, Cox, and Schoenberg (1955).

Aerosols manufactured under controlled conditions for a specific use
have particles much more uniform in size, usually in the form of liquid
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droplets. They range from the very dense aerosols that are used as
smoke screens to the sols of toxic fluid droplets of very minute concen-
tration that have been used in biological warfare. Also insecticidal
liquids have to be sprayed in the form of aerosols of controlled particle
size in order to be most effective.

The development of an aerosol generator that can produce mono-
disperse aerosols of a great variety of liquids is due to Sinclair and La
Mer in 1941. The principle is to have a stream of hot air collect the
vapor of a liquid and then let the air cool slowly while it streams through
a chimney (La Mer, Inn, and Wilson, 1950). Convenient materials
for experiments on light scattering are, 99 per cent H,SO,, dibutyl-
phthalate (DBP) and dioctyl-phthalate (DOP). A standard DOP
smoke with radii 0.3 & has been used in tests of smoke filters for gas
masks. The refractive index is m = 1.49. Durbin (1951) has used
ammonium chloride smokes with radii about 0.4 4 in order to test
various methods of size determination.

The methods for size determination of such aerosols by optical means
are strictly similar to those for hydrosols, explained in sec. 19.22. They
have been tested in detail by La Mer, Inn, and Wilson (1950), Inn (1951),
Kerker and Hampton (1953). Large particles offer no problem, for both
the transmission and the higher-order Tyndall spectra can be applied to
full advantage. The polarization ratio is useful to the lower limit of
radius ¢ = 0.08 g. This limit is higher than for hydrosols as the wave-
length in the “solvent” air is higher. In both cases this lower limit
corresponds to * = 27afd = about 1. It would seem that the dissymetry
method could be used somewhat further down, but La Mer and associates
state that no optical method of measuring particle size is practical for
a < 0.08 u. They found the elegant solution to make such particles
grow in a controlled manner. This is done by exposing the H,SO,
particles to water vapor or the DBP particles to the vapors of a volatile
solvent, as toluene or xylene. The radius may be increased by a factor
10, which by Rayleigh’s law would increase the scattering area of each
particle by a factor 108. Actually, a factor 5 of radius growth is re-
commended, and the purpose is to bring the particle size outside the
Rayleigh domain. So the actual gain in scattering efficiency is smaller.
The size of the grown particles is easily determined by means of the
polarization ratio, and the original size is found by division by 5.

Another problem is to measure concentration and size distribution of
the particles in aerosols of very low concentration. This problem, of
obvious importance in the testing of gas masks, was studied by Gucker
and by O’Konski. A Tyndall meter is insufficient for the concentrations
of 10~° g/liter and lower that have to be investigated. The better method
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is to count the pulses of light scattered by individual particles as they
flow through the beam of light. These pulses may be recorded on an
electronic counter (Gucker, O’Konski, Pickard, and Pitts, 1947; Gucker
and O’Konski, 1949a,b).

One version of the photoelectric counter (Gucker and Rose, 1954)
utilizes the fact that most particles scatter light more strongly in the
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Fig. 94. A graph of the total scattering cross section (expressed in
square microns) versus radius (expressed in microns).

forward direction; light scattered between 1° and 20° is collected and
measured on a photomultiplier cell. One to a thousand counts per
minute may be made. A pulse height selector can be set to receive
only the light scattered by particles in a narrow range of sizes. The
calibration curve of pulse height versus particle size may be obtained
by test samples of known size or may be computed directly by Mie’s
theory. The authors have not made an integration of Mie intensities
between 1° and 20° but refer to the plots of total cross section versus a
as a useful guide. Such curves may be constructed from the extinction
curves (e.g., Fig. 24) by multiplying @ by ma?; Fig. 94 gives an example,
Another version (O’Konski and Doyle, 1955) is a general-purpose in-
strument that may serve either as a counter or as an integrating photo-
meter. The lower limit of sensitivity for single particles is a diameter of
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0.3 u. Uniform test aerosols, available in diameters from 0.13 u to
1.17 u, are used for calibration. Diameters may thus bhe determined
with a standard deviation of 8 per cent.

A well-known method of producing an aerosol of small liquid drops
is by adiabatic expansion of the saturated vapor. It is the method
used in a Wilson camera. Paranjpe and his associates have studied
this method for many years and have obtained remarkable results. The
drop size is adjusted by bringing a controlled amount of fine smoke into
the chamber. Paranjpe and Shingre (1951) give scattering diagrams of
drops with @ = 1.88 u measured with monochromatic light, 2 = 0.5893 u,
so that z — 20.0. The measurements were made photoelectrically
with intervals of 5° from # = 10° to 8 = 160°, and are for chloroform
(m = 1.449), benzene (m = 1.504), aniline (m = 1.590), and carbon
bisulphide (m = 1.632). Theoretical values for the same «, 6, and m
are also presented. The result is an almost perfect agreement between
the positions of the maxima (orders) that are measured and computed.
Chloroform shows 14 maxima in the measured range, all predicted by
the computations.

An important paper for the measuring technique is Lyot’s study
(1929) of the polarization of scattered, or diffusely reflected, light. The
polarization values are accurate to 0.1 per cent, if the polarization is
small. His experimental results include data for water drops of sizes
2a =1 mm, 300 u, 35 u, 5 u, and 2.5 u, probably with a considerable
dispersion of sizes in each case. The very large drops show precisely the
dependence of polarization on angle that may be expected from the
geometrical-optics theory (sec. 13.11). The agreement is illustrated. in
Fig. 99, sec. 20.3, where further discussion is presented.

19.4. Anisotropic Media
19.41. Dichroism and Birefringence

The optical anisotropy of a colloidal solution may be studied by the
same methods by which the anisotropy of an uniaxial crystal is studied.
The possible effects are birefringence, dichroism, rotation of the plane
of polarization (= circular birefringence), and circular dichroism. All
these effects may be formally combined into one, namely, the effect that
the complex refractive index m of a plane wave traveling in the same
direction is different for different states of polarization of the wave. The
mathematical formulation was given in sec. 4.41. The occurrence
of linear and circular birefringence and dichroism was discussed in
secs. 5.41 and 5.42 in its dependence on the symmetry properties of
the scattering particles.
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The present discussion will be confined to linear birefringence and
dichroism. Provided that the solvent is not itself anisotropic, such
anisotropy exists only if both the following conditions are fulfilled.

@. The scattering particles are anisotropic. This may be due to
their form, or they may consist of an anisotropic material.

b. The particles should show preferred orientations in space, for a
random orientation cannot give birefringence (sec. 5.41).

The preferred orientation may have various causes: streaming of the
solution, ultrasonic waves traversing the solution, or an external electric
or magnetic field. Each of these causes defines one preferential direction
which takes the place of the axis in an uniaxial crystal. Let the direction
of propagation of the plane-polarized light wave be taken perpendicular
to the axis; then the complex refractive index is

Mypg = Mppg —0,; for the ordinary ray (£ 1 axis),
Myps = Moy —0,y, for the extraordinary ray (E ” axis).

Birefringence exists if the real parts differ; it is called positive if
Mozt — Mprg > 0. Dichroism exists if the imaginary parts differ. For either
ray the value of m is related to the scattering properties of the individual
bodies by means of the fundamental relation (sec. 4.3):

m=mny(l — zz S, 5(0)-2k3),

Here we have supposed that the solvent has the refractive index g,
that the wave number is & = 27n,/A,, and that the summation is made
over all particles (number N) that are present in a unit volume (1 cm3).
We must take 8,(0) for the ordinary ray and S,(0) for the extraordinary
ray, if the plane of reference is taken through the ‘“‘axis” of the solution.
We assume that S;3(0) and S,(0), or their sums over all particles, vanish.
The functions 8,(0) and S,(0) have to be computed the hard way from
the scattering theory. For details, the reader may wish to refer to
the following sections:

Ellipsoids <€ A or with small phase shift: secs. 6.32 and 7.31.

Small ellipsoids of anisotropic material: sec. 6.33.

Small perfectly conducting ellipsoids: sec. 6.4.

Long cylinders much thicker than : no birefringence in the approxi-
mation of sec. 8.32, but some in the more refined theory of sec. 17.2.

Long circular eylinders of isotropic material and arbitrary diameter
compared to A: chap. 15.

Ellipsoids, arbitrary size (incomplete theory): sec. 16.11.

The formula given above holds for colloidal solutions in which a relatively
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small total volume is occupied by the embedded particles. This means
that the optical theory is based on the set of conditions (II) in sec. 4.5.

It may be noted that somewhat different formulae apply under the
conditions (I) of sec. 4.5, namely, if the particles are very small and the
volume concentration relatively high. For this case and the presence
of oriented ellipsoids Wiener (1909) has suggested approximate formulae
which have proved fairly accurate in practice. A more exact set of
formulae was derived for a medium containing spheres by Bruggemann
(1935) and for a medium containing ellipsoids by Niesel (1952).

For a general review of artificial birefringence we refer to Freundlich
(1932), and to Peterlin and Stuart (1943). The theory of flow birefrin-
gence has been treated by Scheraga and coworkers (1951, 1952). The
theory that governs the orientation of colloidal particles in the case of
ultrasonic waves was given by Oka (1939, 1940). The acoustic bire-
fringence may be used as a practical method to measure the intensity
of ultrasonic waves. The preceding chapters contain the material from
which it is possible to estimate which particles would be most effective
for this purpose.

The properties of a colloidal graphite solution with oriented particles
have been studied by Cayrel and Schatzman (1955).

Liquid droplets in a homogeneous electric field become elongated in
the direction of the field. The eccentricity increases with increasing field
strength and with increasing size. O’Konski and his associates have
shown by theory (1953) and experiment (1955) that the eccentricity
becomes as high as 0.6 (axial ratio 1.25) for water drops with radius
0.9 mm in a field of 11 kV/em.

19.42. Sheet Polarizers

An important application of the preceding theory is found in sheet
polarizers. Natural dichroism of a material is, like natural birefringence,
due to its anisotropic molecular structure. The ratio of the two absorp-
tion coefficients for two linear polarizations is called the dichroic ratio.
It may reach the value 10 in natural dichroic erystals (tourmaline). The
commercial Polaroid sheet polarizers consist of small needles of a dichroic
material embedded in a medium; dichroic ratios > 100 are attained.
The theory for the absorption by such needles, small compared to 4,
is given by Clark Jones (1945) and in sec. 6.33. In these polarizers
the dichroism results mainly from the dichroism present in each crystal.

Another method of producing a dichroic material is to embed oriented
needles of a metal that is not dichroic by itself in a medium. The com-
posite material then is said to have form-dichroism, just as a composite
medium containing oriented dielectric needles exhibits form-birefringence.
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Such metal polarizers have been made (a) by reducing metallic salts to
metals in oriented, linear high polymers, and (b) by strongly deforming
a gelatine sheet containing initially metallic particles with random
orientation. Still other methods are mentioned by Berkman, Boehm,
and Zocher (1926). These authors also present qualitative measurements
of birefringence and dichroism, based on the transmitted colors.

Quantitative measurements on samples of silver, gold, and mercury
polarizers are reported by Land and West (1946). The most common
effect, illustrated by silver, is that red light suffers the greater absorption
when vibrating parallel to the long axes of the needles (positive dichroism:
R >1). In violet light the situation is reversed (negativedichroism: R < 1),
At an intermediate wavelength R — 1, and the material is notdichroic.

The theory of such composite media is described in sec. 4.41. If the
particles were <€ A, the formulae from sec. 6.32 would have to be used,
with the result that

m2 —1
B = ylys=Im }(m? —1)/Im (mz T 1)'

Wiener has found that by this formula silver needles in air give an in-
version of the dichroism near 0.380 . When imbedded in a medium
with n = 1.33 the computed inversion point is at 0.480 u. Neither the
values of E nor the position of this inversion point should change with
size as long as the needles are sufficiently thin, for these results are
due merely to the variation of the refractive index with wavelength.

However, the fact that a shift of the inversion point with increasing
size is observed shows that many of the needles were not sufficiently
thin. The curves in Fig. 69 (sec. 15.51) show that another effect may
become important, namely, the inversion due to size that is presented by
metal wires even if the change of refractive index with 4 is neglected.
The actual samples probably show both effects mixed. Only a numerical
computation of ¢, and @, as a function of size for each of the values of the
refractive index involved would enable us to make a detailed comparison
of observations and theory.

19.5. Miscellaneous Applications

Applications to the domain of physics and chemistry and to related
branches of industry are by no means limited to those discussed in the
preceding sections. A few further possibilities are mentioned in Table 41,
and more might be added. It is obviously impossible to summarize all
these topics even briefly. However, reference to the most nearly relevant
chapter of the present book and to one or two papers in the literature
may be helpful to the reader.
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20. APPLICATIONS TO METEOROLOGY

The light of the sun and the stars is weakened as it penetrates the
earth’s atmosphere. The study of this effect, the astronomical extinction,
as a function of the wavelength, is one of the means of investigating the
scattering properties of the atmosphere. More detailed information is
contained in the distribution of light in the daylight sky, again as a fune-
tion of wavelength. Both types of measurements, extinction and scat-
tering, may be repeated with artificial light sources, e.g., searchlight
beams, and are then useful for investigating dense media such as fog or
rain, More recently, radar has been added as a powerful method.

20.1. The Extinction Components

The extinction in the clear sky has three components caused by:

a. Rayleigh scattering by the air molecules.

b. Scattering by the aerosol (haze and dust).

¢. Selective absorption by the air molecules.

The scattered light observed from the clear sky is due to components
a and b only.

Component a follows the familiar 1-¢ law. Small variations in it
are due to seasonal changes of the total extent of the atmosphere (air
mass) and to changes in the water-vapor content and possibly in the
number of very small water drops with a << 0.02 u.

Component b is due to scattering by a large variety of particles, usually
with radii <1 u. It is subject to very strong variations in space and
time, and its presence contributes greatly to the splendor of the colors
of the sky.

Component ¢ includes, besides molecular absorption bands of O,,
H,0, CO,, etc., the continuous Chappuis bands of ozone that cover a
good part of the visual spectrum and cause an apparent bulge in the A%
law if the aerosol is absent.

In sec. 20.2 a few examples of investigations of the aerosol are re-
viewed. For discussion of the other components we may refer to re-
views by Pernter and Exner (1910), Dorno (1919), Minnaert (1940),
Middleton (1941), van de Hulst (1949), Sekara (1951), Neuberger (1951).
Even though the pattern of single Rayleigh scattering is quite simple,
the problem of handling the secondary and multiple scattering correctly

414
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with the polarization becomes extremely complicated and was first
successfully solved by Chandrasekhar (1950), and by Chandrasekhar and
Elbert (1954). See also Deirmendjian and Sekara (1954, 1955).

Multiple scattering, including diffuse reflection at the earth, was
treated in a more elementary fashion for the case of isotropic single
scattering by van de Hulst (1948, 1949). Further theoretical approaches
and some observational data are given in sec. 19 of Volz’s thesis (1954).

The aerosol mentioned above consists of a light haze and is hardly
noticed in daily life. The visual (and sometimes nasty) mist, fog, clouds,
and falling rain have a much larger liquid water content and at the same
time a much coarser particle size, about 5 u to 20 u for fog, 200 u to
2000 x (2 mm) for rain. The optical phenomena caused by such large
drops are quite different and will be separately discussed in sec. 20.3.
One striking consequence of the larger size is that the penetration power
of infrared radiation through fog is hardly better than that of visual
light. Only radio and radar waves give a great improvement (sec.
20.41).

In our discussion of the extinction we assume that the true extinction
coefficient is meant and can be measured. This requires a point source
and a good optical instrument by which the light of the source can be
measured separately from the scattered light around it. Middleton
(1949) has shown that this requirement is not met in the usual working
conditions with telephotometers in fog and has computed the corrections.

20.2. The Atmospheric Haze
20.21. Extinction Law

The extinction by haze and light mist can be studied most readily by
means of observations made with a horizontal beam. If, for the moment,
we assume 7 particles of one radius @ per cm?3, then the extinction co-
efficient per unit length is (sec. 2.6)

y = matn@,

where @ is the efficiency factor for extinction, defined in sec. 2.4 and
discussed at great length in chaps. 6 to 17. So, a beam traveling a path
of I em is reduced to a fraction

e -l 10— 0.434v1

of the intensity it would have had in the absence of any extinction.
After subtracting the molecular extinction and the selective absorption
from the observed extinction a residual is left, owing to haze. Such
a residual is present even on days and sites selected as “very clear.”
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Similar observations may be made on the extinction of sunlight. Then
! has to be replaced by & sec z where % is the effective thickness of the haze
layer and z the zenith distance of the sun.

The graph of @ for water (refractive index m — 1.33) in Fig. 32 shows
that the first maximum occurs at x = 2ma/l = 6. So the wavelength
Aunay 86 which this first maximum occurs is very nearly the same as the
radius.

Before quoting some investigations of the extinction curve of haze
we should emphasize first that the dispersion of particle sizes is often so
wide as to make the interpretation virtually impossible and second that
the refractive index may in dry air at times be more nearly 1.50 than 1.33,
owing to the content of semicrystalline salts (Junge, 1952, and Volz,
1954).

Horizontal beam. Vassy (1939) and Dessens (1946) distinguish from
photometry four types, which may be interpreted by a slightly different
effective particle size:

1. Extinetion roughly neutral; a = Amaz > 0.8 u.

2. Extinction maximum at 5000 A; a =1, = 0.5 u.

3. Extinction decreases gradually from 6000 A to 4000 A; a= 4,
= 0.6 u.

4. Extinction maximum at 4000 A; a=1,,, = 04 u.

The extinction data were the first evidence that droplets with a dia-
meter about 1 x4 occur in a clear atmosphere, even in very dry climates
and up to altitudes of 3000 meters. Dessens (1947) has also collected
such drops on the web of a small spider and has observed them micro-
scopically. The usual distribution function of the radii shows a maximum
near a = 0.5 pu.

Vertical extinction. Gotz (1944) concludes from extinction measure-
ments that the most common radii are ¢ = 0.3 u for light haze and
a = 0.4 yu for heavy haze.

As most meteorological studies are based on extended observational
material, it is obviously desirable to express the extinction character-
istics by only a few parameters. Many authors therefore use the empirical
formula of A. Angstrém (1929):

y ~ A

Evidently, « = 4 for Rayleigh scattering, and o = 0 for neutral ex-
tinction. The empirical values of « for the atmospheric haze, as discussed,
e.g., in large numbers by Schiiepp (1949), usually range from 1 to 2.
If a < 1 (relatively large particles) there usually is a bright white region
(aureole) around the sun. The sky may be fairly bright blue in spite of
strong turbidity, provided that « > 2.

The same representation of the extinction law in a limited wavelength
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region by a simple power of 4 has also been applied in different fields.
(Heller, Klevens, and Oppenheimer, 1946; Heller and Vassy, 1946;
La Mer, 1948). It is, of course, quite easy to derive the values of « from
the theoretical extinetion curves. Figure 95 shows these values as a

X —>

Fig. 95. Values of the exponent «, in the exponential approximation
to the extinction law, computed for monodisperse particles of four
different refractive indices as & function of the rize parameter & = 2nafA.

function of z, and of a for 4 = 5000 A, for the refractive indices 1.33,
1.29, 1.29 — 0.064¢, and 1.29 — 0.32¢. The ripple has been disregarded.
Such curves may be used as calibration curves, i.e., to derive the radius
a from the observed exponent «, only if it is certain that the aerosol is
fairly monodisperse.

It is somewhat of a problem why the formula of Angstrém is at all
applicable to water drops with radii of the order of 0.5 u, as the theoretical
extinction curve does not resemble a pure power law. As a solution
Gotz (1944) suggests that the simultaneous presence of absorbing dust,
for which he takes without any good reason the m = co curve (Fig. 28,
sec. 10.62), obliterates the large fluctuations of the extinction curve of
water drops. It is more likely that this obliteration is caused by the
superposition of a very wide range of sizes.
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It is easy to show that a power law, in which
dN = C-a"""1dg
drops are present per cm?® in the size range da, will give the same wave-

length dependence, no matter what form the extinction curve Q{x) has.
For we have (sec. 2.6) for the total extinction coefficient

p(d) = fwazQ(a) AN = 70 fwa_”+1Q(2na/l) da
0

l —tv+2 foo
= 7O (-_) f T HIQ(x) du.
27 0

The integral converges if 2 << » << 6. This formula shows that the ex-
ponent « in the A-dependence is related to the exponent v in the size
distribution by

o =v— 2.

The empirical finding « = 1 to 2 gives v = 3 to 4. These relations have
been pointed out by Volz (1954), who also has made numerical integra-
tions with integration limits that are not 0 and co. Other integrations
which might be useful in this respect are reported in sec. 11.5.

In practice the dispersion in sizes may not be so large as was suggested
above. Yet these computations show that a direct calibration of the
observed a-values in terms of a single size is unreliable.

20.22. Scattering Pattern

The scattering pattern of the atmospheric haze cannot be studied as
easily as its extinction law, for, owing to the existence of secondary
scattering, the skylight cannot simply be separated into a component
due to molecular scattering and a component due to haze. Nevertheless,
photometry of the distribution of light on the daylight sky can give a
fairly precise impression of the scattering pattern of the aerosol, especially
since this is usually limited to the lower 3000 meters of the atmosphere.
Measurements of its polarization would be much more difficult and have,
to the author’s knowledge, not been attempted.

Another method is to study the light scattered from a searchlight beam.
The arrangement is then strictly as indicated in Fig. 88 (sec. 18.31);
only the container is absent.

Measurements of one type or the other have been published by Hulburt
(1941), Reeger and Siedentopf (1946), Bullrich (1947), Volz (1954),
Strzalkowski (1955), and others. The problem in their interpretation
is again the large dispersion in drop sizes. Table 42 (van de Hulst, 1949)
gives the theoretical values of (1/2a2)(i, + i,) for a number of values of
z, based on computations explained in secs. 9.3 and 10.4. As shown
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in detail in sec. 13.12, the fluctuations will be smoothed out by the dis-
persion in sizes. The relative intensities measured by Reeger and
Siedentopf in the range from 30° to 170° are in fair agreement with any
value of x from 2.5 to c0. For example, from 90° to 30° the intensity
increases by a factor 15. Those from 10° to 30° indicate z =5, ie.,
a = 0.4 y for the wavelength 5000 A. This is in good agreement with
the inference from the extinction curve (sec. 20.21). Volz (1954) dis-
cusses the searchlight measurements in some detail and also notes that
the intensity ratio I(90°)/1(20°) ranges from 5 for very clear sky (visual
range 100 km) to 70 for light fog (visual range <C 1 km).

The rapid increase of brightness if we approach the sun to within a
few degrees is caused mainly by the coarser particles in the atmosphere.

Table 42. Theoretical Values of (1/2x2) {i,(6) + i,(8)} for m = 1.33

b
m a for
A=05
I 10° 30° 60° Av.
90°-180°
0.6 0.048 0.0060[ 0.0059 | 0.0051 | 0.0035 | 0.0034
1.0 0.08 0.053 | 0.052 0.044 0.027 0.018
1.5 0.12 0.29 0.28 0.22 0.11 0.035
2.0 0.16 0.99 0.95 0.70 0.26 0.015
2.5 0.20 2.37 2.24 1.39 0.32 0.04
3.0 0.24 4.62 4.30 2.33 0.13 0.03
3.6 0.29 8.5 7.7 3.2 0.13 0.06
4.0 0.32 12.3 10.8 3.6 0.13 0.05
5.0 6.40 23.4 19.1 3.1 0.41 0.07
6.0 0.48 34.8 25.7 1.57 0.26 0.08
8.0 0.64 46.0 24.4 2.4 0.40 0.10
10.0 0.80 36 8.6 2.2 0.37 0.01
12.0 0.96 23 4.2 1.1 0.14 —
15.0 1.2 104 16.9 0.7 0.24 0.02
20.0 1.6 120 3.0 0.5 0.15 0.32
25.0 2.0 244 0.2 0.9 0.13 0.06
30.0 2.4 231 14.9 1.2 0.12 0.06
35.0 2.8 445 2.3 1.5 0.18 0.09
40.0 3.2 401 1.2 1.97 0.20 0.07
Large x
(diffraction) z2/4 0 0 0 0
{geometrical
optics). 4.09 3.37 1.15 0.11 0.05
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If these particles (drops or ice needles) are fairly monodisperse, we observe
diffraction coronae around the sun. Otherwise, it is a bright white
“aereole.” Some photometric data about this aereole were given by
van de Hulst (1949), many others by Volz (1954).

Volz (1554) has attempted to obtain useful meteorological results by
collecting data during many different days and circumstances. The

1° 3° 10° 30° 90°
| White- | |

Type C & blue

yp &\_,___2___% Brown-  —
s red

Type B

Type A

Factor " ——__ 045
0 | .
| —— 057 u

Fig. 96. Typical intensity distributions and colors in the clear sky as a
function of the angular distance from the sun (after Volz). The log-
arithmic intensity scale has an arbitrary zero for each of the three types.

sky brightness at 0.2° to 120° from the sun is measured in different colors,
The color- and angle-dependence combined permit (more clearly at
Arosa than at Frankfurt) the distinction of the following types that
appear to be correlated with the physical history of the air masses (see
Fig. 96):

Type A. Polar cold air. The sky becomes gradually brighter and
whiter towards the sun; this occurs without steps,

Type B. Occurs after the dissolution of extensive stratus clouds.
The scattering often is very strong. There is a bright white disk about
the sun with radius about 35°.
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Type C. Occurs rarely in air masses after heavy rains. Blue-white
area around the sun, followed by a reddish rim at § = 30°.

The correct interpretation of the differences is by no means obvious.
Volz computes a number of theoretical curves on the basis of the Mie
formulae and on the distribution law of the sizes as mentioned in sec.
20.21. The relative overall pattern is then the same for all 4, or also
the spectral distribution is the same at all . The same principle is the
basis for the discussion by Moller, de Bary, and Krog (1953). The
actually observed patterns are explained by Volz by assuming certain
deviations from the standard distributions with v = 3 and v = 4. This
seems indeed a better method than to choose simply the one drop size
that fits the observations best. Although the particle radii from 0.1 u
to 30 u are considered, Volz concludes that only the distribution in the
range from 0.15 4 to 0.6 4 determines the distinction between types
A, B, and C, mentioned above.

It might be interesting, therefore, to make further numerical integrations
in order to find the patterns for a distribution in which the sizes range in
a factor 1 to 2 or 1 to 3 only. One interesting point may be brought up
at once. For each refractive index specific angles have a tendency to
show a maximum and others to show a minimum. For instance, Fig.
52 (sec. 13.41) shows at once that in a range of sizes (x = 9 to 16, so that
a= 0.7 u to 1.3 u for A = 5000 A) waterdrops have a minimum near
@ = 22°. In another range (x = 19 to 26, so that a = 1.5 y to 2.1 u)
the first minimum oceurs near § = 10°.

Further, by reference to Fig. 34 (sec. 11.33), we find that a strong
maximum oceurs at p = 2z(m — 1) = 6, 2 == x sin 0 = 4.8. For water
drops {m = 1.33) this occurs if z = 9, a = 0.7 x4 and is then situated at
6 = 32°. For refractive index m = 1.5 it oceurs if =6, a =0.5 u
and is then situated at 6 = 42°. Neighboring sizes will also give a
maximum at or near those angles, and this maximum will persist in the
integrated scattering pattern of the haze. It is thus possible that a
sudden drop beyond # = 35° as noted by Volz (type B) simply reflects
a peculiarity of the scattering pattern of any mixture of water drops
with sizes of the order of 0.5 to 1 u.

These semiquantitative considerations cannot replace a full integration
of the Mie intensities. Further research in this direction may give
interesting results.

20.23. Aerosols from Volcanic Eruptions and Forest Fires

Two special contributions to the world-wide aerosol may be mentioned
now. One is volcanic dust, the other oil droplets arising from distillation
of the wood during big forest fires.



422 APPLICATIONS

The most famous optical phenomena due to voleanic dust were seen
after the eruption of the Krakatoa in 1883. Unusual light distributions
in the sky and beautiful sunsets were seen in most parts of the world
and were still noticeable three years later. A century earlier the large
eruption at Iceland had caused the sun and moon in June, and July,
1783, to be seen “‘as red as the juice of cherries” (Melmore, 1953).

A more recent eruption, for which some photometric material is
available, is the Katmai eruption in June, 1912. Gétz (1944) mentions
that extinction data from Mount Wilson, Algiers, and Sweden give
surprisingly similar results. He interprets them as a superposition of
haze (m = 1.33, radius not given but presumably 0.5 or 0.6 u), and
dust (m = o0, radius 0.17 to 0.22 ).

The scattering pattern of volcanic dust causes the so-called Bishop’s
ring, a reddish ring around the sun with radius ~ 30°. Volz applies the
same name to any reddish ring with radius 10° or larger. The limits are
20° and 30° for an aerosol of type €, and 10° and 30° for the aerosol
causing “the blue sun” (see below). The most obvious interpretation
would be with a narrow range of sizes, such that the first minimum in the
diffraction pattern for green light gives the hue of its complementary
color, red. This is in analogy with an old theory for the colors of the
diffraction corona, in which it has been customary to interpret the outer
edge of the first red zone as the first minimum for “white light” with
4= 0.56 4. This gives ¢ = 0.56 ¢ for a red zone reaching to 35°. A
quite different interpretation based on a very wide range of sizes was
proposed by Volz. The idea is that a low exponent v in the size distri-
bution gives a low exponent « in the wavelength distribution (sec. 20.21)
and thus a reddish color, so that the observation of a reddish color at a
certain § points to a low exponent v in the range of sizes of the particles
that are the most effective scatterers at this angle. Thus the variations
in color with § are translated into variations of » with a. A numerical
integration (e.g., for two wavelengths) may be made to check whether the
proposed size distribution really fits the observations. We must refer
to Volz’s work for detailed results.

On September 23, 1950, great forest fires raged in the Canadian pro-
vince of Alberta. The blue color of the sun that was a consequence of it
aroused much attention. Helen S. Hogg (1950) reports that on the
following days the sun in Ontario was seen to have a bluish color. The
smoke particles were blown to Europe and reached Great Britain on
September 26, where they were 9000 to 13000 meters high (Bull, 1951).
Observations are reported by Guthrie (1950) and Wilson (1951). Photo-
metry of the sun was performed by Wilson at a moment when the clouds
cleared, and the sun had a deep indigo color. The sun was weaker than
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normal at that altitude (about 20° above the horizon) by 10.9 magnitudes
at 6300 A, 10.0 magnitudes at 4400 A, and 10.2 magnitudes at 4000 A;
10 magnitudes is a factor 10000 in intensity. The minimum extinction
at 4400 A may be explained by a predominant particle size a given by

~ 026 p
T m—1

a

where m i1s the real refractive index. This follows at once from the
relation (sec. 11.22):

4d7a
Pmin =~ (m —1)="T4.
As m must be in the vicinity of 1.5 we find a = 0.5 u.

Wilson found it necessary, however, to ascribe 8 magnitudes to a
“neutral” extinction by very coarse particles. Perhaps it is more
likely that a very wide range of particle sizes of the kind discussed in sec.
11.5 was present.

Volz (1954) mentions that a Bishop’s ring was also seen here and that
its extension was 15°, which is interpreted with a distribution funection of
the radii with upper limit 0.6 4. This seems in reasonable agreement with

the preceding estimate, but more precise numerical data would be desir-
able.

20.3. Optical Phenomena in Clouds, Fog, and Rain

The drops of clouds, fog, and rain are very much larger than those in
the haze described in the preceding section. Evidently, a cloud may
also contain a good proportion of smaller droplets, but the radii of the
drops that dominate the extinction and scattering characteristics are
in the range from 5 u to 20 u.

This means that the extinction is wvirtually constant throughout the
ultraviolet, visual, and near-infrared region. Just where the maximum
of the extinetion curve will fall is difficult to predict, as therule 4,,,, = a
holds only for refractive index 1.33, and the infrared absorption bands
modify the refractive index and give it an imaginary part. This difference
will at any rate not improve the transparency of a cloud in the far infra-
red, for the extinction for absorbing spheres (Fig. 54, sec. 14.22) reaches
its maximum for a smaller value of x (larger 2) than that for dielectric
spheres (Fig. 24, sec. 10.4). The entire question has little interest as the
wavelength region from 5 to 20 u is unattractive to work in anyway,
and the selective absorption by water vapor and other air molecules is
large.
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Good measurements in the wavelength range 0.4 4 to 5.5 4 have been
made by Arnulf, Bricard, and Veret (1950). The extinction remains
constant within 410 per cent in this range.

Measurements are feasible again in the millimeter and centimeter
waves. Cloud drops and even raindrops are then <4, and the Rayleigh
formula gives a fair approximation (sec. 20.41). In the present section

Second rainbow

{water)
Main halo Main rainbow
ain na water
(ice) ( )
Coronae
(water or ice) Glory (water)
Sun
(or moon) Observer

Fig. 97. Survey of the most prominent optical phenomena due to
water drops and ice crystals in the atmosphere.

we shall consider only light in the visual and near-infrared region (A < 2 u).
As the extinction curve is not a good criterion for drop size, we may

consider the scattering characteristics. Of course, direct measurements,
for instance, by high-speed photography of individual drops, are also
quite good, but they miss the advantage (compare sec. 18.2) of giving a
rapid survey of the dominant drop size in a fairly large volume of air.
The overall scattering characteristics are the same for any drop with
a> A, except for the following phenomena that are size-dependent:

A. Diffraction coronae (secs. 8.31 and 13.41),

B. Rainbows (sec. 13.2),

C. Glory (sec. 13.3).

Fig. 97 gives a rapid orientation of these phenomena. More details
may be read from Fig. 42, sec. 13.11.

The angle between successive diffraction rings (4) and the angle between
glory rings (C) are proportional to 22, or to Ala. The angles between
successive maxima (“‘supernumerary bows,”) at the bright side of the
rainbow (B) and also the shift of the rainbow from the position according
to geometrical optics are proportional to -2/ or to (Ala)?3.  TFig. 47 gives
a survey of the positions of those maxima.

All three phenomena belong to the strikingly beautiful phenomena of
nature. The incident light is then sunlight, consisting of radiation from
a wide wavelength region and, moreover, coming from a source that
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subtends an angle of about half a degree. The resulting colors, as they
appear to the normally color-sensitive eye, have been computed for
diffraction coronae and rainbows by various authors (Prins and Reesinck,
1944; Buchwald, 1943). The results of these computations may be
used to estimate the drop size from the coronae and rainbow observed
in nature. The usual but cruder method is to assume that the red or

Scanning mirror Photocell Light source

Fig. 98. Instrument for measuring drop sizes by scanning the intensity
in an artificial rainbow (after Malkkus, Bishop, and Briggs).

reddish bands agree approximately with the minima in the pattern for
green light, to which the eye is most sensitive. Fraunhofer gave as the
“effective wavelength of white light” corresponding to this rule, 0.57 u
(Pernter-Exner, 1910, p. 460).

If really quantitative results are desired it is better to take an artificial
point source and to select a narrow band of wavelengths by means of a
filter or spectrograph. All three phenomena have been used in this
way to measure drop sizes in clouds and fogs. A possible arrangement
for the instruments devised by Malkus, Bishop, and Briggs (1948) is
sketched in Fig. 98.

In quantitative interpretations of the light distribution in the diffraction
coronae we have to be aware of the phenomena of anomalous diffraction
(sec. 11.33). The height of the second maximum (the first bright ring)
and the position of the first minimum are subject to strong fluctuations
for any x < 50, i.e., a <<4 u. Details may be read from Figs. 51 and
52, The height of the next ring and the positions of the next minima
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may not attain their normal values before =100, ie., « = 8 u.
Beyond the domain of Fig. 52, the simple interference theory of sec.
11.31 is about correct.

These considerations show that, as a rule, the diffraction coronae cannot
be interpreted with the simple texthook theory at angles > 5°. This
is also illustrated by the spectral photometry of diffraction coronae of
water drops made by Teucher (1939). His data are for two angles,
= 9°10" and 14°20’, and cover the range @ = 4.4 y to 11 p, A = 0.43 U
to 0.66 u, i.e., x = 40 to 160. This is precisely the range in which the
anomalous behavior of the second and third maxima oceurs.

A few quantitative observations on the glory have been discussed in
sec. 13.33 as they were needed in support of the theoretical approach,
for this is the only phenomenon for which a complete theory is lacking.
For further observations on natural glories, see Peppler (1939), Diem
(1942), and Ahrenberg (1948). There seems no reasonable doubt that
the theory proposed in secs. 13.31 and 17.42, namely, the radiation from
a toroidal wave front originating from grazing incidence, one internal
reflection, and a piece of surface wave, is essentially correct. The
differences with the diffraction coronae are:

a. Different ratios of the radii of the rings.

b. Strong polarization.

¢. More rings seen, as intensity decreases as (180° — 0)~1 against the
law ~ §-3 for diffraction coronae.

Unfortunately, no measurements have come to the author’s attention
in which more than one of the size criteria (coronae, rainbow, glory)
were applied to the same fog or cloud. Such measurements are obviously
desirable as a further check on the theory of the glory.

We may finally mention some investigations in which especially the
polarization of the scattered light was investigated. Lyot (1929) used
a very sensitive visual polarimeter for the investigation of light scattered
by various solid surfaces and aerosols (compare sec. 19.3). His results
for droplets with estimated radii of 1 mm and 0.25 x4 are shown in Fig. 99.
The dashed curve in this figure represents the data of Table 21 (seec. 13.11).
Striking features are the negative polarization of the twice refracted
component, the positive polarization of the reflected light, and superposed
on it the two positive peaks due to the first and second rainbow. The
curve gradually changes with decreasing size, as illustrated by the
experimental curve for 20 = 5 y (x = 30). The rainbows are washed out
and shifted as predicted in sec. 13.24 (Fig. 47). Although numerical
data for this range of * have been computed, a detailed comparison of
experiment with theory cannot be made owing to interpolation troubles,
as explained in sec. 13.12.
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A gimilar but less complete investigation was made by Pokrowski
(1927). In the first paper he measures the polarization of light scattered
by very fine droplets produced by condensation of vapor streaming from
a nozzle. In the second paper a similar investigation is made for coarse
droplets (diameter > 100 u) produced by an atomizer. The results of
the latter work are shown also in Fig. 99; they probably are less accurate
than the measurements of Liyot for intermediate sizes, which are not shown.

Second raini:mw—| rFirst rainbow

i N l !
i [N |
N
, \
| \
os | \
5 |
ﬁ
S
3
@ 0
a
\
———a >\ Theory \VI
= ~————— a=1mm  (Lyot) }
| =—e——e——e g = 10-50 u (Pokrowski) ; Experiments
————— a=25pu (Lyot)
-05

Fig. 99. Degree of polarization of light scattered by water drops of
various sizes, according to theory and experiments.

Bricard (1940) published a study of natural fogs. The predominant
radii found by him are
Stratus: a=42u
Curmulus: a=>54u
Stratocumulus: a = 7.6 u
Nimbostratus: a = 9.8 u.
In the optical part of this work he reviews the various classical theories;
only his explanation of the glory seems inacceptable. Two shorter

papers (Bricard, 1941a,b) report on intensity data for the angle ranges
6 = 10° to 50° and § = 140° to 172°. Bricard finds the polarization of
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the rainbows in agreement with theory and with the laboratory measure-
ments shown in Fig. 99, viz., positive, i.e., with the electric vector tangent
to the arcs of the rainbow. Further, he reports in this paper that the
maxima have shifted to the place of the minima if the rainbow is observed
through a sheet of Polaroid that transmits only the weaker component
(E L arcs). An explanation for this phenomenon was suggested in sec.
13.24. Somewhat disconcerting is Bricard’s report that the rings of the
glory have the same sign of polarization as the rainbows. This is opposite
to the laboratory and open-air data reported in sec. 13.33.

So far the clouds (cirrus, cirrostratus) consisting of small ice particles
have not been mentioned. For these clouds the same fundamental
remark holds, namely, that the sizes are > 4 so that the laws of geometrical
optics may be applied.

The hexagonal form of the ice needles, combined with their tendency
to assume preferential orientations in a quiet atmosphere, causes the
beautiful halo phenomena. For a thorough description and theory we
may refer to the books of Pernter-Exner (1910), Minnaert (1940), Visser
(1943).

The diffraction coronae caused by ice needles are similar to those
caused by water drops but not quite the same. A glance at Table 6
(sec. 7.4) shows that the minima in the diffraction pattern of cylinders
[function F(u)] are equally spaced whereas in the pattern for spheres
[function F(u)] the angle from the centre to the first minimum is con-
siderably larger than from the first to the second minimum. This
difference must be noticeable also in the observed coronae around the
sun and moon, although a direct comparison is made difficult because
of the white light and the extension of the source.

It has been thought for theoretical reasons that the intensity in the
outer rims of an ice-cloud corona would fall off less steeply than in a
water drop corona. Meyer (1950) showed that this conclusion is in-
correct; his argument is repeated in sec. 8.32. Meyer also gives obser-
vational evidence against the existence of any glory phenomenon in ice
clouds.

20.4. Radar Meteorology and the Attenuation of Microwaves

The use of ever shorter radar waves (10 cm, 3 em, 1.25 cm, 6 mm)
during and after World War IT made the influence of rain and fog more
and more noticeable. Two effects are of practical importance.

1. The attenuation of the radiation by rain and fog reduces the power
in one-way transmission, and even more so of an echo as the radiation
travels the path twice. The same effect necessitates corrections in
radio astronomy at very short wavelengths.
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2. The backscatter from clouds or rain storms is received as a radar
echo. The storms seen on a radar screen may at times blot out the
echoes’ from ships, ete. The storms themselves may be classified, and
their development studied by this method. This is the new specialized
field of radar meteorology.

20.41. Attenuation by Fog and Rain

Detailed reviews with many tables and figures have been published
by Ryde (1947) and Goldstein (1951). These tables give estimates of
all relevant quantities for ready use. In order to show which important
factors determine these results, we shall in the following discussion
give a few examples and comments.

For very small drop sizes the formulae of chap. 6 may be applied,
viz., as water is a partly absorbing material, the formulae of sec. 6.13.
They show that the extinction is determined mainly by absorption and
that it is proportional to volume. For such particles the attenuation by
a cloud is proportional to its liquid water content and thus may be
expressed in db/km per g/m3. Table 43 shows Ryde’s values for this
quantity. They are very strongly dependent on temperature as the
imaginary pa:t of m? changes strongly with temperature. The attenua-
tion is roughly twice the tabulated value for 0°C and half this value
for 40°C. The author has estimated from Lowan’s tables at what value
of x = 2ma/d the deviation from this volume proportionality becomes
10 per cent, These values (see also Table 25, sec. 14.21) and the cor-
responding drop radii are also given in Table 43.

Table 43. Microwave Attenuation by Very Small Water Drops

Attenuation by
7 (cm) Small Drops of Deviation Becomes 109 for
18°C x = 2mali a (cm)
(db/km per g/m3}
0.2 7.14 0.18 0.006
0.5 1.65 0.12 0.010
0.7 0.876 0.10 0.011
1.0 0.438 0.09 0.014
1.25 0.280 0.08 0.016
2.0 0.112 0.06 0.019
3.0 0.050 0.05 0.024
5.0 0.0178 0.03 0.024

10.0 0.0045 0.03 0.032
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This means that for most clouds and fogs (drop radii < 0.01 cm = 100 )
the approximation by the volume law is satisfactory but that all rains
require a computation by means of further terms of the Mie series.
Even a fine drizzle, in which drops of a = 0.05 em are common, is above
the limit for 2 = 10 em; here the small-particle approximation cannot
be applied in spite of the fact that the wavelength is 200 times the radius!

For wavelengths > 10 em it might be a better approximation to
neglect the imaginary part and to use the scattering cross sections for
m = 9 invariably. The practical need for a formula is small, as the
attenuation at these wavelengths is negligible anyway.

Increasing drop size gives initially a larger extinection cross section for
a given weight. The ratio reaches a maximum if a is 0.011 to 0.024,
(|m:c[ A 1) and then drops slowly down. This follows from the values of
Q(z)/x, where Q(z) is the efficiency factor for extinction (Fig. 60, sec.
14.31). As the extinction eross section of a drop is 7a2Q(x) cm? and the
weight is (4/3)ma® gram, the cross section is (37/21) Q(z)/x em?/gram. By
adding a factor 0.434, this becomes the extinction coefficient in db/km
per g/m3, the limiting values of which for small x are given in Table 43.

The wide range of drop sizes makes it a little hard to obtain a quick
survey of what various rains will do. We shall show by one example
what integrations are involved.

Let @ be the radius and let n(a) da be the number of drops per m3
in the range of radii da. In Table 44 the interval is de — 0.025 cm.
All data in this table are based on the paper by Goldstein. The integ-
ration for the total rate of precipitation is shown in column 2. The
contributions of each size interval are proportional to the product of the
relative volume 108 (4/3)mu%n(a) da and the velocity of fall ». The
proportionality constant is 3.6, and the total rate of precipitation is
100 mm/hr (very heavy rain). Division by the values of » given in
column 3 gives the relative volume itself, and upon integration the mass
of liquid water M = 3.95 g/m3. The density of water is taken 1 gfcm?.
Dividing the integral in column 2 by the integral in 4 we obtain the
effective velocity of fall 7.0 m/sec. Column 5 gives the individual values
of

Oext _ 3 Q(x)
4/3 wad 21 =

for A=1 cm and for the refractive index appropriate to A= 1 cm at
18° C.  Multiplieation of the individual values in columns 4 and 5 gives
those in 6. Upon integration they give the total cross section in cm?
per m®.  Division of the integrals in 4 and 6 gives the “effective” value
in column 5. The extinction coefficient as used throughout this book
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Table 44. Attenuation of Waves of A = 1.0 cm by a Very Heavy Rain at 18° C

a (4/3)ra’vn(a) da v (4/3)ma®n{a) da (4/6;;;a3 Cnla)da
(cm)  (10-Smjsec)  (mjsec) (g/m?) (em?g) (em2/m3)
0.025 0.3 2.1 0.14 1.9 0.3
0.05 1.1 3.9 0.28 4.4 1.2
0.075 2.5 5.3 0.47 8.9 4.2
0.10 3.9 6.4 0.61 15.3 9.3
0.125 4.7 7.3 0.64 15.4 9.8
0.15 5.0 7.9 0.63 13.8 8.7
0.175 4,2 8.4 0.50 12,4 6.2
0.20 2.5 8.7 0.29 10.8 3.1
0.225 1.6 9.0 0.18 9.5 1.7
0.25 0.8 9.2 0.09 8.5 0.8
0.275 0.6 9.4 0.06 7.7 0.5
0.30 0.4 9.5 0.04 7.2 0.3
0.325 0.2 9.6 0.02 6.7 0.1

Integral 27.8 3.95 46.2
“Effective value” 7.0 11.7

Multiplier 3.60 1 0.434
Result p = 100 mm/hr M = 3.95 g/m?3 p" = 20.1 db/km

thus is y = 46.2 X 108 cm~!, but upon multiplying by 0.434 x 106 the
more familiar units are obtained: 5’ = 20.1 db/km.

This completes the discussion of the example.

The only parameter that can be readily measured in practice is the
precipitation rate p, and even this is subject to large local and temporal
variations. It is therefore convenient to compute the ratio of 7' to p.
The results reported by Goldstein and completed by interpolation are
given in Table 45.

It is seen from this table that the attenuation is not strictly proportional
with the precipitation rate in the sample rains on which the computations
were based. For A <1 em the ratio »'/p goes down with inereasing
precipitation, and for 4 > 1 em it goes up. The explanation lies in the
fact that the drops in a drizzle are smaller on the average than in a
moderate rain and larger again in a very heavy rain. This has two
effects: (a) a change in velocity of fall, by which the ratio of M to »
decreases with increasing precipitation, and (b) a change in the factor
C,,../(4/3)ma3.

Only the latter effect is important. At 1 em the most abundant
drops are also most effective, so that a shift to either side has
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Table 45. Ratio of Aftenusdtion to Precipitation Rate at 18° C

Drizzle Moderate Rain  Very Heavy Rain
0.25 mm/hr 4 mm/hr 100 mm/hr

v'/lp  (db/km per mm/hr)

A= 03 cm 1.20 0.65 0.33
A= 05 0.64 0.50 0.29
A= 0.6 0.42 0.40 0.27
A= 10 0.15 0.19 0.20
2= 125 0.086 0.12 0.15
A= 20 0.024 0.042 0.06
A= 3.0 0.0089 0.017 0.032
A= 5.0 0.0028 0.005
A =10.0 0.0003 0.0003

not much effect. At 3 cm the most abundant drops have a smaller
size than those which are most effective; consequently, the increasing
size in a heavier rain will increase the effectiveness. At 4 = 0.3 cm the
most abundant drops are already larger than those which are most
effective; consequently, the increasing size in a heavier rain will decrease
the effectiveness.

20.42. Radar Observations of Rain and Clouds

The backscatter of microwaves from raindrops and ice crystals is of
great meteorological importance since it makes radar meteorology possible.

A striking feature of the computed radar cross sections of water drops
(sec. 14.32) is the existence of large fluctuations (Fig. 61). These fluctu-
ations are incorrectly called resonances in Goldstein’s review; the correct
explanation by means of the surface wave creeping around the drop is
discussed in sec. 17.41. The practical importance of these fluctuations
for present-day radar meteorology is small, as the first maximum occurs
at ¥ = 2sra/A = 1.0, which means drops of radius 1 mm for 6 mm radar.
Hence, in most circumstances the common drops just reach (or do not
quite reach) the first maximum, and only very large drops reach the
first minimum.

For very small drop sizes we may use the Rayleigh approximation in

which
me — 1|2

m? | 2

3
zé'Qsc = 4

Dl a
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Here o is the radar cross section, and G the geometrical cross section
na®. This approximation gives results of the correct order of magnitude
up to = 1. For instance, comparing the curve of Fig. 61 (A = 3 mm,
m = 3.41 — 1.94¢) with the Rayleigh approximation we find that the
deviation stays below 20 per cent for z << 0.93. This limit is much
higher than the values of x at which the attenuation formula for small
drops breaks down (sec. 20.41). A graph of the ratios of the actual

value of o to the Rayleigh approximation for three values of m is shown
in Fig. 100.
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Fig. 100. Ratio of the radar cross section of a water drop
to that computed by the Rayleigh approximation for three
wavelengths. Abscissa is # = 27a[A, a = radius of drop.

The fact that the radar cross section may become more than twice
the value following from the Rayleigh approximation is due to magnetic
dipole resonance, as has been explained in sec. 14.31. The resonance
effect is striking only if the imaginary part of the refractive index n’ is
small. As n’ decreases strongly with increasing temperature (for A > 3
em) the resonance effects must increase with increasing temperature.
If it is impractical to repeat the detailed computations for many values
of m, the theory in sec. 14.31 may give an impression of the expected
magnitude of the effect.

Since a factor 2 is unimportant in most practical computations, the
Rayleigh approximation may be used up to x— 1. The large drops
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in a rain are relatively more important in the echo than in the attenuation
(sec. 20.41).

Numerical example: We may quote the following values for a typical summer
thunderstorm from Goldstein’s report. Precipitation rate: 30 mm/hr; liquid
water content: M = 1g/m® Effective drop radius for echo computations: o = 0.18
em, which gives n = 41 drops per m?. At A = 9.2 cm we obtain 2 = 0.123, and on
Rayleigh’s approximation: o/G =4 x 0.93 x (0.123)* = 8.5 X 104, and o = 8.6
% 10~ m2.  The cross section per unit volume thus is ng = 3.5 X 10-"m™L, i.e.,
65 db below the level of 1 meter-1,

The problems of radar meteorology are not limited to rain drops.
We have to consider also ice. The refractive index is 1.75 with little
dependence on A and only a small imaginary term. In the survey paper
that Ryde wrote in 1947 detailed tables were given for:

a. Hailstones, spherical, radii up to 1 e¢m; the attenuation is smaller
by a factor 10 or more than that of rain with the same rate of precipi-
tation. The echoes are somewhat smaller than those for rain, except
when the stones are very large.

b. Small ice crystals and individual snow ecrystals, dimensions up to
2 mm; attenuation small, echo intensity not very different from rain
with the same precipitation rate.

¢. Snowflakes composed of crystal aggregates, roughly spherical,
dimensions up to 2 cm. Only the approximation for size <€ wavelength
was used in this case. The echo intensity is considerably enhanced over
that of single crystals,

d. Melting crystal aggregates, again on the assumption that the
particles are much smaller than the wavelength. The ice and water
and air are supposed to be mixed so that a homogeneous particle of
intermediate refractivity is considered. This assumption was later
criticized (sec. 20.43). An extension to particles of larger size might
be made with the ordinary Mie theory (chaps. 10 and 14).

20.43. The Bright ‘“Melting Band’’ in Radar Echoes

Among the problems that have attracted the attention of later writers
we may mention especially the bright bands seen in precipitating clouds
if they are observed by ground radar. A good summary of the meteoro-
logical conditions under which these bands occur is given by Bowen
(1951). The most common one, often called the “melting band,” occurs
at the bottom of the cloud where ice particles melt before they fall in the
form of rain. A less conspicuous band sometimes oceurs at a higher
level and may coincide with the levels where supercooled water particles
freeze. A quantitative study of the melting band was made by Austin
and Bemis (1950).
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The intense echoes from the bright band are due to a sharp peak in the
echo area per unit volume at the melting level. At least four effects
have been suggested as important in causing this peak, and it is generally
believed that a quantitative theory may be derived from the combined
effect of these phenomena. They are:

a. The increase of refractive index upon melting.

b. The increase in fall velocity upon melting.

c¢. Coalescence.

d. A decrease of radar cross section upon attaining spherical shape.

For a quantitative survey of the manner in which these effects co-
operate we may refer to Labrum (1952b). It appears from this study that
an inconspicuous bright band would already be caused by effects @ and b.
This is due to the fact that, comparing the echoes from above and below
the melting level, the larger radar cross section of water drops over ice
particles is offset by their larger velocity of fall, but the final velocity of
fall is only gradually reached after the particles have already attained
their large cross section. Coalescence (¢) gives an additional factor of
increase over the echoes from higher levels. Effects of non-spherical
shape (d) give an additional factor of increase over the echoes from lower
levels, as has been argued in particular by Atlas, Kerker, and Hitschfeld
(1953). A critical discussion would lead too deeply into meteorological
problems.

It has proved necessary in this work to compute the radar cross sections
of melting snow flakes. As a model an ice sphere covered by a spherical
water mantle was considered. The theory for arbitrary ratio of the radii
to 1 was worked out by Aden and Kerker (1951) and by Giittler (1952).
It has been applied to one practical example (A = 10 cm, outer radius =
0.2 cm, radius of ice core varying) by Kerker, Langleben, and Gunn
(1951). The question arises whether the complicated formulae might
be replaced by simpler ones in view of the fairly small ratio of radius
to wavelength. This is indeed true. In the usual notation we have
& = 2mafi = 0.126, and by reference to Fig. 100 we find that this may
just be small enough to make the Rayleigh approximation (electric
dipole scattering) adequate within 10 per cent. The relevant formula
for the polarizability « of the body with the spherical shell was given in
sec. 6.34. The radar cross section is proportional to the square of «.
The results reported by Kerker, Langleben, and Gunn have a character
very similar to that shown for hollow water shells in Table 4 (sec. 6.34).
In particular, it was found in both cases that a water film one-fifth of the
radius thick suffices to make the body scatter almost as effectively as a
full water sphere.
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The effect contributing to the bright band phenomenon thus is that the
melting particles probably go through a stage of maximum effectiveness
in which they have two properties causing a high scattering cross section:
(1) a non-spherical shape due to the ice core, and (2) a high refractive
index due to the water mantle. This effect has been demonstrated by
Labrum (1952a) by experiments with melting specimens in a wave
guide.

The work on the effect of particle shape by Atlas, Kerker, and Hitschfeld
is based entirely on the approximation for small sizes. For that reason
their theoretical discussion of the effect of random orientation must be
identical to that of Rayleigh (1918), which has been reported in sec. 6.52
(for scattered intensity) and 6.53 (for attenuation). For 6 = 180° we
find at once from the formulae of sec. 6.52 the intensity

I = k%244 + B)I,,
independently of the polarization of the incident light, and the ratio

Intensity of cross-polarized component A— B

Intensity of parallel component ~ 34 + 2B’

if the incident light is linearly polarized. The latter ratio is called the
“depolarization” by Atlas, Kerker, and Hitschfeld. The substitution
of the polarizability values for oblate or prolate spheroids from sec.
6.32 into the definitions of 4 and B (sec. 6.52) is straightforward. From
these formulae the author found in a sample case that, for m = 1.75
(ice) and axial ratios 1 : 5, the relative values of 44 + B, which indicate
the gain in radar cross section over a sphere of the same volume, are the
following.
Spheres , 1.00, depolarization = 0.000

Prolate spheroids (1:5), 1.20, depolarization = 0.024
Oblate spheroids (1:5), 1.31, depolarization = 0.025,

The effects are far more pronounced if the refractive index of water is
used, as might be effectively correct if the ice rods or disks are covered
with a thin film of water. In the latter case a factor 7 is gained over
equivolume spheres by prolate, and a factor 4 by oblate spheroids of
random orientation, if the axial ratio is 1 : 5. The depolarizations
are 0.20 (20 per cent) for prolates and 0.08 for oblates. Of course, even
greater gains may be realized if the particles have a preferred orientation
suitable to present a large polarizability to the electric vector of the
incident beam. Numerical values are found in the paper cited.

An earlier report by Kerker (1950) contains the same theory and con-
siders also the cross-polarized component due to multiple scattering.
This is found to be unimportant.
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It may finally be noted that the theory of sec. 6.52 also contains the
ready formulae for incident light of any arbitrary state of polarization.
Interesting results can be obtained with circular polarization. We
have already remarked (sec. 5.32) that, for symmetry reasons, spherical
particles of arbitrary size and illuminated by circularly polarized radiation
can show in their backscatter only radiation with the same state of
circular polarization. This does not hold true for non-spherical particles.
It has thus been suggested (Kennaugh, 1951; White, 1951) that radar
systems with emission and reception in opposite circular polarizations
may be used as & discrimination against spherical drops. This would
furnish a sensitive means of detecting effects of non-spherical shape or
of secondary scattering.
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21. APPLICATIONS TO ASTRONOMY

21.1. Introduction

The development of the light-scattering theories discussed in this
book has been closely linked with astronomy from the very beginning.
Even before 1900 computations on the radiation pressure exerted on
perfectly conducting spheres were made with a view to the theory of
comet tails. Since 1930 much attention has been paid to the optical
properties of the interstellar grains. Later work on the scattering by
cylinders was aimed at explaining the interstellar polarization.

The need for light-scattering theories in astronomy is obvious, as the
supplementary methods used in other fields, weighing and counting,
electron-microscope studies, velocity of fall in air, etc., are all lacking.
It is doubtful whether we would know of the existence of either infer-
planetary or interstellar dust, if their scattering and/or extinetion had been
unobservable. Asit is, however, the basic data obtained from interpreting
these optical observations are complemented by physical and chemical
theories of the properties of such grains in the ambient gas and radiation
field. The present review is incomplete, since it summarizes only the
optical properties and neglects the physical chemistry.

A subject of practical importance for astronomy is the scintillation
of the stars. It arises from irregular variations in the refractive index
in the atmosphere, i.e., in the troposphere in the optical twinkling and in
the ionosphere in the twinkling of the radio stars. The theory in either
case is beyond the scope of this book, as it would be artificial to dis-
tinguish individual *“blobs” as single particles. In this approximation,
a scattering theory of the type of chap. 11, combined with a formula for
multiple scattering, is called for. From the extensive literature based on
more rigorous methods we may cite papers by Pekeris (1947), Booker
and Gordon (1950), Hewish (1951), Chandrasekhar (1952), and Fejer
(1954).

It seems certain that a similar phenomenon on a much larger scale
occurs in the outer corona of the sun. The radio waves emitted by the
deeper layers, or by a galactic source that happens to be covered by the
corona, are deviated from their original course by a great many local
variations in the electron density. This causes a blurring and widening

440



APPLICATIONS TO ASTRONOMY 441

of the image of the radio sun, or of the occulted point source, on the
meter wavelengths. The blobs are estimated to have diameters between
I and 105 km. (Hewish, 1955).

21.2. Planetary Atmospheres

Ten planets and satellites in the solar system are known to have an atmo-
sphere. Four planets, Jupiter, Saturn, Neptune, and Uranus, have
very thick atmospheres; the first one has been studied most thoroughly.
The earth and Venus have moderately thick atmospheres. The four
bodies that are certain to have tenuous atmospheres are Pluto, Triton,
Mars, and Titan, of which Mars has rightly claimed the greatest attention.
The physical meteorology of several of these planets may be as complicated
as that on the earth. In all of them, & minute fraction of liquid or solid
particles in the gaseous atmosphere may change or even dominate the
appearance of the planet. As all direct sources of information, such as
spectrographic and photometric studies of the reflected or emitted radia-
tion are affected by the presence of such particles, their study is of the
greatest importance. We shall briefly review the present status for the
planets Jupiter, Venus, and Mars. Most of the data quoted are from
G. P. Kuiper’s book (2nd ed.) Planetary Atmospheres (1952).

Jupiter. Kuiper concludes from a variety of considerations that the
base of the visible atmosphere of Jupiter is formed by the top of a cloud
layer consisting of solid ammonia particles. The temperature is about
160° K. The top of this layer may not be flat but may consist of many
individual clouds with large interspaces. No estimate of the size of the
particles has been made, for the polarization curve for diffuse reflection
by the cloud layer can be observed only from 180° — # = 0 to 11°.
It is likely that some of the blue scattering occurring above the cloud
layer is not due to the gaseous atmosphere but to ammonia particles with
sizes <€ 4, for ultraviolet photographs show occasional veils and light
clouds not seen on infrared photographs. Such particles would evidently
obey the laws of Rayleigh scattering (chap. 6).

Venus. Also the visible surface of Venus, which is brilliantly yellow-
white (albedo 0.76), is formed by the top of a permanent cloud layer.
Here the degree of polarization of the reflected light, which is found to be
similar at any time for all illuminated points of the disk, can be measured
for phase angles from nearly 0° to nearly 180°. The polarization curve
obtained by Lyot (1929) is shown in Fig. 101. It has given rise to much
speculation about the chemical composition of the clouds and the range of
sizes of their particles.

The optical problem met here is a problem of radiative transfer (or
multiple scattering) in a thick layer in which the single particles have
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complicated scattering diagrams in two polarizations. This problem has
not been solved in a numerically useful manner for single diagrams more
complicated than Rayleigh scattering. Even in the latter case an
enormous amount of analytical and numerical work is required for a
precise solution (Chandrasekhar and Elbert, 1954). Useful numerical
data for planetary atmospheres based on Chandrasekhar’s solutions for
simple phase functions have been given by van de Hulst (1952) and
Horak (1954).

As a very crude approximation one may assume that any radiation
emerging from the atmosphere is unpolarized if it has been scattered
two or more times by successive particles. Let this radiation be q
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Fig. 101. Degroe of polarization of the light reflected by Venus as a
function of the scattering angle, according to measurements by Lyot,

times as intense as the radiation emerging after a single scattering.
The latter fraction has the degree of polarization of single scattering

P = (i — 1){(?y + %),

which may be computed from the formulae of this book. The observed
polarization then should be p/(1 +¢). Clearly, ¢ depends on the direc-
tions of incidence and emergence and also on the form of the scattering
diagram. Assuming that ¢ is 2.5 to 6, which does not seem unreasonable
(van de Hulst, 1952), Lyot interpreted his curve by means of water
droplets with diameters about 2.5 . The approximate agreement is
seen by comparing Fig. 101 with the experimental curve for 2a = 2.5 7
(not shown in Fig. 99).

Kuiper objects that the yellowish color remains unexplained and that
on occasional days the cloud layer of Venus drops so fast that diameters
of at least 20 u are required. His suggestion of fine sand (Si0, with
iron colorings) has been criticized by Menzel and Whipple (1955).
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Another possibility (Kuiper, private communication) may be crystalline
NH,.

Evidently, much remains to be solved. Fuller computations of
multiple scattering are needed, and we might learn more from polarization
measurements in different wavelengths.

Mars. The studies of the planet Mars have gradually given rise to an
enormous collection of observational data and to an equally impressive
body of theoretical computations by which the Mars meteorology begins
to approach the complexity of the meteorology of the earth. Adequate
reviews are available in Kuiper’s book (2nd ed., 1952) and in de Vaucou-
leurs’ book (1954). We present here a very brief summary of the data
pertinent to the solid particles in the Mars atmosphere.

In visible light Mars shows its solid surface, including the polar caps of
a thin layer of H,0 snow and the green and brown areas that may contain
life. Blue and ultraviolet photographs, however, show an atmospheric haze,
which is definitely not gaseous because of its low albedo in ultraviolet
light and because occasional clearings occur. This haze layer is referred
to by de Vaucouleurs as “‘the violet layer.”

Three suggestions on the nature of the particles of the violet layer
have been made:

a. Ice (solid H,0), size 0.3-0.4 u, height 5-10 km (Kuiper).
b. Dry ice (solid CO,), size 0.3 u, height 45 km (Hess).
c. Carbon (solid C,), no suggestions about size or height (Rosen).

One of the observational clues is that the opacity of the violet layer
rises fairly sharply if 1 decreases from 6000 A to 4500 A. When inter-
preted on the basis of extinction curves for non-absorbing particles, as
given in Fig. 24 (sec. 10.4) or Fig. 32 (sec. 11.22) for spheres and in Fig. 67
(sec. 15.31) for cylinders, this would indeed suggest that 2a{m — 1) is
of the order of 0.2 4. An estimate of 1.33 for the refractive index m
then gives a diameter 2¢ = 0.6 u. The explanation of the maxima and
minima in the extinction curve (secs. 11.22 and 13.42) would seem to
indicate that particles of a different form, e.g., ice crystals, may show a
similar run of the extinction curve as has been computed for smooth
cylinders and spheres. The crude data and the small range of wave-
lengths make it impossible to obtain a more precise interpretation this
way. Rosen has suggested that the strong rise of opacity in the blue is
not a size effect but is due to the absorption band of carbon particles that
has also been observed in N type stars. This suggestion is not supported
by physical arguments.

Kuiper has made several size estimates of the haze particles from
physical considerations. For instance, particles with a size 20 > 60 u
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would fall too fast. However, his most accurate estimate is made on
purely optical grounds, as follows.

Arguing that at A = 4700 A the haze layer is still thin enough to make
any contribution of multiple scattering to the reflected radiation negligible,
yet thick enough to make the surface virtually invisible, Kuiper explains
the data at that wavelength by assuming single scattering by a mixture
of ice spheres of different sizes. Both the observed degree of pola-
rization (for which Kuiper adopts » = +0.05 at 180° —6 = 20°) and the
observed reflectivity of the planet (for which Kuiper gives E = 0.08)
have to be explained.

On the basis of the assumptions made, R may be put equal to the
directivity (or phase function) of the particles for 6 = 160°. This is
defined as the ratio of the energy scattered per unit solid angle in this
direction to the average energy scattered per unit solid angle in all direc-
tions, i.e., in the notations of the earlier chapters:

B— 3oy + ik 2(iy + i) )
Qma’lyf4n T Qa?

Kuiper gives a table of p and R based on Lowan’s tables for m = 1.33
and finds by sample computations for different mixtures that a size
range centered on z = 2.0 to 2.5, ie., 2a = 0.3 to 0.4 4, would fit the
observed values of p and R for § = 160°. A more precise computation
might be made by means of an interpolation method, as described in sec.
13.12 (Fig. 43) and used in constructing Fig. 102 (sec. 21.3). In view of
the physical uncertainties this seems hardly worth while. It may be
noted, however, that data for larger particles than those considered by
Kuiper have since been computed by Gumprecht, Sung, Chin, and
Sliepcevich (see bibliography, chap. 10). At x = 10 these tables give
the values for m = 1.33, 6 = 160°: p = +0.48, R = 0.44. A relatively
small number of particles of this size might dominate the characteristics
of the radiation reflected from the planet. The explanation of the strong
increase in p and R with respect to the data quoted by Kuiper is that the
influence of the main rainbow maximum is felt here. This may be
seen from Fig. 47 (sec. 13.24). At z = 40 (first rainbow minimum) R
has dropped back to 0.16.

Apart from the nearly permanent haze layer occasional clouds occur
on Mars. From a careful discussion of all available data de Vaucouleurs
distinguishes three types that are indicated by the colors “blue,” “white,”
and ‘“yellow.” These terms refer to the methods by which they are
observed rather than to their true colors. The main characteristics are:

Blue clouds: highest in the atmosphere, probably denser parts in the
haze layer, polarization positive for 180° — 6 < 23°; nature of the
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particles uncertain but sizes of the order of 0.4 u as discussed above,

White clouds: intermediate in height but probably a collective name
for various types, one of which may actually be identical to the blue
clouds. Those for which the polarization has been measured show
negative polarization for 180° — 6 <C 20° and may consist of coarse ice
crystals (2 = 1 u or larger). Compare the curves for water drops shown
in Fig. 99, sec. 20.3.

Yellow clouds: low-level clouds, almost certainly consisting of fine
desert dust blown up by the winds. No size estimate available.

21.3. Interplanetary Dust and the Zodiacal Light

The general characteristics of the zodiacal light leave no doubt that
it consists of sunlight scattered by interplanetary material arranged
roughly symmetrically to the planes of the planetary orbits. It is not
at once clear, however, what material thisis. Initially it seemed obvious
to assume coarse dust, or even pieces of rock, as the main scattering
agent. On this assumption all scattering would occur by diffuse re-
flection against the surface of these rocks, which in the simplest case
(Lambert’s law) may be taken from sec. 8.42; diffraction effects would
be unimportant.

The different ideas that are now prevalent have mainly arisen from
two facts. (1) The observed degree of polarization of the zodiacal
light in the main cone (30° to 60° from the sun) is higher than can be
explained by solid particles alone. About half the observed intensity
may be due to scattering by free electrons. (2) The assumption that the
increase of brightness with decreasing angle from the sun is exclusively
due to a spatial increase of density with decreasing distance from the
sun cannot be maintained. A substantial part of this increase must be
attributed to the Mie effect (predominant forward scattering). At
angles <C 5°% i.e., in the F-corona, most of the light is due to particles
with diameters 2a of the order of 10 u and larger; the effect is sufficiently
well described by the classical Fraunhofer diffraction formula (secs.
8.31 and 12.32). For angles > 30° the full Mie formulae must be em-
ployed. In any event, the scattering diagrams shown in Fig. 25 give
enough data for a discussion of the problem. The wide size distribution
makes the diffraction rings unnoticeable. It is possible to explain the
observed brightness distribution with a fairly wide variety of assumptions
about size distribution, composition (albedo), and distribution of the
grains in space. For a further review see Minnaert (1955).

An estimate of the intensity of the electron component from the observed
polarization of the zodiacal light requires information on the degree of
polarization of light scattered by the dust component. For pieces of
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rock this may by computed by integration from empirical data on the
polarization of diffusely reflected light from the surfaces of rocks. For
fairly small particles the assumption has often been made that the
frequent changes of sign in the degree of polarization following from the
Mie formulae (shown clearly in Fig. 44, sec. 13.12) would cancel out
upon integration over a reasonable size distribution. This assumption
is not justified. It is certainly incorrect in the limit of very large particles
(geometrical optics), and a computation is needed to show the result
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Fig. 102. Degree of polarization of the light scattered in

the direction # == 60° by a cloud of spherical particles with

refractive index 1.33 and sizes ranging from 0.75a to 1.25a;

xz = 2nall.

for smaller sizes. The results of a sample computation made for § =60°
is shown in Fig. 102 (van de Hulst, 1955). It is based on the assumption
that the scattered light in each of the directions of polarization (1,2)
is proportional to

1.25¢,
iy 9(%) x2dx,
0.75z,

so that the sizes range from 0.75¢, to 1.25 a@,. It is seen that p oscillates
between —0.10 and —0.20 before it approaches the value —0.11 defined
by geometrical optics. A further integration (over 6 and the space-
distribution law) is needed before the astronomical implications can be
discussed.

21.4. The Solid Grains in Interstellar Space

About 1930 an old suspicion was verified, namely, that the galactic
system contains interstellar material causing a strong extinction of any
distant object. It has since become clear that this dense fog renders
optical observations of the distant parts of the galaxy (e.g., its nucleus)
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impossible. All observations show that the distribution of this material
is extremely irregular and that much of it is concentrated in dense
clouds. On a larger scale, the cloud complexes are definitely associated
with spiral arms. This makes it difficult to define an average extinction.
In our neighborhood it may be 2.5 mag/kpe for visual light (5500 A).
Converting by means of

1 magnitude = 4 decibels = 0.92 factors e
1 kpe = 1000 parsec = 3.08 X 10% cm,

this estimate gives y = 7.5 X 1022 ecm—L.

The most stringent reason to attribute this effect to small solid particles
is that other scattering or absorbing agents can be excluded. The
amount of them required to explain the interstellar extinction either
gives an excessive density (e.g., scattering electrons, sec. 6.23, plus an
equal number of protons) or is impossible for other reasons (e.g., absorbing
H-ions). Grains very much smaller or very much larger than the wave-
length also give too small a ratio of extinction cross section over mass.!
This ratio is proportional to a® for a €4 and to a7 for e 1 (a =
radius, A = wavelength).

Data about the size distribution, form, and composition of the grains
may be inferred from the observed characteristics, which may be summa-
rized as follows:

Color of transmitted light. The extinction is strong in the ultraviolet
and weak in the infrared. The precise law deviates somewhat from
a A law and is remarkably similar for all stars investigated. (Fig.
103.)

Linear polarization of transmitted light. This phenomenon, disecovered
in 1949, is interpreted as due to different values of the extinction coeffi-
cients for differently polarized light (dichroism of the interstellar medium).
For stars showing the effects most strongly, the difference is about
6 per cent of the full extinction in visual light. The difference (vertical
distance between the two curves in Fig. 103) decreases slightly towards
the infrared; the ratio polarization/extinction increases towards the
infrared.

Color, angular distribution, and polarization of the scattered light. TFully
reliable data concerning the scattered light are absent. Reflection
nebulae have colors resembling the illuminating star, and high values of
the polarization are sometimes observed. The interpretation usually
remains uncertain as the position of the star with respect to the nebula

1 J. R. Plait has pointed out that a high ratio of extinction to mass may be reached
by particles as small as 10 A if they consist of light elements and have their electronic
energy- bands unfilled (Astrophys. J., 123, 486, 1956).
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is unknown. On a large scale, there is evidence in the diffuse galactic
light that the interstellar grains have a fairly large albedo (@,,,/Q,,, > 0.4)

and a fairly strongly directed phase function (cos § > 0.4). Possible
combinations of these two would, e.g., be 0.9 and 0.5, 0.7 and 0.7, or
0.5 and 0.9. The values are uncertain, and the dependence on wave-
length is unknown.

A compilation of the quantitative data regarding extinction and
polarization is given in Fig. 103. It is based on the extinction measured
by Whitford (1948), as corrected in the ultraviolet (A-! > 2.5) by Miss
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Fig. 103. Representative observational data on inter-
stellar extinction. The extinction values for two directions
of polarization are plotted against the inverse wavelength
for a star of mediurn obscuration and strong polarization.

Lucienne Divan (1954), and on the polarization measured by Hiltner
(private communication). The ordinate scale is arbitrary and has been
chosen to correspond to a fairly heavily reddened star. The separation
of the two curves, i.e., the polarization effect, is shown at about its
maximum observed strength. The numerical values pertinent to this
compilation are given in Table 46.

The interpretation of these curves has been the subject of many
investigations, see van de Hulst (1955).

Disregarding the polarization effect, we see that the curves have a
good resemblance to many of the extinction curves computed by the
Mie theory, as shown, e.g., in Figs. 24 (sec. 10.4) and 32 (sec. 11.22).
Roughly, one would imagine the maximum to fall between A—! = 4 and 5.
Thus, as a rough size estimate we have (e.g., for m = 1.25): 2ma/l = 8
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Table 46. Typical Dependence of Interstellar Extinction and Polarization

on Wavelength
At A 44 A, HA; +4,) 4, -4, A4,/4,
(u 1) {u) (mag) (mag) (mag) (mag)
0* 0 0 0 0 ?
0.5t 2.000 0.10 0.08 0.09 0.02 1.25
1 1.000 0.44 0.38 0.41 0.06 1.16
1.6 0.667 0.98 0.89 0.94 0.09 1.10
2 0.500 1.41 1.31 1.36 0.10 1.07
2.5 0.400 1.80 1.70 1.75 0.10 1.06
3 0.333 2.17 2.07 2.12 0.10 1.05
3.5* 0.286 2.48 2.36 2.41 0.10 1.04

* Extrapolated values.
t Uncertain values.

for A 1=45 pu1 and hence 2a=0.66 yg. Van de Hulst (1946,
1949) and others have shown that it is not difficult to choose a distri-
bution function of sizes (compare see. 11.5) that will render the observed
curves exactly. So it is not possible to derive a unique size distribution,
nor a unique value for the refractive index from the observations. Yet,
when a size distribution has been selected, the product of the average
gize times m — 1 may be determined within 5 per cent.

It is even possible to obtain a fair representation of the extinction
curve on the assumption of metallic spheres (Gittler, 1952). This
would seem to be excluded if we compare the behavior for small A1 in
Fig. 103 with that for small z in Fig. 54 (sec. 14.22). Yet the complex
refractive index changes with 4 in such a manner as to make the computed
curve for iron spheres with 2a = 0.08 x4 resemble at least roughly the
observed curve. There is an observational argument against this
assumption in the values of albedo and forward scattered component.
By entering Fig. 54 at x = 0.6, corresponding to 2a = 0.08 u, A = 0.42 u,
we find

Albedo = @,,,/@,,, = 0.15,

cos 6 = cos 6 Q,,,/@, 0.1.

e

The combination of these values is entirely outside the range that
follows from the observations.

Turning to the effect of interstellar polarization, we find again that the
observational data about the dependence on wavelength resemble at
least roughly the theoretical expectations. This follows from a com-
parison of the curves in Fig. 103 with those for long dielectric cylinders
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in Fig. 67 (sec. 15.31). In both sets of curves the separation is about
constant over a wide range but diminishes towards the small values of
A1 and p = 4ma(m — 1)A7%, respectively. By assuming a -suitable
distribution function of the radii the irregularities in the theoretical
curves will be smoothed out, and a close agreement between theory and
observations may be obtained. An admixture of metallic cylinders
(Fig. 69, sec. 15.51) would also give the correct wavelength dependence
if the observable range would correspond to x = 0.1 to 0.6, so 2a = 0.06 u.
More elaborate computations would be needed to take the change of m
with 4 into account.

A difficulty made clear by these comparisons is that approximately
the right order of magnitude of the polarization is obtained on the assump-
tions of very long, fully oriented needles. Any assumption about less
perfect orientation, as the spinning around an oriented axis in the Davis-
Greenstein theory, and about shapes that deviate less drastically from
the spherical shape will appreciably reduce the expected magnitude of the
polarization. As no formulae for ellipsoids of arbitrary size are available
at present (cf. sec. 16.11), most authors have turned in their interpretations
to the formulae for sizes <€A, known as the Gans theory (sec. 6.32).
These formulae permit the complete computation for any given dis-
tribution function of the orientations and thus give at least a first idea
of the reduction in polarization owing to imperfect orientation. Davis
(1955a, b) has given the formulae in a form suitable for astronomical
application. However, the proper application of these formulae would
be in the infrared, where Fig. 103 and Table 46 show that a larger ratio
A,[A, has to be explained than in the visual or photographic domain.
A way out of this difficulty would be to assume that the polarization is
caused by very small grains only, so that the Gans domain would cover
the entire observed range of A. This, however, would give an incorrect
dependence of the polarization on A.

Several experimental studies have been made with a view to explaining
the interstellar polarization. Fick (1952, 1953) orients the elongated
particles of Fe,O; smokes in & magnetic field of variable strength up to
saturation. The approximate sizes are: length = 4 y, diameter = 0.5 u.
A strong positive dichroism results. Fick’s theoretical discussion is
confined to the domain of chap. 6, i.e., to sizes < wavelength., Cayrel
and Schatzman (1955) study the dichroism due to oriented graphite flakes.

The reduction of the amplitudes of the waves emitted by the stars
(1.e., the extinction effect) is theoretically accompanied by a modification
of the phase of these waves. This modification of the phase must depend
on A and may be different for the two polarizations. Therefore it is of
interest to inquire if any observable effects would result.
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The pertinent theory is given in sees. 4.41 and 4.5. Disregarding
the polarization at first, we see that the formula

M= 7 — 4 = 1 — i2m Nk-38(0)

of sec. 4.3 gives the connection between the imaginary part of the re-
fractive index of interstellar space, »’, which is linked to the extinction
value in magnitudes 4 by

0.92 4 = 2k § n’ dz,
and the real part » which determines the phase retardation ¢ by

p==Fk | (n—1)dz

In both formulae the integral is taken over the line of sight between
the observer and a particular star. So the ratio is

Im [S(0)]

¥_
R [S(0)]

A glance at the curves of §(0) in Figs. 31 (sec. 11.22) and 53
(sec. 13.42) suffices to show that this ratio is of the order of 1. So the
phase retardation (or advance) never exceeds more than part of one
cycle for a star which can still be observed (4 << 10). This corresponds
to a negligible time; hence the suggestion made in the older literature,
that the phase retardation in blue and red light would determine a
traveling time which differed by several minutes (Nordmann-Tikhov
effect), must be entirely discarded.

The ratio @/4 becomes higher for very small dielectric particles and
becomes highest for non-absorbing molecules. The simple relation to
the theory of the refractive index of a molecular gas is sketched in sec. 4.5.
A comparison with the scattering and phase retardation by the earth’s
atmosphere shows that the very small particles also fail to give an observ-
able phase retardation in interstellar space.

A differential phase shift between the two components of polarization
at a given wavelength could be tested in a more precise manner by the
ordinary methods of measuring double refraction. It is quite probable
that the dichroism of interstellar space is accompanied by double re-
fraction. The imaginary parts of the amplitude functions 7,(0) and
T,(0), whose real parts have given the data for Figs. 67 (sec. 15.31) and
69 (sec. 15.51), have not been computed. A precise prediction is therefore
not possible. Roughly, we may expect a difference of the same order,
say, 10 per cent. This would mean that, if we had a source emitting
linearly polarized light with strong polarization (something like the
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Crab nebula) behind a reasonably heavy obscuring layer in which the
orientation of the interstellar polarization was oriented at a 45° angle
with the polarization of the source, an observable effect might result.
This effect would be an elliptical component of several per cent in the
received radiation.

A curious application of the Mie theory, finally, is the computation of
the thermal radiation by the interstellar grains, which is the main loss
of internal energy of a grain and, therefore, decisive for its temperature.
As the emitted waves are in the far infrared, i.e., much larger than the
size, we must use the formulae for @,,, following from the Mie theory
(chap. 14). Kirchhoff’s law states that the radiation is Q,,, times the
value computed on the basis of black-body emission. Van de Hulst
(1946, 1949) estimated on this basis that the temperature of the inter-
stellar grains, metallic or dielectrie, would be more likely in the range of
10° to 20° K than at the traditional value of 3° K.
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Aberration, diffraction theory of, 24, 27
Absorbing materials, types, 268
Absorption, 3, 13, 37
coefficient, 267, 288
determination of, 390
in medium containing scatterers, 33
in sphere, 128, 226
line, 191-193
proportional to volume, 66, 88, 182
Acoustics, see Sound
Addition of intensities, 206, 232, 258
Aerosols, 392, 404, 413
controlled growth, 405
from forest fires, 438
meteorological, 414, 417
production, 405, 407
scattering pattern, 418
Air bubble, 131, 220, 221
Air pollution, 404
Airplane, rings around shadow of, 250
Airy’s rainbow theory, 216, 217, 243-249
Albedo, 183, 225, 200, 390, 448-449
Amplitude functions, 9, 15, 28, 2¢
edge terms, 344, 345
for cylinders, 301, 304
for spheres, 35, 125
Analytical continuation, 292, 293, 294,
206, 322
Anisotropy of colloidal solution, 407,
413
causes, 408
Anomalous diffraction, 133, 134, 172, 173,
196, 198, 266, 301
by water drops, 190, 258-263, 425
patterns, 183-189, 217, 262
Antenna, design, 322
on surface of eylinder, 358
radiation from, 329, 379
reciprocity theorem, 49
Arbitrary form, particles of, 11, 334
Astigmatic beam, 22

Asymptotic formulae, for Bessel fune-
tions, 208, 210
for body of arbitrary form, 353
for large-size cylinders, 315, 327, 359
for large-size spheres, 279, 360
for phase angles, 140, 184
for spherical harmonics, 209, 212
for wide strip, 339
size at which they become useful, 203
Atmospheric inhomogeneities, 329
Atomic cross section for absorption, 191
Attenuation, 3, 388
see also Extinction
Aureole, 420
Auxiliary functions, 328
Avogadro’s number, 67, 394-395

Babinet’s principle, 105, 107, 336, 338
Backscatter, 51, 53
from dielectric cylinder or sphere, 373
from perfectly conducting eylinder or
sphere, 365, 369, 380
from wires of finite length, 333
scattering matrix, 54
see also Radar
Beer’s law, 401
Bessel functions, 8, 98, 120, 121, 138
276, 298, 309, 319
for complex arguments, 293, 318
Hankel’s expansion, 140
integrals containing, 99, 186
Sommerfeld’s integral, 252
spherical, 120, 121, 148, 149
Watson’s formula, 210
zeros, 99, 310
Birefringence, linear and circular, 36
56-58, 390, 407, 408, 451
Bisectrix, 87
plane, 47, 48
Bishop’s ring, 422, 423
Black body, 182, 183, 269
Black screen, 329
Blast furnace, 385
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Blood corpuscles, 411
Blue sky, see Sky
Blue sun, 422
Born approximation, 132, 195
Born expansion, 195 '
Boundary conditions, 7, 25, 329
at interface of arbitrary media, 116,
117
at surface of cylinder, 299, 300
at surface of sphere, 121, 123
near edge of screen, 26, 335
on perfect conductor, 115, 118, 160,
161
Boundary regions of m-z domain, 133
Brewster angle, 207, 219, 223, 228, 249,
281, 351
“Bumps” on extinction curve, 157

Carbon, 273
Cavity, spherical, 155
Central rays, 224, 229, 230
Charge, conservation of, 115
density, 115
surface, 117
Circular cylinder, absorbing, 295, 318,
325
exact solution, 297, 306, 326, 330, 358
metallic, 320, 345, 354, 360
thin, 317, 321, 323
totally reflecting, 313, 326, 339, 353,
358, 359
Clouds, in planetary atmospheres, 441-
445
of scattering particles, 15, 16, 46, 446
radar studies, 429
white, 5
Coherent phase of emerging rays, 206
Colloidal solutions, 5, 272, 383, 386,
394-404, 409
with aspherical particles, 395
Comet tails, 385, 440
Complementary diffraction problem,
336
Complex dielectric constant, 334
Complex domain, functions plotted in,
176, 235, 264, 276, 314, 319, 321, 361
Complex functions of time, 115
Complex numbers, 17
Complex refractive index, 18, 116, 179,
267, 269

Complex refractive index, numerical
values, 273-275, 281
of medium with scatterers, 33
Composite medium, 58, 384
Compound bodies, 332
Compton scattering, 58
Concentration, determination of, 300
Conductivity, 115, 158, 267
untts, 287
Cone, conducting semi-infinite, 329, 334
Converging beams, 21
Convex particles with random orienta-
tion, 110, 111
Copper, refractive index, 273
Corner regions of m-z domain, 133
Cornu’s spiral, 347
Counter, particle, 387, 406
Crab nebula, 452
Creeping waves, 367, 380; see also Sur-
face waves
Cross polarization, 215, 248, 249, 306
Cross section, definition, 13, 14
for cloud, 32
per unit length, 303
see also Absorption, Extinetion,
Radiation pressure, Scattering
Crystal, scattering by, 4
Current, density, 115, 117
quasi-surface, 119
Curvilinear coordinates, 329, 330
Cylinders, auxiliary tables, 165
circular, see Circular cylinder
elliptie, 71, 302, 330
infinitely long, 302, 303, 305
parabolic, 330, 353, 358
parallel circular, 332
soft, 196, 198
with finite length, 304
Cylindrical coordinates, 298
Cylindrical wave, 303, 305

DBP, 405
De Broglie wavelength, 208
Debye-Scherrer exposures, 399
Dense packing, 37
Depolarization factors, 81, 393, 394, 436
Dichroie ratio, 409
Dichroism, inversion point, 410
linear and circular, 36, 56-58, 389, 407,
408, 410
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Dichroism, of graphite flakes, 450
of interstellar medium, 447
of smokes in magnetic field, 450
Dielectric constant, 115, 267
Dielectric particles of arbitrary form,
334
Dielectrics, absorbing, 268
artificial, 390
Diffraction, by ecircular disk, 64, 196,
198; see also Fraunhofer diffrac-
tion
by flat screen, 26, 335
by large sphere, 108, 134, 173, 174
by telescope, 23, 24
by water drops, see Water drops
by wide cylinder, 108, 304
different uses of the word, 24-27,
329, 336
Fresnel, 24, 346-348
patterns, functions defining most
common, $9
rings, see Diffraction coronae
studied by Young, 7
Diffraction coronae, 234
around sun, 249, 420
by ice needles, 393, 428
colors, 422, 425
size determination from, 391, 392, 424
spectral photometry, 426
Diffuse reflection, 104
Dipole, moment, induced, 63
see Electric dipole, Magnetic dipole
Discrete scattering centers, 100
Disk, 331
-elliptical, 71
opaque circular, 97
partially transparent, 96
perfectly conducting circular, 77, 336,
337, 341
perfectly conducting elliptical, 334
transparent circular, 94
Disks, randomly oriented, 98
Dispersion, 33, 193
anomalous, 193
symmetry relations, 55
Dispersion formula, 192
Displacement of reflected wave, 367,
380
Dissipation factor, 396
Dissymmetry, 82, 391, 396, 397, 402

Dissymmetry, measurements, 386, 388
Disturbance of the ether, 18, 28
Diverging beams, 21

DOP, 405

Drops of liquid air, 386

Dubois effect, 322, 328

Earthquake waves, 366
Edge effects, see Grazing reflection
Edge function, see Edge term in extinc-
tion formula,
Edge of thick sereen, 333
Fdge of thin screen, 335
Edge pattern, 347
Edge rays, 229, 230, 233, 248, 249, 281,
351
Edge region, 210, 239, 254
excluded from geometrical optics, 210,
222, 291, 361
Edge term in extinction formula, 345,
351, 353, 357, 362, 363, 370
Edges, bodies with sharp, 329
Effective absorption coefficient, 388
Effective area of wave front, 252
Effective radius in mixture, 194
Effective width of cylinder for extinc-
tion, 345
Efficiency factors, 14, 36, 127, 225, 276,
302
Electric dipole, 63, 155, 160, 161, 281
Electric quadrupole radiation, 276
Electromagnetic wave, plane, 116, 267,
298
Electron microseope, 397, 400, 402, 404
Electrons, scattering by free, 69, 100,
445
Ellipsoid, 331, 334
of anisotropic material, 73
small, perfectly conducting, 75, 160
small dielectric, 70-72
transparent, 93
Ellipsoidal particles, colloids of, 399
Elliptical polarization, see Polarization
Elongation of drop in electric field, 409
Energy, conservation of, 11, 12
ENIAC, 233
Errors of computation, 136, 139, 148,
150, 161, 162, 319
Euler’s constant, 314, 338
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Expansion in powers of the ratio dimen-
sion/wavelength, 334
Extinetion, 3, 388
apparent, 389
atmospheric, 83
coeflicient, 82, 129, 388, 395, 415
cross section, 13, 157
effective, 108
measuring apparatus, 388, 389
neutral, 423
paradox, 107, 304
ratio to mass, 447
relation to forward scattering, 30, 31,
39, 302
symimetry relations, 55
theorem, fundamental, 30, 31, 39, 302
Extinction curve, for dielectric cylinder,
311, 312, 362
for flat strip, 339
for metal cylinder, 321
for metal spheres, 276, 292, 321, 362,
449
for non-absorbing sphere, 150, 151,
155, 176-178, 183, 263, 265, 374, 406
for perfectly conducting cylinder, 313
for range of sizes, 418
for water drops, microwaves, 283
Extinction formula, for cylinders, 305,
307, 313-316, 318, 323
for spheres, 127, 203, 264, 265, 354, 360,
364
see also Cylinders, Disks, Ellipsoids,
ete.

F matrix, see Matrix, intensity
Fibers, 411
Field, applied, 63, 86
complementary incident, 336
inside sphere, 122, 124
outside particle expressed by a vol-
ume integral, 197
Focal circle, 251
Focal lines, at infinity, 24, 202
change of phase at, 22, 243, 258, 372
in beam refracted by sphere, 201
intensity near, 23, 201
Focus, intensity at, 23
Fog, 5, 228, 383
drop size, 415, 427
Form factors, 100

Forward scattering, by transparent
sphere, 224
by water drop, 263
stronger than backward, 145, 147, 162
symmetry relations, 51
weaker than backward, 146, 159, 160
see also Extinction '
Fraunhofer diffraction, 23, 24, 104, 163,
183, 188, 200, 202, 209, 260, 338, 345,
445
Free vibration of sphere, 154
Fresnel coefficient, see Reflection co-
efficient,
Fresnel diffraction, see Difiraction
Fresnel formula, 20, 21; see also
Huygens’ principle
Fresnel integral, 20, 31, 213, 303, 305,
346
Fresnel zones, 20, 27, 32, 106, 215

Gain, relative to isotropic scattering,
205, 223, 231, 233, 241, 245
Galactic light, diffuse, 448
Geometrical cross section, 14, 284, 306
average in random orientation, 110
Geometrical optics (or ray-optics), 134,
173, 174, 187, 200, 203, 213, 215, 218,
224, 226-228, 237, 239, 241, 243, 248,
250, 253, 254, 259, 263, 265, 291, 345,
353, 371, 373
Geometrical width, 304, 306
Glass, black, 268
Glory, 200, 202, 215, 224, 228, 266, 351,
424
differences from diffraction coronae,
255
forward, 263
observations, 250, 253-257, 426
polarization, 253-257, 428
radii of dark rings, 257, 391
theory, 250-253, 373, 380, 427
Glory effect, 287
Gold, particles in water, 269, 271, 274,
280, 292, 354
solutions, 397, 398
wire, 326
Graphite colloidal solution, 409
Grazing incidence, Brewster angle near,
223
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Grazing incidence, excluded from ray-
opties, 210, 222, 291
geometrical optics of ray of, 224, 220
surface wave set up by, 287, 342, 367
see also Grazing reflection
Grazing reflection, edge effects caused
by, 164, 217, 281, 322, 342, 343, 345,
348, 378
extinction increased by, 179, 198, 265,
362,
in simple model of surface waves, 352

Hagen-Rubens, law of, 287, 288

Hailstones, microwave attenuation, 434

Half-plane, 329, 330, 335

terminated by circular cylinder, 332
with cylindrical edge, 346

Halo phenomena, 428

Hankel functions, 122, 301, 353

Harmonic series, 215, 216

Hartmann test, 103

Haze, 228, 415, 437, 438

Head wave, 366

Hemispherical boss on conducting
plane, 329

Hertz effect, 322, 328

Hole in sheet, 332, 336

Homologous scattering diagrams, 172,
183

Huygens’ principle, 7, 8, 17, 19, 22, 25,
104, 105, 173, 175, 184, 200, 202, 212,
243, 246, 247, 249, 250, 251, 266, 305,
332, 333, 346, 351, 354, 355, 356, 369

Hydrosols, 274, 392, 401, 404

1, choice of sign, 18, 29, 114
Ice, needles, 393
particles, 428
refractive index for microwaves, 434
Illuminance, 11, 16
Incoherent scattering, 4, 5, 47
Industrial dust, 404
Infrared, metals in, 158, 268
Infrared extinection by fog, 423
Integral equation, for surface currents,
333, 354, 358, 367, 379
in diffraction by screen, 26, 332
Interference, between emerging rays,
200, 201, 206, 232, 233, 237, 255
causing extinction, 31

Interference, finest natural example, 241
fringes, 234
in cloud, 31
internal, 86, 396
of diffracted and refracted light, 105,
134, 164, 178, 182, 183, 258, 362
of diffracted light, with edge wave,
322, 351
with surface wave, 377
of electric and magnetic dipole
scattering, 161
of rainbow rays with reflected light,
248
of rays in different azimuthal planes,
251
of reflected and refracted rays, 239,
258
of waves scattered by sections of a
cylinder, 317, 318
principle of, 19
shift of maxima with size, 241, 242
see also Separation
Intermediate case, for cylinders, 96, 313
for disks, 97
for inhomogeneous spheres, 93
for spheres, 173, 179, 182
Interplanetary dust, 440, 445, 452
Interpolation, between numerical re-
sults, 134, 426
in complex domain, 235, 265
with angle, 234
with size, 236, 238
Interstellar dust, 383, 385
Interstellar extinction, 107, 389, 447, 449
Interstellar grains, 440, 447, 448, 453
spectral lines of, 193, 199
temperature of, 452
Interstellar polarization, 393, 440, 447,
449, 450
Interstellar space, double refraction, 451
refractive index, 451
Iron, refractive index, 268
spheres, 271, 272, 273, 449
Irradiance, 11
Isotropic scattering, by cylinder, 317
by totally reflecting spheres, 164, 203,
214, 223, 284

Joule heat, 68
Jupiter, 441
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Kirchhoff’s diffraction theory, 27, 198
Kirchhoff’s law on emission and absorp-
tion, 452

Lambert’s law, 112, 445
Legendre functions, 120, 124, 126, 185,
233
asymptotic forms, 253
Lens, intensity at its focus, 21
Lens design, 24
Liquid water content, 415, 429, 434
Localization principle, 103, 208, 209, 210
Logarithmic derivatives, 130, 270
Luminance, 16
Luneburg-Kline method, 353
Lyophilic solutions, 397
Lyophobic sclutions, 272, 397, 399

Machine computation, 143, 148, 150,
162, 233, 277, 293, 374
Macromolecules, 395
Magnetic dipole, 160, 161, 332
pattern, 283
radiation, 271, 276, 331
resonance, 155, 157, 281, 433
Magnetic permeability, 115, 288
Mars, 234
Mars atmosphere, 441-444
Mathieu functions, 330, 331, 339, 340
Matrix, amplitude, 34, 35, 46, 51, 56, 302
transformation by rotation, 52, 54
intensity, 14, 15, 35, 43-56
Maxima and minima, washed out, 234
Maxwell equations, 114-120, 154, 297,
329, 336
Medium of scattering particles, 32, 33,
37, 38, 129, 409
Melting band, 434, 439
Mercury, refractive index, 273
solutions, 274, 399
Metal optics, 295
Metal particles, reflection by large, 111
size criteria, 392
Metal solutions, colloidal, 271, 395, 400,
412
Metal sphere, experiments, 284
infrared extinction by, 289, 296
large, 223, 279
small, 271
Metal wires in microwave domain, 326

Metallic absorption, 268
Metallic conductors, 117
Metals, colors, 268
complex refractive index, 273, 274,
399
refractive index in infrared, 158, 287
Meteor trails, radar reflection, 411
Meteorite, 107
Meteorological optics, 414, 437
Microwave attenuation, by fog, 429
by rain, 430--432
by small drops, 429
Microwaves, 58
diffraction by screen, 27
refractive index of metals for, 158
Mie coefficients, 124, 126-128, 134, 209,
217, 270, 279, 281
Mie effect, 399, 445
Mirror image of a particle, 46, 48, 53,
55, 58
Mixtures of particles with different
sizes, 193
Modes of vibration of sphere, 151, 154,
155, 157
Molecular absorption bands, 414
Molecular optics, 38, 37, 58
Molecular weight determination, 395
Momentum, conservation of, 13
Moon, 112
Multiple diffraction, 352
Multiple scattering, 58, 84, 383, 387, 414,
415, 436, 437, 440, 441
Multipole vibrations, 1556

Natural light, 15, 35, 43, 129, 252

Needle, 73, 304; see also Circular
cylinder

Neptune, 441

Neutrons, scattering of, 6

New York Mathematical Tables
Project, 8

Newton’s rings, 7

Nickel spheres, 273

Nodes, for circular cylinders, 308-311,
323, 324

for spheres, 138, 139, 143, 148, 149, 150,

156, 157, 211

Non-linear effects, 43

Nordmann-Tikhov effect, 451
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Notation, comparison of, with Blumer,

136

with Debye, 123, 275

with Gumprecht, 236

with Lowan, 136, 148, 149, 238, 275,
309

with Mie, 275, 308

with Schalén, 275, 398

with Stratton, 114

Oblique incidence on cylinder, 297, 327
Opal glass, 85, 87, 384, 411

Opaque body, 182, 183

Opaque disk, 185, 261

Opague screen, 342

Optical depth, 6

Optical equivalence, 42, 43, 44
Orthogonality, 128

Oscillator strength, 191

Paraboloid, 331, 334, 354
Penetration depth, 268
Perfect conductor, 115, 291; see also
Totally reflecting sphere
Phase, 11, 17
of scattered wave, 28
Phase angles, derivatives in nodes, 310,
323, 324, 326
for cylinders, 307, 308, 313, 315, 322,
324
for spheres, 135, 137, 139, 143, 144, 147,
150, 151, 157, 208
Phase difference in Mie solution, 126
Phase function, 11, 12, 113, 126, 272, 444
Phase shift, at focal line, 207, 372
at focus, 226, 258
at reflection, 206
of central ray as scattering parameter,
85, 132, 175, 179, 200
Phase velocity, 56
Phases, lunar, 12
Physical-optics approximation, 333, 341
Plane of reference, 40, 42, 47, 51, 56, 57,
125
Planet covered by ocean, 112
Planetary atmospheres, 385, 441, 452
Platinum, refractive index, 268
Pluto, 441
Polarizability, 37, 63
complex, 66
magnetic, 76

Polarizability, of coated sphere, 435
of cylinder, 316, 317
of disk, 337
of ellipsoid, 70, 72, 334
of sphere, 70
tensor, 63, 70, 77, 393
Polarization, 7, 11
by long cylinders, 328
circular, 42, 57
electric, per unit volume, 68
elliptical, 41, 46, 79, 298
full, 43
general state of, 8, 40
measurement, 407
of incident light, 40, 121, 126
of light scattered at right angles, 80,
81, 144, 146, 395
ratio, 402, 403, 405
rotation of plane of, 57
vertical or horizontal, 344, 387
Polarcid, 409
Polymers, 412
Polystyrene particles, 396, 402
Potential theory, 334
Poynting vector, 64, 267
Precipitation rate, 434
Profile of edge, 342, 343
Propagation, constant, 116
m medium containing scatterers, 28,
56
in vacuum, 17
of radio waves beyond horizon, 365
rectilinear, 21, 24
scalar, 82
Proper frequencies, 268

Quadrapole, electric, 332

Quantum mechanics, 8, 113, 132, 199, 208
extinction theorem, 39

Quarter-wave plate, 45

Radar, 8, 414, 428

with circular polarization, 393, 437
Radar cross section, 284

approximate, 333, 334

of compound sphere, 332

of large sphere, 279

of melting snow flake, 435

of perfectly conducting cylinders and

spheres, 370, 371
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Radar cross section, of prolate spheroid,
331
of water drop, 285, 286, 296, 432, 433
Radar meteorology, 429, 432, 434, 438
Radar mirror, 331
Radiance, 16
Radiation pressure, 13, 90
cross section, 13, 128
on eylinders, 315, 327
on large dielectric spheres, 224, 227
on metal spheres, 276, 280
on perfectly conducting spheres, 159,
162, 440
Radiation reaction, 66
Radiative transfer, 6, 441, 442
Radio propagation, around curved hills,
343
around earth, 215, 216, 343
Radius of curvature, 343, 345
Rain, drop size, 415
rate of precipitation, 430
Rainbow, 200, 202, 203, 215, 228-234,
240249, 424
artificial, 425
colors, 425
integral, 244, 245, 246
polarization, 428
position by geometrical optics, 229~
231
positions of maxima, 243, 245, 391
shift of maxima with polarization,
249, 266
supernumerary bows, 241, 242, 424
theories, 213, 217, 246-249, 265, 351
Raindrop, see Water drops
Raman seattering, 4
Random orientation, atoms, 101
convex particles, 110, 223
disks, 97
long cylinders, 109
particles of arbitrary form, 47, 53, 55,
58
rods, 97, 397
small particles, 77
gpheroids, 436
Randomly coiled molecule, 395
Ray of light, 103, 201, 213, 253
Ray-optics, see Geometrical optics
Ray-tracing, 202, 218, 223
Rayleigh approximation, 432-434

Rayleigh scattering, 6, 134, 354, 385, 391,
394, 441
by air, 414, 416
by anisotropic particles, 65
by cylinders, 316, 317
by dielectric spheres, 143, 144
by metallic spheres, 271, 392
by sulfur sol, 400
conditions for, 75, 173
definition of, 64
deviations from, 145-147, 334, 402
diagram, 65, 159, 202
not correct for perfectly conducting
spheres, 75, 158, 160, 165
Rayleigh-Gans region, absorption in,
182
Rayleigh-Gans scattering, 85-102, 209
by cylinders, 93, 317
by macromolecules, 396, 397
conditions for, 85, 133, 134, 172, 173
deviations from, 186, 188, 195-197
see also Intermediate case
Razor blade, 343
Reciprocal position, 48, 53, 54
Reciprocal problem, 330
Reciprocity principle, 54, 58
Reciprocity theorem, 49, 59
Reflection coefficient (Fresnel), 174,
196, 201, 218, 255, 345, 360
“glien,” 254
for arbitrary m, 204, 206
for complex m, 223, 279, 280, 285, 288,
291, 361
for real m, 219-221, 228
from Mie's formulae, 208, 211, 216
internal, 155
Reflection nebulae, 447
Refractive index, complex, see Complex
refractive index
determined from extinction curve, 401
near 1, particles with, 68, 85, 88, 172,
222, 294, 312, 317
nearly real, 223, 322
of medium consisting of particles, 33,
37, 38, 57, 67, 69, 83, 129, 390, 391
smaller than 1, spheres with, 87, 220,
364
Refractivity, 191, 192
Residual blue, 146
Residue series, 216, 218, 378
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Resonance, circle, 282
of absorbing sphere, 269, 281, 282, 206
of coated sphere, 332
of dielectric sphere, 151, 154-157, 159
of finite strip, 333
peak in extinction curve, 155, 157, 269,
283
region, 75, 134
Retardation of wave through medium,
129
Riccati-Bessel function, 123, 149, 165,
186, 269
Riemann surface, 329
Ripple in extinction curve, 178, 263, 264,
265, 363, 364, 374, 375, 377, 380
Rods, 94, 98, 302
Rotation of plane of polarization, see
Birefringence
Rotational symmetry, 52, 53, 55
Rough sphere, 393
Ruby glass, 399

Saturn, 441
Scalar diffraction, 332
Scalar propagation, 57, 58
Scalar wave, 28, 36, 40, 196, 197, 302,
306
see also Quantum mechanies, Sound
Scattering, 3, 103
dependent, 10
independent, 4, 5, 31
multiple, 5, 6, 10; see also Multiple
scattering
single, 5
see also Forward scattering
Scattering angle, 12, 114
Scattering cross section, 13, 64, 406
measurement of, 388
Scattering diagram, 12, 388
for cylinders, 153, 315
for perfectly conducting spheres, 163,
164
for resonant spheres, 158
for spheres, 152, 153, 206
including diffraction, 134, 200
Scattering measurements, apparatus for,
386, 387
usefulness of, 385
Scattering plane, 47
Schroedinger equation, 208

Scintillation, 440
Screen, for microwaves, 342
in diffraction theory, 183, 329
optical, 343
Searchlight beam, 249, 414, 418
Separability of wave equation, 330, 332,
340
Separation, of diffracted, refracted, and
reflected light, 164, 174, 202, 209,
217, 225
see also Interference
Separation, of diffiraction and edge
terms, 357
of scattered wave and incident wave,
29
Series expansion at small size, for cyl-
inder, 314, 315
for particles of arbitrary form, 147,
334
for sphere, 143-145, 159, 182, 270, 271,
289, 204, 205
number of terms needed, 272
Shadow area, 25, 105, 175
Shadow-forming wave, 113
Shadow width, 304, 345
Shape, determination of, 393
Sheet, in diffraction theory, 335, 336;
see also Screen
thin metal, 267
Sheet polarizers, 409
Shell, cylindrical, 332
spherical, 73, 91, 332
Silver, skin depth, 288
solutions, 274, 399
Singularities near edge, 335
Size criteria, 390-392, 395, 402, 405,
425-426
Size determination, from diffraction
rings, 217, 262
from extinction curve, 401
from glory, 258
from number of maxima, 89, 404
from rainbow, 242
of very small particles, 67, 396
Size distribution, 392, 418
Skin conditions, 117, 118
Skin depth, 75, 117, 158, 268, 288, 291,
342
Sky, brightness distribution, 418, 420
colors, 3, 384, 414420
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Sky, polarization, 84
Slab, planeparallel, 32-34, 38
Slit, straight, 336
of spectrograph, 27, 343
Slot in surface of cylinder, 358, 379
Smoke, 383
of forest fires, 422
screens, 405
Snell’s law, 7, 190, 201, 203, 204, 210, 221,
366, 376
Sodium, 273
Solar corona, 440, 445
Solid body, imperfections in, 411
Soot, 385, 411
Sound, 28, 40
analogy with light, 8, 25
extinction theorem, 39, 113
scattering, 218
surface wave, 366
Spectral analysis of polarized light, 58
Spectral line, extinction near, 191, 199
Spheres, coated, 332
Mie solution, 119
summary of formulae, 35-36
see also Diffraction, Extinetion curve,
ete.
Spheres close together, 329, 332
Spherical harmonics, see Legendre func-
tion
Spherical reflection coefficient, 216
Spherically symmetric particle, 91
Spheroid, 196, 198, 331, 334, 335, 348
of ice, radar cross section, 436
of water, radar cross section, 436
small, perfectly conducting, 77
Spheroidal wave functions, 331, 340
Standing waves, 75, 155, 159, 281
Stationary phase, 213, 215, 246, 253
Stokes parameters, 41-44, 46, 58, 79
alternative system, 41
Strip, 302, 304, 330, 331, 336, 338, 339,
341
of finite length, 304, 333
Struve function, 313
Sulfur hydrosols, 400, 402, 403, 412
Surface, rough, 104
Surface charge, 117, 119, 160
Surface currents, 117, 161, 333, 354, 358
Surface waves, 333, 342, 343, 352, 365—
369, 379, 380
between two dielectrics, 366, 367

Surface waves, effective distance from
surface, 353, 368
explaining ripple, 265, 375
in glory theory, 254, 255, 374, 426
spray of, 279, 369, 376
traveling around sphere, 372, 432
Symmetry relations, 15, 46-58, 127, 387

Taylor expansion, 214, 246, 294, 322, 323
Telephotometers, 415
Telescope, astronomieal, 389
diffraction gratings, 322
radio, 331
Tensor, se¢ Polarizability
Thermal radiation of small particle, 452
Thin layers, 272
Three-term formulae, 395
Titan, 441
Toroidal wave front, see Wave front
Torque due to radiation, 14
Totally reflecting sphere, small and in-
termediate size, 70, 138, 158-164,
271, 334
large size, 162-164, 223, 233, 279, 284,
338, 360
radar cross section, 285, 286
Transformations, 49, 130, 134, 135, 149
Triton, 441
Tubes, 302
Turbidity, 388, 395
Tyndall light, 386, 395
Tyndall spectra, 388, 391, 400, 403, 405

Ultrasonic waves, 409
Undetermined coefficients, 299, 301, 333
Unit vectors, 121
Units, electromagnetic, 114
electrostatie, 114, 267
for infrared optics, 287
gaussian, 114, 287
Giorgi system, 287
practical, 267, 287, 288
Unpolarized light, 43
Uranus, 441

Variational method, 9, 26, 49, 332, 341,
355

Venus, 234, 441, 442

Virus, 397, 411

Volcanic dust, 422, 438
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Water, cylinders, 327
refractive index for microwaves, 155,
268, 275, 281
Water drops (or water spheres), anoma-
lous diffraction, 183, 190, 258-262,
421
eccentricity, 409
extinction curve, 178, 263, 274, 418
large, 231, 393, 414, 423-428, 438
microwave scattering, 155, 268, 271,
275, 281, 284-286, 296
polarization of scattered light, 426,
427
size criteria, 391
Watson transformation, 216, 331, 358,
378
Wave, simple, 41
Wave equation, branched solutions, 329
scalar, 116, 120, 297, 298
vector, 120
see also Separability
Wave front, 18

Wave front, cubic, 242, 243
toroidal, 250, 251, 426
Wave mechanics, 113; see Quantum
mechanics
Wave number, 116
Wave propagation in medium, 56
Wave train, 42
Wavelength in medium, 116, 269, 392
Wavy surface, 329
Wedge, 329, 343
White surface, 111, 393
Wilson camera, 407
Windtunnel, 386
Wire gratings, 322, 329, 330, 411
Wires of finite length, 333, 341

X-ray scattering, 69, 85, 87, 91, 100, 384,

411

Zenneck waves, 365, 368, 369
Zinc, 273
Zodiacal light, 234, 445



